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Abstract

A jump process approach is proposed for the trend estimation of time series. The proposed
jump process estimator can locally minimize two important features of a trend, the smoothness
and 0delity, and explicitly balance the fundamental tradeo2 between them. A weighted average
form of the jump process estimator is derived. The connection of the proposed approach to the
Hanning 0lter, Gaussian kernel regression, the heat equation and the Wiener process is discussed.
It is found that the weight function of the jump process approaches the Gaussian kernel, as the
smoothing parameter increases. The proposed method is validated through numerical applications
to both real data analysis and simulation study, and a comparison with the Henderson 0lter.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the additive model of the time series, it is assumed that the economic time series
is made up of three components, the trend, the cyclic (seasonal) component, and the
irregular component (random noise),

yt = Tt + St + �t ; t = 1; 2; : : : ; N; (1)

where random variable yt is the observation at a discrete time t, Tt and St are trend
and seasonal component, respectively, and N is the length of the time series. Here, �t
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is random noise and is usually assumed to be stationary and of zero mean. From the
viewpoint of mathematical modeling, trend is not a well-de0ned concept, see Kenny
and Durbin (1982), Harvey (1989), Chat0eld (1996), Mosheiov and Raveh (1997),
and Franses (1998). In general, trend may be considered as “long-term smooth change
in the mean level”.

To carry out in-depth statistical study of time series, it is often necessary to convert
a nonstationary series into a stationary one before the statistical model is treated. In
other words, time series will be decomposed into individual trend, seasonal, and ir-
regular components. Conventionally, there are two di2erent ways to decompose a time
series which does not consist of seasonal component (or is seasonally adjusted): di2er-
encing and detrending. The di2erencing will remove trend, while the detrending (trend
estimation) will present an estimate to trend. Thus, the di2erencing and detrending
are essentially high-pass 0lter and low-pass 0lter, respectively, from the viewpoint of
digital signal processing (DSP). It is noted that a debate has been arisen about the
appropriate selection between these two alternative ways for economic and 0nancial
time series, and the issue remains unresolved, see Nelson and Plosser (1982), Sims
(1988), Sims and Uhlig (1991), Campbell and Perron (1991), Cochrane (1991), and
the special issue of Vol. 6 (1991) of the Journal of Applied Econometrics.

Since the nonstationary trend component sometimes can be of more interest than the
noise, the trend estimation techniques have attracted a lot of research interests in the
literature, see for example, Kenny and Durbin (1982), Goodall (1990), Ball and Wood
(1996), Mills and Crafts (1996), Mosheiov and Raveh (1997), Canova (1998), Blanchi
et al. (1999), Wen and Zeng (1999), Ferreira et al. (2000), and Pollock (2000). In fact,
the trend estimation is potentially useful for data interpretation, long-term forecasting
and for the study of real business cycle. In some cases, the detection of trend is even
a crucial task, see for example Visser and Molenaar (1995). Therefore, it is practically
useful to accurately estimate the trend component of time series.

Generally speaking, methods of trend estimation fall into two major categories: para-
metric and nonparametric. In the parametric approach, a deterministic trend is com-
monly expressed by a particular smoothing function or model, such as a polynomial,
the Gompertz curve or the logistic curve (Meade and Islam, 1995), or the structural
time series model (Harvey, 1989). However, the use of an inappropriate parametric
model may cause misleading information and even incorrect inference about the trend
curve. Therefore, alternative nonparametric trend estimation methods are widely used.
In particular, nonparametric approaches o2er considerable Lexibility in the selection of
0tting curves and may yield satisfactory estimates. In conventional time series analysis,
some of the most widely used nonparametric approaches include moving average 0lters
and exponential smoothing 0lter, which are linear low-pass 0lters in the sense of the
DSP. A variety of moving average 0lters are proposed, such as Spencer 0lter (Kendall
et al., 1983), Henderson 0lter (Kenny and Durbin, 1982), and GLAS 0lter (Blanchi
et al., 1999), etc. The asymmetric exponential smoothing 0lter (Kenny and Durbin,
1982) has a distinguished advantage in the treatment of boundary e2ect, hence is often
preferred for the purpose of forecasting.

Apart from these linear 0lters, various nonparametric regression estimators existing
in the literature can be easily adopted for the purpose of trend estimation. This is
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because that the counterpart of trend component Tt in the content of nonparametric
regression is just the regression function T (xt),

yt = T (xt) + �t ; t = 1; : : : ; N; (2)

where x and y are explanatory and response variable, respectively. Many powerful
nonparametric regression estimators have been proposed and applied in the literature,
such as kernel smoothing (MNuller, 1988), LOESS (Cleveland, 1979), locally weighted
polynomial regression (Fan and Gijbels, 1996), smoothing spline (Eubank, 1999), and
regression spline (Doksum and Koo, 2000). Furthermore, there are also many interest-
ing studies suggested in the literature in order to enhance the performance of nonpara-
metric regression estimators, such as improving the accuracy (e.g., Borra and Ciaccio,
2002), dealing with special data (e.g., Keilegom et al., 2001), and so on. In fact, the
nonparametric regression has been successfully used in trend estimation, see for ex-
ample HNardle and Tuan (1986), Goodall (1990), Hart (1991, 1994), HHst (1999), and
Ferreira et al. (2000). Other nonparametric trend estimation methods that were studied
in the literature include: Hodrick Prescott (HP) 0lter (Hodrick and Prescott, 1997),
median 0lter (Wen and Zeng, 1999), wavelet shrinkage (Donoho et al., 1995), and
linear programming (Mosheiov and Raveh, 1997). Usually, a successful nonparametric
method has one or more underlying smoothing parameters which can be adjusted to
balance the fundamental tradeo2s of the estimates, i.e., the smoothness-0delity tradeo2
and the variance-bias tradeo2.

What is more relevant to the present work is a class of nonparametric trend estimation
methods that attempt to globally quantify the competition between the two conLicting
features: the smoothness and the 0delity. The earliest motivation to this approach dates
back to 1923 when Whittaker (1923) introduced graduation, which is also one of the
earliest works of nonparametric regression in the literature. By using the residual sum
of squares

∑N
t=1 (yt − Tt)2 as the global measure of 0delity of the estimated trend Tt ,

Whittaker (1923) suggested to de0ne the sum of the squares of kth order di2erences
as the measure of roughness. Then the optimal trend is given by solving the following
minimization scheme:

(WH): min
{Tt}N

t=1

{
N∑
t=1

(yt − Tt)2 + �2
N−k∑
t=1

(�kTt)2

}
; (3)

where order k and smoothing parameter � are user-speci0ed constants and � is the
di2erence operator.

A particular example following Whittaker’s approach is the HP 0lter (Hodrick and
Prescott, 1997), which has been most extensively used in the real business cycle liter-
ature for detrending

(HP): min
{Tt}N

t=1

{
N∑
t=1

(yt − Tt)2 + �
N∑
t=1

(Tt−1 − 2Tt + Tt+1)2

}
: (4)

Hodrick and Prescott recommended setting � = 1600 when applying to real business
studies. By manipulating the relevant 0rst-order condition, the HP scheme leads to a
two-way moving average with weights subjected to a damped harmonic approximately,
see King and Rebelo (1993).
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Recently, a popularly used measurement of the roughness penalty of estimates T (xt)
in nonparametric regression is

∫
[T ′′(x)]2 dx. This leads to following penalized least-

squares regression scheme:

(SS): min
{Tt}N

t=1

{
N∑
t=1

(yt − Tt)2 + �
∫

[T ′′(x)]2 dx

}
; (5)

which is known as smoothing spline estimator. Remarkably, the problem of optimiza-
tion SS over the space of all twice di2erentiable functions on the interval [a; b]=[x1; xN ]
has a unique solution T�(x) which is de0ned as the natural cubic spline, see Eubank
(1999) and references therein.

More recently, Mosheiov and Raveh (1997) (MR) proposed a linear programming
approach to estimate the trend by employing the sum of the absolute values rather
than the common sum of squares to measure the smoothness and 0delity. The tradeo2
balancing leads to such an optimization scheme

(MR): min
{Tt}N

t=1

{
�

N∑
t=1

|yt − Tt | + (1 − �)
N−2∑
t=1

|Tt+2 − 2Tt+1 + Tt |
}

: (6)

Through a trick of variable changing, the objective function of the minimization scheme
MR will be free of the absolute operator. However, extra constraints, monotonicity or
polytonicity, have to be forced upon estimates in order to uniquely solve the lin-
ear programming problem. The location of the changing points of polytone trend is
case-dependent and its selection is somewhat arbitrary.

Obviously, all these optimization schemes are closely related. The pointwise rough-
ness measure of MR, Tt+2−2Tt+1 +Tt , is essentially the same as those of HP and WH,
and is the discrete version of SS. Instead of forward di2erence, Tt+2 − 2Tt+1 + Tt , the
backward and central di2erence approximation may also be used in the optimization
MR. Moreover, with appropriate boundary modi0cations (such as in HP 0lter, see Bax-
ter and King, 1995), the summation of the global smoothness measure in WH and MR
can be processed from 1 to N , which may be more reasonable in a comparison with
the integration in SS. Apart from their common motivation, another common feature of
this class of nonparametric approaches is their use of global implicit minimization. As
is well known, a global minimization problem can be quite expensive for its numerical
computation.

The main objective of this paper is to present a new nonparametric approach, jump
process, to estimate the unknown deterministic trend function of a time series. In con-
trast to the global implicit minimization approach, a localized approach is developed
for trend estimation. The proposed jump process can locally minimize both characteris-
tics and explicitly balance the fundamental tradeo2 between them. A weighted average
form of the jump process estimate is derived in the present paper, so that the im-
plementation of jump process becomes extremely simple. The connection between the
present jump process approach and the traditional trend estimation methods, as well as
the DSP is discussed. It is found that the weight function of the jump process 0lter
approaches the normal kernel, as the smoothing parameter increases.

This paper is organized as follows. The formalism of the jump process is introduced
in Section 2. Numerical techniques regarding di2erent implementations and boundary
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modi0cations are discussed in detail. The method is illustrated through applications to
several real price series and one simulated example in Section 3. Conclusions are given
in Section 4.

2. Theory and algorithm

2.1. Local measurement of smoothness and 6delity

A common feature of optimization schemes WH, HP, SS and MR is to minimize
the linear combination of the global measure of 0delity and smoothness, while using a
“smoothing parameter” to balance the tradeo2 between 0delity and smoothness. There
are three key aspects in the design of these nonparametric trend estimation approaches:

(1) De0ne measures for 0delity and smoothness,
(2) balance the tradeo2 by employing a smoothing parameter,
(3) minimize the linear combination of two measures to achieve an estimate which is

optimal in the sense of the given measures.

In the present study, an iterative jump process will be considered, which actually
admits a simpler optimization approach for trend estimation

TM+1
t = TM

t + R(TM
t−1 − 2TM

t + TM
t+1)

= TM
t + R�2TM

t

T 0
t = yt; t = 1; : : : ; N; (7)

where ratio R (R¿ 0) and iteration parameter M are user-speci0ed constants. The
second term on the right-hand side of iterative process (7), TM

t−1 − 2TM
t + TM

t+1, is the
pointwise measure of smoothness. To have a better understanding of this iterative jump
process, TM

t of Eq. (7) is rewritten in terms of yt :

TM
t = yt + R

M−1∑
k=0

�2Tk
t ; t = 1; : : : ; N: (8)

Further denote vM−1
t =

∑M−1
k=0 �2Tk

t , this yields

(yt − TM
t ) + RvM−1

t = 0; t = 1; : : : ; N: (9)

It is obvious that the 0rst term on the left-hand side of (9), (yt − TM
t ), is the local

measure of the 0delity, while the second term, vM−1
t , is the accumulative local measure

of smoothness. At each step of the iteration, this process guarantees that the sum of the
linear combination of the local deviation from yt and the accumulative local measure
of smoothness equals to zero. In the sense of such local minimization, the optimal
estimated trend is the output of iterative jump process (7) by using yt as input. Such
a trend estimation method will be referred as a jump process estimator.

In terms of minimization, the relationship between the jump process and the opti-
mization schemes WH, HP, SS, and MR is somewhat analogous to the relationship
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between the collocation and Galerkin approximation schemes well known in numerical
analysis (see for example, Wei, 2000). The previous optimization schemes minimize
the criterion function over the entire domain to obtain optimal estimates, while jump
process forces the criterion function to pass through zero at each step of the iteration
to give an optimal trend.

Besides the minimization of two properties, another important aspect of the construc-
tion of nonparametric trend estimation approach is the tradeo2 balance. To illustrate
how jump process (7) balances the tradeo2 between smoothness and 0delity, the sta-
bility of jump process (7) is considered 0rst. For this purpose, Eq. (7) is rewritten in
a matrix form,

TM+1 = ATM ; (10)

where TM = (TM
1 ; TM

2 ; : : : ; TM
N )′, and the tridiagonal matrix A has coeScients: at; t−1 =

at; t+1 =R and at; t =1−2R, for t =1; 2; : : : ; N . If all of the eigenvalues of A are smaller
than unity, the iterative correction �M+1 = ‖TM+1 − TM‖ will decay, then the process
is stable. Since each diagonal term of the matrix is a constant, the eigenvectors of A
can be represented in terms of a complex exponential form,

TM
t = qM ei�t ; (11)

where i =
√−1 and � is a wavenumber that can be chosen arbitrarily. Substituting Eq.

(11) into Eq. (10) and removing the common term ei�t , an explicit expression for the
eigenvalue q is obtained

q = 1 + 2R(cos �− 1): (12)

For a stable process, the magnitude of this quantity is required to be smaller than unity,

q2 = [1 + 2R(cos �− 1)]2 ¡ 1 (13)

and q is maximum when cos �=−1. Therefore, the iterative process is stable provided
R¡ 1

2 .
Thus, when 0¡R¡ 1

2 , one has �M+16 �M , for any M ∈Z+. Due to �M+1=‖TM+1−
TM‖ = ‖�2TM‖, is actually the global smoothness measure of estimated trend at the
M th iteration step, one can argue that as the iterative process is carried out longer and
longer, the estimated trend becomes smoother and smoother, while the deviation of TM

from Y=(y1; y2; : : : ; yN )′ becomes larger and larger. Two smoothing parameters, R and
M , govern the fundamental tradeo2 between the smoothness and 0delity. In practice,
R can be pre-0xed in the iteration process and only M is used to achieve the desired
tradeo2.

2.2. Weighted average form of jump process

The advantage of the proposed approach is its simplicity, robustness and eSciency.
However, the relationship between 0nal estimates and original time series needs to
be clari0ed for jump process (7). Fortunately, like most of the other nonparamet-
ric approaches, the estimated trend of the jump process also permits a weighted av-
erage representation in terms of the original series yt . If M equals to 1, the
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estimates are

T 1
t = Ryt−1 + (1 − 2R)yt + Ryt+1; t = 1; : : : ; N; (14)

which is clearly a local weighted average form for yt . In general, after M iterations,
the estimated trend can be represented as

TM
t =

t+M∑
k=t−M

W (k;M)yk ; (15)

where weight function W (k;M) has the general form of

W (k;M) =




(M−k)=2∑
h=0

g(k;M; 2h) when M − k even;

(M−k+1)=2∑
h=1

g(k;M; 2h− 1) when M − k odd;

(16)

and

g(k;M; h) =
M !RM−h(1 − 2R)h

((M + k − h)=2)!((M − k − h)=2)!h!
: (17)

It can be easily veri0ed that,
t+M∑

k=t−M

W (k;M) = 1 (18)

and

W (−k;M) = W (k;M) ∀k = 1; : : : ; M: (19)

Eq. (15) indicates that the jump process estimator can be viewed as a kernel smoother
with (16) as a jump process kernel. From the point of view of the DSP, the weight
function W (k;M) is a low-pass 0lter. The implementation of the jump process becomes
extremely simple due to the existence of (15). Therefore, the weighted average form
(15) is very useful numerically.

The weight assignment of the jump process 0lter is analogous to that of other kernel
regression methods. When M is not too small, and for any reasonable choice of R,
such as 0:16R¡ 0:5, the greater of the weights is assigned to the points close yi,
the smaller weight will be assigned to the points far away from yi, see Table 1 and
Fig. 1. It can also be seen from the 0gure that, when M is large, although the involved
neighborhood is large, the e2ective window size of signi0cant nonzero 0lter coeScients
is smaller than 2M + 1.

A simple moving average 0lter can be formed by convolving ( 1
2 ;

1
2 ) with itself 2M

times. When M = 1, such a 0lter is the so-called Hanning 0lter (see Goodall, 1990)

(W−1; W0; W1) = ( 1
4 ;

1
2 ;

1
4 ): (20)

By setting R = 1
4 in Eq. (14), it is clear that the one step jump process 0lter has the

same coeScients as those of the Hanning 0lter and the M step jump process 0lter
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Table 1
Weights of the jump process 0lter (M = 6)

k Wk;6

General R = 0:4 R = 0:1

0 924R6 − 1512R5 + 1050R4 − 400R3 + 90R2 − 12R + 1 0:181824 0:390804
1 −792R6 + 1260R5 − 840R4 + 300R3 − 60R2 + 6R 0:154368 0:227808
2 495R6 − 720R5 + 420R4 − 120R3 + 15R2 0:12672 0:065295
3 −220R6 + 270R5 − 120R4 + 20R3 0:07168 0:01048
4 66R6 − 60R5 + 15R4 0:039936 0:000966
5 −12R6 + 6R5 0:012288 0:000048
6 R6 0:004096 0:000001
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0
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0.1

0.15

k

W
(k
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____ _

Fig. 1. Weights of the jump process 0lter (M = 50).

is identical to the digital 0lter obtained by convolving Hanning 0lter with itself M
times. Thus, the proposed jump process 0lter can be viewed as a generalization of the
Hanning 0lter.

2.3. Generalization of jump process estimator

For simplicity, only the uniformly spaced data have been considered for trend es-
timation so far. However, the framework of jump process estimator can be extended
easily to randomly distributed data (i.e. nonuniformly spaced observations),

TM+1
t = TM

t + UR
TM
t−1(xt − xt−1) − TM

t (xt+1 − xt−1) + TM
t+1(xt+1 − xt)

1
2 (xt+1 − xt−1)(xt+1 − xt)(xt − xt−1)

T 0
t = yt; t = 1; : : : ; N: (21)

This iteration process is stable provided UR¡ (Vx)2=2, where Vx=mint (xt−xt−1). The
weighted average form of (21) depends on the design. It will be quite complicated to
obtain the explicit expression of the weighted function similar to (16). Fortunately, the



S. Zhao, G.W. Wei / Computational Statistics & Data Analysis 42 (2003) 219–241 227

regression estimates based on the iterative jump process (21) can be easily obtained.
Therefore, the trend estimation based on jump process (21) will be useful even if either
some data points are missing or a cross validation method is employed.

It is well known that the continuous counterpart of the jump process in stochastic
processes is the di2usion process, which is usually represented in the form of a partial
di2erential equation,

@T (x; �)
@�

= ∇2T (x; �);

T (x; 0) = y(x): (22)

Here, the temporal variable � is the continuous time, rather than the time variable
of the time series. To numerically simulate the di2usion process on uniformly spaced
data, the second-order central di2erence and explicit Euler scheme may be employed
for spatial and temporal discretizations

TM+1
t = TM

t +
V�

(Vx)2 (TM
t−1 − 2TM

t + TM
t+1);

T 0
t = yt; t = 1; : : : ; N: (23)

It is interesting to note that if one sets R=V�=(Vx)2, discretized approximation scheme
(23) is the same as the iterative jump process (7) and the stability of explicit Euler
scheme also requires mesh ratio V�=(Vx2)¡ 1=2. Thus, the di2usion Eq. (22) is ca-
pable of providing alternative perspective for the understanding of the jump process
estimator. For example, the nonuniform jump process (21) can be easily derived from
the heat Eq. (22). Obviously, high-order spatiotemporal discretization of Eq. (22) can
also be used to construct a family of jump processes.

2.4. Jump process and Wiener process

For an appropriate range of R (0¡R¡ 1=2), the coeScients of (14), i.e. (R; 1 −
2R; R), are nonnegative and R + (1 − 2R) + R = 1. Therefore, these coeScients may
be interpreted as probabilities. Consider a particle at position k on the x-axis at time
� = MV�, in the next V� time period, the particle can have only three possible states:
forward Vk, backward Vk, no change in position, with probabilities of P+, P− and
P, respectively,

Vk =




Vx with probability P+ = R;

0 with probability P = 1 − 2R;

−Vx with probability P− = R;

(24)

where k + Vk is the particle position after V�. The process (24) is usually called a
jump process in the stochastic process analysis, see for example Cox and Ross (1976).
If a particle follows the jump process (24) and starts at the origin of the x-axis at
� = 0, after M steps, it is easy to prove that the probability of this particle at position
k is exactly the weight W (k;M) given by (16). Hence, further investigation of jump
process (24) will provide considerable insight into the proposed jump process 0lter.
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It is obvious that the local mean and variance of Vk in (24) are

E{Vk} = Vx(P+ − P−) = 0

Var{Vk} = Vx2(P+ + P−) − (E{Vk})2

= 2Vx2R

= 2V�: (25)

In the continuum limit of an in0nitesimally small step size, the discrete model (24)
yields

dk =
√

2 dZ; (26)

where dZ is a standard Wiener process with E{dZ}= 0, Var{dZ2}= d�. This implies
that the dk is also a one-dimensional Wiener process (Brownian motion without the
drift). Hence, the increase of particle movement during a relatively long period of time
� is given by

k(�) − k(0) =
M∑
t=1

�t
√

2 d�; (27)

where the �t (t = 1; 2; : : : ; M) are random numbers drawn from a standardized normal
distribution. Consequently, it can be shown that k(�) − k(0) is normally distributed
with (Hull, 1999, Section 10.2)

E{k(�) − k(0)} = 0;

Var{k(�) − k(0)} =
√

2�: (28)

Here k(0) = 0 and k(�) = k. This means that under the jump process (24), the particle
movement will follow the normal distribution in the continuum limit V� → 0. Since
V� → 0 is equivalent to M → ∞ when � is 0xed, and the particle movement probability
function is exactly the weight function W (k;M). One can conclude that the weight
function W (k;M) of the proposed jump process 0lter will approach the normal kernel
at the limit of M → ∞.

It is well known that the 0lter coeScients generated by convolving Hanning moving
average 0lter approximate the Gaussian kernel as M → ∞. The above 0nding indicates
that, the present generalized Hanning 0lter, the jump process 0lter, shares the same
property. Such property endows the jump process weight function to be a good kernel
function for kernel regression, for which a widely used kernel is the Gaussian density.
The proposed jump process weight function provides a discrete approximation to the
Gaussian kernel. On the other hand, as pointed out in the DSP literature (such as Koen-
derink, 1984; Hummel, 1987), the solution of the heat di2usion Eq. (22) may equiva-
lently be viewed as the result obtained by convolving original signal with the Gaussian
kernel. This again agrees with the present 0nding about the jump process estimator.

2.5. Implementation particulars

It follows from above discussion that there are two simple and controllable ways
to implement the jump process trend estimation. One way is based on iterative jump
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process (7). The time series {yt} is used as the input data. The iteration number M is
used to control the 0nal estimates. The other way is to use the weighted average form
(15). The trend is estimated by convolving yt and the jump process kernel once. In both
ways, the R can be 0xed and only M needs to be adjusted. Theoretically, the estimated
trends from two ways are the same, however, there are some minor di2erences due
to possible di2erent boundary treatment and applicability. Generally speaking, for uni-
form spacing data trend estimation problems, the convolution implementation is more
eScient than iterative implementation. However, the iterative implementation can be
easily done for randomly spaced data regression, for which the weight kernel of the
form of (15) is diScult to be constructed.

Another di2erence of these two implementations is the di2erent possible modi0cation
in dealing with boundary e2ect. The boundary e2ect is a common thorny problem
for linear 0ltering and kernel smoothing, i.e., linear symmetric 0lters fail to provide
estimates for the initial or=and end terms of the series (Kendall et al., 1983). The
problem seems to be more serious in a convolution, since a larger computational support
will locate outside the boundaries in this case, while there is only one point outside
each boundary for the iterative way at each iteration step.

In the literature, there are some alternative approaches for dealing with bound-
ary e2ect (Goodall, 1990). One approach uses progressively more asymmetric ver-
sions of 0lters at the end points, it will result in more biased estimates. Such tech-
niques were widely used in moving average 0ltering and kernel smoothing, see for
example Gasser and MNuller (1979), and can be directly adopted by the convolu-
tion implementation of the jump process estimation. The counterpart of such a tech-
nique in an iterative implementation is the well-known upwind di2erence approxi-
mation scheme in numerical analysis. However, though based on the same motiva-
tion, these two modi0cations along with two implementations generally yield di2erent
estimates.

Arti0cially “padding data” or extrapolating the series is another approach for gener-
ating necessary support for the symmetric 0lter. According to the observed character-
istic of trend component, repeating the latest observation, symmetric or antisymmetric
extension may be used. The same extension technique, such as symmetric or antisym-
metric, can be adopted by both convolution and iterative implementations. Furthermore,
it can be proved that by using the same symmetric=antisymmetric extension technique,
the 0nal estimates of two di2erent implementations of the jump process are identi-
cal. Therefore, we limit our attention in the present study to the implementation of
convolution with boundary extensions.

3. Numerical experiments

3.1. Real time series analysis

The e2ect of varying the smoothing parameter M on the estimated trend is studied.
A real time series, the ‘Sales of Company X’ series, is employed in the present work.
Such a series is a well-known test case, see Chat0eld and Prothero (1973), Box and
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Fig. 2. Trend estimated by using the jump process as a function of M . The Chat0eld–Prothero case study:
“Sales of Company X”.

Jenkins (1973), and Mosheiov and Raveh (1997). This test case is a monthly series
ranging from January 1965 to May 1971. The time series is relatively regular, with
a monotonic growing trend and clearly identi0able seasonal component. Seasonally
adjusted series, which is obtained by using the X-12-ARIMA of Findley et al. (1998),
is used to convolve with the jump process weight kernel, and the symmetric extension
is employed at boundaries.

The value of M is varied from 1 to 50 with a 0xed value of R (R = 0:4). As one
may expect, estimates with large smoothing parameters are very smooth, while for
small values of M the estimates still contain high frequency components, see Fig. 2.
It can be seen clearly from Fig. 2, the slope of the trend changes around the 28th
observation. This agrees with the 0nding by Mosheiov and Raveh (1997). However,
when M becomes larger and larger, the estimated trend fails to provide relatively rea-
sonable tendency at the right boundary due to the boundary e2ect. Two other boundary
modi0cations are also tested in this case study. One is to multiply the jump process
kernel by appropriate linear functions to generate progressively more asymmetric ker-
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nels near the boundaries, see Gasser and MNuller (1979) for the details about such a
modi0cation. Another is to use the upwind di2erence approximation along with an
iterative implementation. However, these results are not as good as the present sym-
metric extension. We argue that one cannot look forward to obtaining better results
by using other boundary modi0cations, since, all modi0cations rely on a one-sided
approximation, which inherently introduces serious bias.

For a pre-0xed R, the choice of fundamental tradeo2 indicator M is obviously a
crucial decision. The optimal M is clearly determined by the signal to noise ratio in
the data. However, the practical choice of R is usually dominated by the preferences
of the practitioner or by the question being asked. The visually best principle is used
as the guideline to estimate the trend here and such an estimated trend reLects our
natural preference for the trend, viz. the estimates are smooth enough to indicate some
long-run tendency. In this test case, M = 30 is chosen as the approximate optimal
smoothing parameter.

To validate the proposed jump process estimator further, a well studied economic
series, the Spanish Industrial Production Index for Energy (see Ferreira et al., 2000),
is employed. The time series consists of monthly data of the IPI for energy from
January 1975 up to December 1993. Although this series is somewhat more irregular
than the previous studied series, nonmonotonic trend and seasonal components are still
identi0able from time series, see Fig. 3(a). Again, the seasonally adjusted series by the
X-12-ARIMA is used as input.

The X-12-ARIMA (Findley et al., 1998) is the most commonly used method of
seasonal adjustment for oScial statistics throughout the world. Besides seasonal ad-
justment, it also can present trend estimates by employing the Henderson 0lter (see
Kenny and Durbin, 1982; Blanchi et al., 1999). For the IPI series, the trend estimated
by the X-12-ARIMA with default variable trend cycle routine is shown in Fig. 3(a).
Visually, this estimate is not smooth enough to indicate some long-run tendency. This
suggests that the band-width of the Henderson 0lter should be increased. To study
estimates of large band-width, the symmetric Henderson 0lter is independently imple-
mented in the present study. For a comparison, the implementation of the Henderson
0lter is the same as that of the jump process 0lter, i.e, the antisymmetric and symmetric
extensions are employed at left and right boundaries, respectively. The trend estimates
of both the Henderson and jump process 0lters are also depicted in Fig. 3(a). It is
clear that the results of two estimates are almost the same, and capture the underlying
tendency.

The estimated trend, T̂ t , allows us to estimate the annual underlying growth of the
Spanish IPI for energy, which is an issue of interest in economics. The estimate to
underlying growth, ct , can be calculated by accumulating the last 12 basic growths
(Ferreira et al., 2000),

ĉt = [L0 + L1 + · · · + L11]VT̂ t ; (29)

where L denotes a lag operator. The estimates of the underlying growth based on the
previous estimated trends are plotted in Fig. 3(b). It can be seen from the 0gure that
the estimate of the X-12-ARIMA is not a smooth curve, and oscillates quite frequently,
while the estimates of the Henderson and the jump process 0lters can indicate a pattern
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Fig. 3. Estimation of the Spanish IPI for energy: (a) estimated trend by using the X-12-ARIMA, Henderson
0lter (M = 40), and jump process 0lter (R = 0:4 and M = 100), (b) estimated annual underlying growth.

which is similar to that of Ferreira et al. (2000), thus could be interpretable from the
point of view of economics.

Finally, the jump process 0lter is tested by using another well studied case. This time
series consists of the Beveridge index (Beveridge, 1921) of wheat prices from the year
1500–1869 (Anderson, 1971; Hart, 1991, 1994). These data are an annual index of
prices at which wheat was sold in European markets. To correct for heteroscedasticity
in the original series, a logarithmic transformation is employed. The chart (Fig. 4)
clearly indicates that the transformed series consists of a nonstationary trend and a
constant variance random noise. There is no regular cyclical component presented in
time series. The estimated results are depicted in Fig. 4. Here the smoothing parameters
are chosen as M = 48 for the Henderson 0lter, and as R = 0:4 and M = 120 for the
jump process 0lter. The symmetric extension is used at boundaries for both 0ltering.
It can be seen from Fig. 4, estimates of two 0lters are almost identical, and describe
the most slowly changing part of the series.
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Fig. 4. Trend estimated by using the Henderson 0lter (M = 48) and the jump process 0lter (R = 0:4 and
M = 120) for the Beveridge wheat price index data.

3.2. Simulation study

For a quantitative test of the proposed jump process estimator, a simulation study
is considered. To this end, a simple model is constructed which is analogous to the
additive model in the absence of seasonal component

y(x) = T (x) + �(x); (30)

where T (x) is a polynomial trend given by (Hart and Wehrly, 1986; HHst, 1999)

T (x) = " + 10x3 − 15x4 + 6x5; (31)

which mimics the typical behavior of growth curves. Here estimates will be calculated
on a uniform mesh xt = t=N , for t = 1; : : : ; N , in the interval of [0; 1]. The random
white noise �(xt) is normally distributed with zero mean and a constant variance #2.
The value of " is set to 1 to ensure that y(xt) is positive. Both the simulated data and
the underlying trend are shown in Fig. 5.

Investigation is numerically carried out 0rst on how the smoothing parameter M
governs the fundamental tradeo2 when R is pre-0xed in the jump process estimation.
One series is simulated with 101 uniform locations (N = 101) and # = 0:1 for this
purpose. The symmetric extension is used throughout the simulation study. By varying
M from 1 to 100, di2erent estimates are obtained. The following global measures are
utilized to indicate the corresponding characteristics of estimated trend T̂ t

Smoothness {T̂ t}:

√√√√ 1
N

N∑
t=1

(�2T̂ t)2; (32)
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Fig. 5. Plot of simulated series and trend component (noise standard deviation # = 0:1 and sample size
N = 101).

Fidelity {T̂ t}:

√√√√ 1
N

N∑
t=1

(yt − T̂ t)2; (33)

Bias {T̂ t}: E{|Tt − T̂ t |}: (34)

The results are shown in Fig. 6. These numerical results verify our aforementioned
theoretical investigation, viz. when R is pre-0xed, M governs the smoothness-0delity
tradeo2 and the bias-variance tradeo2.

The problem of optimal trend estimation is considered next. With a constructed trend,
mean square error (MSE) is employed to measure the deviation of the numerically
estimated trend from the true trend

MSE =
1
N

N∑
t=1

(Tt − T̂ t)2: (35)

Three noise levels, # = 0:025; 0:05; 0:1, and three sample sizes, N = 51; 101, and 201
are investigated. For each combination of N and #, 100 independent sets of data are
generated. Both the jump process and Henderson 0lters are tested. Goodness-of-0t tests
are employed to search for an optimal smoothing parameter which minimizes MSE in
all cases. The results of simulation study are summarized in Table 2. As can be seen
from the table, the average value of the minimal MSE is smaller than 1:0×10−3 in all
cases. In other words, the satisfactory trend estimates can be obtained by using both
the Henderson and jump process 0lters in all parameter combinations. The optimal
estimated trend is actually very close to the true underlying trend, see example plots
in Fig. 7. Another observation from Table 2 is that the optimal MSE of the Henderson
estimates is commonly smaller than those of the jump process estimates. However, such
di2erence is very small, especially when sample size N is large. Visually, the di2erence
between the estimates of the Henderson and jump process 0lters is negligible when
N = 201, see Fig. 7.
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Fig. 6. The plots of the characteristics of estimated trend vs the smoothing parameter M (# = 0:1, N = 101
and R = 0:3): (a) smoothness; (b) 0delity; (c) bias; (d) variance. The minimizer of MSE is M = 39 for this
set of data, and the relevant location is marked by ∗ in the plots. The log-scale plot is used for (a) since
smoothness measure decays very quickly.

Table 2
The results of simulation study. Here MSE (×105) is the average value of the minimal MSE. The cor-
responding average value of the optimal smoothing parameter M is in parentheses. In the jump process
estimator, R = 0:45

Filter # MSE

N = 51 N = 101 N = 201

Jump process 0:025 10.18(7.02) 5.58(19.39) 3.06(57.51)
0:05 29.83(11.62) 16.87(34.99) 9.27(101.28)
0:1 89.83(20.45) 50.56(63.02) 28.25(177.39)

Henderson 0:025 6.22(17.18) 3.26(33.84) 1.79(61.57)
0:05 20.76(22.39) 10.77(41.78) 6.03(75.27)
0:1 63.80(29.79) 34.59(53.36) 20.11(93.50)

It is clear from Table 2 that the optimal MSE and smoothing parameter M change
when N or # is di2erent. Further investigation is needed to clarify the pattern of these
changes. The smoothing parameter M provides information about the signal-to-noise
ratio (SNR) in data. By keeping the trend component unchanged, when the noise devi-
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Fig. 7. Example plots of optimal estimated trends. In all plots, # = 0:1, and R = 0:45 in the jump process
0lter.

ation # increases from 0:025 to 0:1, the SNR also increases. Correspondingly, a larger
M is required to suppress the increasing noise, see Fig. 8(b). Since unwanted noise
becomes larger, the relevant optimal MSE of trend estimates also increases, see Fig.
8(a). The increasing ratios displayed in Fig. 8 are clearly independent of the sample
size N , since these ratios are the same for di2erent N . Moreover, the increasing ratios
of the jump process estimates are di2erent from those of the Henderson estimates. In
terms of the optimal MSE (Fig. 8(a)), the increasing ratios of the jump process esti-
mates are higher than that of the Henderson estimates. Hence, although the MSE of
the jump process estimates is slightly bigger than that of the Henderson estimates, the
di2erence between them will become smaller and smaller as noise increases. In terms
of the optimal smoothing parameter M (Fig. 8(b)), the increasing ratios of the jump
process estimates are also higher than that of the Henderson estimates. This means
that the optimal M of the jump process estimates is usually larger than that of the
Henderson estimates. It is noted that the smoothing parameter M of the jump process
can be relatively large, or even larger than the sample size N , since in the iterative
jump process implementation, M is just an iteration number. Therefore, the need for
a large M does not a2ect the usefulness of the jump process 0lter. However, by us-
ing a symmetric linear 0lter (such as Henderson 0lter) without invoking asymmetric
versions, it could be somewhat cumbersome to deal with a 0nite sample trend estima-
tion problem with very large noise, since the optimal band-width M might be quite
large.

Another alternative way for analyzing the numerical results in Table 2 is to examine
how the optimal MSE and relevant minimizer M change when the sample size N in-
creases from 51 to 201. Such a numerical analysis is meaningful since it can describe
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Fig. 8. (a) The log-scale plot of the average optimal MSE vs. noise standard deviation #; (b) The log-scale
plot of the average optimal M vs. #.

the asymptotic behavior of the jump process estimates. It is known that the highest
noise frequency in the discrete data is proportional to $=Vx = $(N − 1). On the other
hand, the trend is a smooth function so that its frequencies do not change too much
in the Fourier domain when N changes. Hence, when the sample size N increases,
there are many more high frequencies in the Fourier domain which need to be elimi-
nated. Consequently, a larger band-width is required to achieve optimal estimate, see
Fig. 9(b). The numerical study reveals that the optimal estimates of both the jump
process and Henderson 0lters converge quite rapidly to the true trend as sample size N
becomes larger. Furthermore, the decreasing ratios of the jump process and Henderson
estimations are almost identical, see Fig. 9(a). Again, the increasing tendency in Fig.
9(b) suggests that the optimal band-width M of the Henderson 0lter becomes very
large when N is huge, and the optimal iteration number M of the jump process 0lter
is usually even larger.

4. Conclusions

The main purpose of this paper is to introduce a jump process approach to the trend
estimation of time series. The proposed jump process estimator explicitly minimizes
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the local smoothness and 0delity of a time series. A weighted average form of the
jump process estimates is derived. The connection of the proposed approach to the
Hanning 0lter, Gaussian kernel regression, the heat equation and the Wiener process
is discussed in detail. The proposed method is validated by using both real data sets
and a simulated time series.

Several trend estimation methods were successfully developed in the literature to
quantify the competition between the smoothness and 0delity globally. In contrast, a
jump process, which can locally minimize both features and explicitly balance the
fundamental tradeo2 between them, is proposed. The investigation opens up the oppor-
tunity for developing other new trend estimation methods which are optimal in a local
sense. The feasibility, property, advantage and disadvantage of the trend estimation
method development based on local optimization deserves further investigations.

The characteristic of the jump process estimator is its local optimization. In terms of
minimization, the relationship between the jump process approach and traditional meth-
ods is analogous to the relationship between the collocation and Galerkin approximation
in numerical analysis. The numerical strengths of the jump process are simplicity and
robustness.

Like many nonparametric approaches, the estimate of the jump process also permits a
weighted average form, which is very useful numerically. The weight shape of the jump
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process 0lter is also analogous to that of other kernel regression schemes. The present
study reveals that the jump process 0lter can be viewed as a generalization of the
Hanning 0lter. A jump process trend estimation scheme is developed for nonuniformly
spaced data. Such a scheme is useful in case where some data points are missing
or cross validation method is used. Furthermore, it is shown that the proposed jump
process is equivalent to a discretized form of the heat di2usion equation. Hence the
continuous di2usion process can be used as the other convenient starting point for
theoretical analysis.

By examining the jump process from the point of view of stochastic process analysis,
it is shown that such a jump process, in an appropriate limit, is a Wiener process.
Hence, the weight function of jump process 0lter approaches the normal curve when
smoothing parameter tends to in0nity. This agrees with the relevant 0ndings of the
convolution Hanning 0lter, as well as the 0ndings of the heat equation in the DSP
literature.

Several real time series and a simulated test example are studied to demonstrate the
usefulness of the jump process estimator. Although studied series varies from regular
to irregular, the jump process performs very well in all cases. The numerical results
of the jump process are in good agreement with both the present theoretical analysis
and the results of previous studies.

The Henderson 0lter, which is embedded in the most popular seasonal adjustment
package, X-12-ARIMA for trend estimation, is independently implemented to further
validate the jump process 0lter. Even though the estimation error of the jump process
is found to be a little bit larger than that of the Henderson 0lter for a particular case,
both errors are actually small and the di2erence between them can be negligible for
real applications. Moreover, numerical results reveal that such di2erence will decay
when noise is larger. In fact, there is no much visual di2erence between the estimated
trends of two methods in all example plots. On the other hand, numerical analysis from
the perspective of asymptotic behavior indicates that the optimal estimate of the jump
process is able to converge rapidly to true trend as the sample size becomes larger, with
the same convergence speed as the Henderson 0lter. Comparatively speaking, the jump
process 0lter is almost as good as the Henderson 0lter in terms of the performance of
trend estimation for a given time series.

Numerical analysis also indicates that the optimal smoothing parameter M of two
0lters will increase when the sample size is large or the noise is large. Moreover, the
optimal M of the jump process estimator is usually larger than that of the Henderson
0lter. In terms of iterative implementation of the jump process, M is the iteration
number. At each iteration step, there is only one point outside boundaries, which need
to be “predict” based on interior nodes. Consequently, it is applicable to using a quite
large M in the jump process trend estimation. However, if the Henderson 0lter is kept in
its symmetric form without invoking asymmetric versions, the boundary e2ect might
be serious when a large band-width M is required. Since there are two simple and
controllable ways to implement the jump process trend estimation, there are actually
more freedom for the jump process estimator to deal with boundary e2ect. Therefore,
the jump process trend estimation is numerically more Lexible than the Henderson
0lter, especially in terms of dealing with the boundary e2ect.
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