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Abstract

This paper introduces an anisotropic diffusion oscillation reduction (ADOR) scheme for shock wave computations. The
connection is made between digital image processing, in particular, image edge detection, and numerical shock capturing.
Indeed, numerical shock capturing can be formulated on the lines of iterative digital edge detection. Various anisotropic
diffusion and super diffusion operators originated from image edge detection are proposed for the treatment of hyperbolic
conservation laws and near-hyperbolic hydrodynamic equations of change. The similarity between anisotropic diffusion and
artificial viscosity is discussed. Physical origins and mathematical properties of the artificial viscosity are analyzed from the
point of view of kinetic theory. A form of pressure tensor is derived from the first principles of the quantum mechanics. Quantum
kinetic theory is utilized to arrive at macroscopic transport equations from the microscopic theory. Macroscopic symmetry
is used to simplify pressure tensor expressions. The latter provides a basis for the design of artificial viscosity. The ADOR
approach is validated by using (inviscid) Burgers’ equation, the gas tube problems, the incompressible Navier—Stokes equation
and the Euler equation. Both standard central difference schemes and a discrete singular convolution algorithm are utilized to
illustrate the approach. Results are compared with those of third-order upwind scheme and essentially non-oscillatory (ENO)
schemel 2002 Published by Elsevier Science B.V.

1. Introduction

Shock wave is a common phenomenon in nature, such as in aerodynamics and hydrodynamics. Mathematically,
nonlinear hyperbolic conservation equations provide a good description to shock waves. The construction of
numerical schemes that are capable of shock capturing for hyperbolic and inviscid hydrodynamic equations is
a major objective of computational methodology. However, it is noted that the concept of discontinuity does
not apply in digital computations. Therefore, a shock in computational sense may refer to systematic, rapid
variation of function values over a few grid points. The difficulty is that hyperbolic equation may have weak
solutions that are discontinuous at the so-called shock front. Such a discontinuity will cause Gibbs’ oscillations
in a high (spatial) order numerical scheme. The numerically induced oscillations are usually amplified in (time)
iterations. A variety of numerical schemes have been proposed for shock capturing. As early as 50 years ago,
a solution to this problem was constructed by von Neumann and Richtmyer [1]. The essence of their approach
is to introduce small artificial viscosity so that a smooth solution can always be attained in a finite difference
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approximation. A variety of modifications to von Neumann and Richtmyer's method are made in the past 5
decades to address problems of possible failure in spatial scaling and errors due to additional momentum flux and
production, as well as unbalanced heat flux and its over production in the simulation of hyperbolic conservation
laws.

A different approach was proposed by Godunov [2] to construct a full solution by using low order piecewise
discontinuous approximations. Such a piecewise solution is a good approximation at the smooth regions, and is
capable of representing the shock front over a small region of grid. The knowledge of wave propagation and
wave interaction is built in the numerical scheme in the form of a Riemann solver. Godunov’s approach has been
extended to higher-order schemes [3-5]. In doing so, a higher-order approximation is constructed in the smooth
region, while near the shock the solution is still of first order accuracy. The Godunov method is very stable and
thus, easy to design and use [6]. However the major disadvantage of this method is the complexity introduced into
a numerical scheme through a Riemann solver. Such a drawback reduces its computational efficiency.

Another general approach is the hybrid scheme, which utilizes a high-order scheme for a smooth region while
using a low-order scheme near a discontinuity. A linear combination of these two types of schemes is then used
at each interface using weight factors which may be nonlinear functions of the local flow field. DeBar constructed
a linear hybridization of first-order and second-order difference schemes as early as 1968 [7]. Harten and Zwas
[8] devised another early linear hybridization scheme. Boris and Book reported a blending algorithm which yields
sharp discontinuities without oscillations [9]. A total variation diminishing (TVD) scheme was proposed by Harten
[10]to control the spurious oscillations in the numerical solution by using the total variation as a measure. The TVD
scheme typically degenerates to first-order accuracy at locations with smooth extreme and was later generalized to
an essentially non-oscillatory (ENO) scheme [11-13]. The major idea of the ENO scheme is to suppress spurious
oscillations near the shock or discontinuities, while maintaining a higher-order accuracy at smooth regions. This
line of thinking was further polished recently in a weighted essentially non-oscillatory (WENQO) scheme [14]. The
WENO approach takes a linear combination of a number of high-order schemes of both central difference and
up-wind types. The central difference type schemes have a larger weight factor at the smooth region while the
up-wind schemes play a major role at the shock or discontinuity. In general, these approaches might be expensive
since checks are performed before making a decision at each grid point. In terms of accuracy, all existing methods
are at best of first order near the shock or discontinuity.

Perhaps modified artificial viscosity methods are the most popular approaches in practical computations.
Unfortunately, the artificial viscosity smears shocks over three or more grid zones, which can lead to serious errors
in the physical interpretation of the numerical results. Special care is required to ensure that the smeared numerical
shock is consistent with the true thickness of the shock in a practical problem under study. This difficulty has led to
enormous and continuous effort at developing efficient and robust approaches. One approach is to locally refine the
computational grid [15]. An alternative approach is the use of an adaptive mesh [16,17]. Both methods are aimed at
matching between the physical shock and the numerically smoothed one with respect to the spatial extension. These
methods might have a restriction for extremely small time step sizes as required by the Courant constraint. In many
cases, they need to be formulated in an implicit scheme, which might impose an extra complexity in practical
implementation and an extra requirement in computer memory. Another possible problem is the unbalanced
momentum flux and production, and additional heat flux and heat production in hydrodynamic equations. However,
it is possible to find a good balance between the quality of shock-capturing and local refinement.

The addition of a viscous term to the inviscid hydrodynamic equations or the hyperbolic equation has a physical
justification, that the true physical flow has no discontinuities. Therefore, mathematical model can be modified so
as to reflect the true physics. In their original work, von Neumann and Richtmyer [1] have introduced an artificial
viscositygnr of the form

gNR~ (V- V)? 1)
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for the equation of motion. Their term is of second order in gradient of the velocityfiglte velocity gradient is
a second rank tensor and has the divergence of velocity as its component) and will not be very sensitive to small
gradients. Landshoff [18] proposed an additional term that vanishes less rapidly for small gradients

qL~V-V. (2)

A generic form that contains botig and g (i.e. «V - v+ B(V - v)?) has been carefully studied by many
researchers [19-22]. In particular, Caramana et al. [22] discussed a number of intuitive criteria for this form and the
parameterization of artificial viscosity. Special considerations are given to dissipativity, Galilean invariance, self-
similar motion invariance, wave front invariance and viscous force continuity. This generic form, as it was proposed
for hydrodynamic conservation laws, has its advantages over other approaches for certain fluid mechanical
computations. However, it is very unstable for certain hyperbolic equations due to the Courant—Friedrich—Lewy
(CFL) stability condition. For example, it does not work well in resolving a sharp shock front for inviscid Burgers’
equation with a smooth initial condition. We believe that this failure is due to the high-order in the gradient of the
Neumann and Richtmyer form, which is too sensitive to large gradients at a sharp shock front. Despite the fact
that a number of functional forms of the artificial viscosity have been proposed, the procedure is still ad hoc. For a
given form, parameter selection is quite tricky and often varies from problem to problem.

The existence of so many different approaches for shock capturing indicates both the importance and the
difficulty of the problem. The objective of the present paper is to introduce an anisotropic diffusion oscillation
reduction (ADOR) approach for shock wave computations. The method of anisotropic diffusion in association
with a partial differential equation was proposed by Perona and Malik [23] for digital image processing in 1990.
Since then, much research has been stimulated in image processing and applied mathematics communities [24—
34]. The method uses the heat equation, which has a solution of the Gaussian type, as a low pass filter to eliminate
noise in an image, while it detects and preserves the edges of the image. It has been shown that the Perona—Malik
equation provides a computational approach to image segmentation, noise removal, edge detection, and image
enhancement. In a recent work, a generalized Perona—Malik equation was proposed for image restoration and edge
enhancement [35]. In fact, digital edge detection has much in common with numerical shock capturing. In this
work, we introduce a set of generalized anisotropic diffusion operators and edge enhancing functionals for shock
wave computations.

This paper is organized as follows: Section 2 is devoted to kinetic theory analysis of the equation of change and
artificial viscosity. The physical origin and mathematical properties of artificial viscosity are discussed from the
kinetic theory point of view. A set of hydrodynamic equations describing fluid flow consisting of microscopic
particles is derived from the quantum Boltzmann equation, i.e. the Waldmann-Snider equation [36,37]. The
latter can be regarded as a consequence of a reduction of the von Neumann equation, or the quantum Liouville
equation to the level of a single particle density operator. The mathematical form of the pressure tensor is analyzed
by using the group theory consideration. A set of generalized artificial viscosities, artificial heat and artificial
viral correction are proposed as the results of the kinetic theory analysis. Generalized Perona—Malik equation is
discussed in Section 3 for shock wave computations. This approach follows a very different line of thinking as
it was originally proposed for image analysis and processing. An edge-controlled image enhancing functional is
introduced for shock representation. Anisotropic diffusion and diffusion superoperators are introduced for fast
and effective shock capturing. Numerical experiments are presented in Section 4. A few standard test problems,
including Burgers’ equation and inviscid Burgers’ equation in one- and two-dimension, the gas tube problems,
the incompressible Euler and Navier—Stokes equations are used for exploring usefulness, testing efficiency and
illustrating the validity of the ADOR approach. The implementation of the proposed approach has been done with
both a recently developed discrete singular convolution (DSC) algorithm [38—43] and standard central difference
schemes. The DSC algorithm is a unified approach for numerical computations [41] and its results are compared
with those obtained by using high-order finite difference schemes. This paper ends with a conclusion.



320 G.W. Wei / Computer Physics Communications 144 (2002) 317-342

2. Kinetic theory analysisof artificial viscosity

Artificial viscosity was originally proposed for shock capturing in association with hydrodynamic equations in
the fluid mechanics. The choice of its form and parameter should be consistent with and motivated by the physical
origin of hydrodynamic equations. Since quantum theory is the foundation for the modern fluid mechanics, a
microscopic analysis is presented for appropriate understanding from the kinetic theory. The latter, such as the
Boltzmann equation, serves as a theoretical basis for hydrodynamic conservation laws.

2.1. Microscopic analysis

Consider the flow of a quantum gas system consisting of dfadrticles in a volume. Its behavior is governed
by the Schrddinger equation

. oY

where H™) is the self-adjoint Hamiltonian of the system awdis a vector in the Hilbert space associated with
the system. For the description of physical observable, we adopt the density op&¥athose time evolution is
governed by the quantum Liouville equation

iaf;_(tN) — L), %[Huv), pM] = %(H(mp(/v) —pM gy, @)
A physical observabl®™) is a Hermitian operator of the Hilbert space and has the expectation value given by
(0M)=Try v O™, (5)
where Tt is the trace over all the states of teparticle system and in particular,

(A =Try v 1™ ™M =1 (6)

gives the normalization of the total probability for finding all of tNeparticles in the volume. Here 1Y) is the
identity operator of the system. A standard form for the Hamiltonian is given by

HNM = k™ 4+ v ="K + 3" vy, @)
i i<j
where K; is the kinetic energy (including internal state energy) operator of paitieled V;; is the potential
operator of particles and j. The physical behavior of th¥-particle system is far too complicated to compute by
any means as a macroscopic gas flow may consist ©f d4rticles or more. Fortunately, for ordinary gases, it is
sufficient to consider the state of a typical particle, say particle 1

PV =NTrp np™. ®)
In general, the state af particles is defined
p” =N =1 (N=n+DTra..np™. ©)
The time evolution of particle 1 is governed by
&N
.0p 1 2 @ 1 1 1 2
L £ 0p® 4 TV E0E = T[HD. o]+ 1 T Via pf3]. (10)

where H® = K. This is the first member of the BBGKY hierarchy [44,45] in the quantum form. The general
form of the BBGKY hierarchy [44,45] is given by

..... 1 1
t=Lp L+ TV n)+1'0§nJr n)+l’ (11)

...............
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wherevf'.f’fl) 1 Is the potential superoperator between particles.1» and particlen + 1. This set of equations

is formal and exact, since no approximation has been made. However, to determine the time evobiili)oritdﬂ
necessary to know the behavior,@f), which is, in turn, determined by the second order BBGKY equation and
the latter involves three-particle density opera@g.

2.2. Mesoscopic analysis

Kinetic theory attempts to explain macroscopic properties in terms of microscopic properties of the atoms and/or
molecules based on the classical or quantum mechanics. Typical macroscopic observations déghwitf3)
particles over a volume much larger than the size of the individual molecules, and over a time period much longer
compared to the time scale of the individual molecular dynamics. An ab-initio description of the time dependence
of such macroscopic observations from the quantum Liouville equation is practically impossible not only because
of the conceptual difficulty with the meaning of measurement, but also due to the large number of degrees of
freedom involved. The kinetic theory approach simplifies Mhgarticle problem dramatically by looking at the
behavior of one typical particle under the influence of all other particles.

The most successful kinetic theory has been based on the Boltzmann equation [36,37,46,47]. Specifically this
has been related to the hydrodynamic equations and has given rise to molecular expressions for the transport
coefficients. Various attempts have been made to understand the Boltzmann equation fibinaitie Liouville
equation, or utilizing the BBGKY hierarchy described in the last subsection. A first principle “derivation” of the
Boltzmann equation from the Liouville equation has been achieved by Bogoliubov [45], and independently by
Green [48]. The Wang Chang—Uhlenbeck—de Boer equation [49] was the first attempt to generalize the quantum
Boltzmann equation, and to account for the internal degrees of freedom of a polyatomic gas. It was not generally
realized until 1957 that polyatomic gases can only be treated properly by a quantum mechanical method due to the
fact that the internal energy levels of such molecules are, in general, degenerate. Waldmann [36] and, independently,
Snider [37] introduced a quantum kinetic equation, the Waldmann—Snider equation,

8p§1)

: 1) (1 2 1) (1
== = L+ TV 20017 0y (12)

wheres2; ., is the Mgller superoperator for quantum mechanical scattering

) @, @
,Qlezt_IlrI]OOe'ﬁlzte "Clzt7 (13)

whereﬁgzz) andlcgzz) are two-particle space Liouville operators for full interaction and kinetic motion, respectively.
The Waldmann—-Snider equation is still the basis for the kinetic theory of quantum gas flow [50-53]. Note that a
dramatically simplified version of the Boltzmann equation provides the (lattice) Boltzmann gas (LBG) approach
for the computational fluid dynamics in recent years.

2.3. Macroscopic analysis

The most important properties of a fluid flow are physical observables, or physical measurements. For
conservative observables, the equations of change of physical observables give rise to conservation laws. The
equations of change are important not only because they govern the time dependencies of the macroscopic
guantities but also because they are needed for solving kinetic equations using the Chapman—Enskog method [54].
The equations of change for physical observables are derived in this subsection.

A single-particle observable for particle 1 is denotedyhy The expectation value of the physical observable

Y1 is determined by the singlet density operaﬁ{)ll) according to
(1) = Triyapg. (14)
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The most important physical observables are the number densistream velocityw1 and kinetic energyf.
Firstly, the physical observable for the number densitis the Dirac delta distributiofr; = §1 = §(r —r1) so that

n1=(81). (15)

Secondly, the stream velocity is given by

1 1
V1= — Trp —— (P11 + 81P1) 1, (16)
ni 2m1
wherem1 is the mass of particle 1. Finally, the kinetic enequper particle is given by
1 1 1
K 2 2 2
=—Tri| =—(p7d1+2p1-6 3 - = ) . 17
= 1<8m1 (P11 + 2p1 - 81p1 + 81P%) 5M1Vy 1)/)1 (17)

These expressions are appropriately symmetrized to account for the fact that position and momentum do not
commute, while a physical observable is a Hermitian operator. Although this operator approach is used here for the
number density:1, stream velocity; and kinetic energyf, phase space expressions can be easily obtained for
these fluid dynamic quantities by using the standard Wigner representation. The equations of change are of course
independent of the detailed method used for the expression of various quantities. Equations of change for a particle
observable is obtained from the quantum Boltzmann equation (12) according to

oy oY1\ 1

at at [, in
In case that a physical observalglgis time independent, the second term on the left-hand side of Eq. (18) vanishes.
Conservation laws are the equation of continuity

1
([ B )y + T T2V 2usoy 05 (18)

ony

— =-V . (n1v1), 19

o (n1v1) (19)
the equation of motion

AV

nlmlﬁ +nimiv1-Vvyi=—-V-Pq, (20)
and the kinetic energy equation

niek

Tl =-V- (ﬂlVlSJI_{+q1K+qu||) —PS_ZVV]_"'O'K, (21)
where the superscriptdenotes the transpose and the kinetic heat flux is

1 (p1 — m1v1)?
af =Tr1{(p— —V1>p751} o1, (22)
m1 2m1 s

where{ }; designates appropriately operator-symmetrized quantities. Here the collisional heat flux is

1
1 ri4+r2 v dVi2 @ @
=———Trz | dvid|r— —=(r1—r —2mivy) - —— 2 23
Jeoll o 12f v{ [ > 2( 1 2)}(p1+p2 miv1) o }S L12P1 " Pp (23)

and the kinetic energy production results from the collisional transfer of energy
1 oV  0Vi2
K @ @D
= ——Tr2} (51 +6 —po) — 4 —=.(p1— 2 ) 24
o 81 12{( 1+ 2)[([31 p2) o1 + o1 (P1 DZ)] }S L12P1 P2 (24)
The pressure tensey has kinetic and collisional contributions

Py =pPX + Pl (25)
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where the kinetic pressure tensor is

1
(81p1P1 + P181P1 + (P181P1)" + P1P1d1); — n1M1VIVL (26)

K
Py = —
L7 amy

and the collisional pressure tensor is given by

ri+rz
2

1
V
PgID-OII — _%1 Tria(rq — rz)vlvlzf 3( + E(I’l —rIo) — I') dv .Qlepil)pél). 27)

-1

The transpose’ of the pressure tenser enters to couple the convective energy to the internal kinetic energy
per particlesf, heat flux contributions arise from kinetq:f and collisionalgco motion and finally there is a
production terms X which involves the transfer between kinetic and potential energies. Although the equations
of continuity and motion are consistent with the conservation of the number of particles and total momentum
in the absence of bound pairs, the presence of the production term in the kinetic energy implies that the total
kinetic energy is not conserved because of the possible conversion to potential energy due to the non-locality of
the collisions (in the macroscopic sense). Thus it is necessary to look at the equation of change for the potential
energy per particle;

nie) = 2Trio(81 4 82) Vizps . (28)
This is obtained in a manner consistent with pair particle interactions and shown to be of the form
aniel
%:—V~(H1V18Y+q¥)—dl{, (29)
where
1
qy = o Trio[(p1 — m1v1)81 + 81(p1 — mava) | V12-QL12P§1)/)§1)~ (30)

The production of potential and kinetic energy exactly cancels and there is an added heat flux connﬁbution
associated with the conductive potential energy flow.

In the next subsection, we show that an appropriate treatment of the pressure tensor leads to a method for shock
capturing.

2.4. Pressure tensor and artificial viscosity

The estimation of transport coefficients from the Boltzmann equation is quite complicated and involves many
aspects. The mostimportant transport quantities for physical and engineering applications are the mass, momentum
and energy. Sometimes angular momentum transport may also be important for certain physical phenomena and
thus an equation of change for angular momentum may be required. However, angular momentum conservation is
rarely discussed in the context of hydrodynamic conservation laws. This is because the angular momentum is not
measured like other physical observables in experiments. It is noted that all hydrodynamic conservation laws have
the structure of convection, conduction and production. The equation of momentum conservation leads to shock
wave as the divergence of the pressure tensor vanishes. The existence of shock wave devastates the numerical
simulation as noted by von Neumann and Richtmyer [1]. They introduced artificial viscosity of the fo¥nof
to overcome the numerical difficulty. In fact, a much better choice can be selected by analyzing the form of the
pressure tensor.

The pressure tensor is a tensor of second rank and has two indices. It has contributions from the kinetic transport
pX and collision transporc®! (here, the subscript 1 is omitted for convenience). For example, the kinetic transport
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Pfy is the rate of transport (kg m/s)/&s) in thex-direction, of the momentum with respect to thelirection. The
hydrodynamic pressure

Peq:nkBTU, (31)

given by the equation of state, is the local equilibrium contribution to the pressure tensoruHgtle identity
tensor of second rank ang is the Boltzmann constant. In general, the gas is not at local equilibrium and the
structure of the nonequilibrium part of the pressure tensor,

can be analyzed according to the irreducible representation of the improper three-dimensional rotational group
O(3). As such II can be expressed as a linear combination the irreducible representations

N=Tu+e P*+ 0P, (33)
where scalar, antisymmetric and symmetric traceless parts of the second rank tensor are given by
1,,.
P¢ = —%8 -,
0@ = i[(m+ - jufu: M. (34)

Heree is the Levi-Civita tensor1 is a scalar (one dimensiorB? is a vector (three dimensions) afH? is a

tensor (five dimensions). In the theory of the Boltzmann equation and irreversible thermodynamics, the pressure
tensor is treated as proportional to velocity gradient as in the case of a classical Newtonian flow. The velocity
gradient,Vv, is also a second rank tensor and can also be decomposed into three different components of order
zero, one and two, similar to Eq. (34),

Vv =31u:vy,
Vxv= —%g - Vv,
(V@ = [V + (Vv)'] - LuV.v. (35)

Here,Vv is also a nine-dimensional quantity. In principle, there are 81 possible coefficients connecting the pressure
tensor and the velocity gradient. Symmetry analysis indicates that there are three phenomenological equations
relating the corresponding componentdbfnd Vv

M=-n)V-v,
Pt = —n0V x v,
n? — —2,%vv|?, (36)

Wheren?/, 779 andn? are the viscosities of bulk, rotation and shear, respectively.
The pressure tensor given by Eq. (36) provides an excellent approximation for a gas system near the local
equilibrium, i.e. the Boltzmann distribution

1
@ _ —K1/ksT
1 = Trie Ki/kal © ' (37

For the purpose of numerical stability and shock wave simulation, we can impose artificial pressure tensor as
Mart = —§8V'V,
Part = _§PV XV,
2
nyg = —2:9vv@, (38)
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where 48, ¢2 and ¢° are artificial bulk viscosity, artificial rotational viscosity and artificial shear viscosity,
respectively. These artificial viscosities only modify the non equilibrium part of the pressure tensor. In fact, from
the point of view of computations, the equilibrium part of the pressure tensor can also be modified, i.e. a term
which is proportional taikg T

P,7 = enkgTU. (39)

P,r can be interpreted either as artificial heat or artificial viral correction. However, it should be noted that there
is an advantage in keeping only the part of the artificial pressure tensor that corresponds to the non-equilibrium
pressure tensor. The latter makes no additional contribution to conservative quantities, such as, number density,
momentum and energy, as required by the Fredholm alternative for the existence of a solution for the kinetic
equation in the Chapman—Enskog method [54]. Hence, we have the artificial pressure tensor of the form

Part = ManV + € - P4+ H;Zr% (40)
= —0V-vu -0 - v x v —2:0vv@. (41)

Moreover, for a gaseous system far from the local equilibrium, higher-order terms in the velocity gradient
become important. Large velocity gradient can build up from special boundary condition, such as the boundary
layer phenomena, or from the lack of relaxation in a very dilute gas flow. Therefore artificial viscosities and
artificial heat of Eqgs. (38) can be modified to include higher-order velocity gradient contributions. Recognizing
that the pressure tensor is a second rank tensor, thus all velocity gradients contribute in one of the Forpfs of
and 1@, In this regard, the artificial viscosity form proposed by von Neumann and Richtmye(V[1]y)2,
contributes td1. Certainly, artificial viscosities of the forms 8f-v, V x v and[Vv]®@ can be used for numerical
computations. All of the aforementioned forms are at least of first order in gradient, which may lead to a strong
smearing at the edge of a shock front and thus lead to large errors in numerical applications. Furthermore, these
forms can result in instability when the shock front is very sharp, such as in inviscid Burgers’ equation. For these
reasons, it is appropriate to propose a general expression for the artificial viscosity and artificial heat so as to allow
all coefficients to be functions & - v, V x v and[Vv]?

¢ = (Vv IV x VL [ TVVI@)), (42)
¢2 = 2(Vov IV x v [TvvI@)), (43)
£ = oV v, IV x v, | (vVI@)), (44)

where|| - || denotes the magnitude and is computed as

IAIl = /N—lA Y A? (45)

for a vectorA, and

(46)

for atensoB. HereN4 andNp are the dimensions of the vectérand tensoB, respectively. Obviously, artificial
viscosity of von Neumann and Richtmyer [1) - v)2, becomes a special case of the present treatment. The von
Neumann and Richtmyer form can be classified as an artificial bulk viscosity I&gxu,

The inclusion of an artificial rotational viscosity can be an efficient way for the treatment of fast rotational
flow. It is noted that the rotational viscosity is in the original Navier—-Stokes equation derived from the kinetic
theory. However, for flows with natural boundary conditions, the angular momentum is also conserved and it
does not couple the linear momentum except through internal spinor relaxations. However, this is no longer the
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case in a flow with an irregular geometry. For such a case, the internal conversion between angular momentum
and linear momentum is substantial and therefore the rotational visogsishould be retained in both theoretical
modeling and numerical simulation. A detailed discussion and numerical simulation of this aspect will be accounted
elsewhere.
With this theoretical analysis of the pressure tensor, the equation of motion, i.e. Eq. (20), can be simplified as
0 0,10 0 0, 1.0

y+v.v\/=—vp+"—vzv+uvv-v+§—vzv+uvv-v, (47)

at nm nm nm nm
wherep = %kBT is the kinematic pressure. The molecular subscript in Eqg. (20) has been omitted. Obviously, the
conventional Navier—Stokes equation used for engineering computations consists of the first four terms of Eq. (47)
with nm /n° = Re, the Reynolds number. The present kinetic theory leads to additional relaxation of the stream
velocity from the bulk and shear viscosities. In an Euler (inviscid) flph=¢ n?, = 0), the artificial pressure tensor
introduced in the present work can be utilized to stabilize the computation.

A lengthy but very similar discussion leads to a simplification to Egs. (21) and (29), and the resulting equation
for the temperatur@ is given by
0 0

I _yoyr-klg 2 V2T+A—V2T, (48)

at Cy nCy, nCy
whereC, = 3kg + Cint is the heat capacityint is the internal heat capacity? is the thermal conductivity and
AV is the artificial thermal conductivity, which can be a nonlinear functioR @fin general. This set of equations
can be used as a starting point for the numerical computations of shock waves. In the next section, we analyze the
shock capturing algorithm further from the point of view of image processing, particularly, image edge detection.

3. Ogcillation reduction by anisotropic diffusion

Although anisotropic diffusion was originally proposed for image processing, there is much in common
between digital image processing and computational fluid dynamics. An image fun@tias a two-dimensional
projection of certain physical quantities, such as matter, velocity, energy, electromagnetic field, etc., under
appropriate illumination conditions. The edges in an image usually refer to rapid changes in some physical
properties, such as geometry, illumination, and reflectance. Mathematically, a discontinuity may be involved in the
function representing such physical properties. Therefore image edges are very similar to shocks in fluid dynamics.
Numerical shock capturing can be formulated on the lines of iterative digital edge detection. Edge detection is a
key issue in image processing, computer vision, and pattern recognition. A variety of algorithms, such as the
Sobel operator, the Prewitt operator, the Canny operator [55] and the DSC algorithm [56] are proposed for image
edge detection and representation. Anisotropic diffusion is a promising new mathematical algorithm for image
edge detection and image processing. This basic idea can be adopted and modified for numerical shock capturing
in association with the hyperbolic conservation laws. The Perona—Malik algorithm [23] is reviewed before the
method of anisotropic diffusion oscillation reduction (ADOR) is discussed.

3.1. The Perona—Malik equation

The basic idea behind the Perona—Malik algorithm is to evolve an original im&geunder an edge-controlled
diffusion operator [23]

du(r, 1)
ar
u(r,0)=1I(r).

V- [d(IIVu(r, nll)Vu(r, )],
(49)
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Here,d(||Vu|)) is a generalized diffusion coefficient which is so designed that its values are very small at the edges
of an image. Many edge stopping functioch§Vu|) are appropriate for anisotropic diffusion. For example, the
Gaussian

d(|Vul) = e/t (50)

and the Lorentz
1

d1Vul) = T vuro? (51)
are both suitable for edge representation. They provide perceptually similar results in practical applications.
Numerically, the diffusion coefficient becomes very small near an image edge due to the effect of edge stopping
functionsd (]| Vu||). As a result, the image edge is preserved in the diffusion process. The pixel values at a non-edge
part will be smoothed and reduced due to the substantial diffusion coefficient prescribéMa|). Perona and
Malik argued that the solution of their anisotropic diffusion equation has no additional maxima (minima) which
does not belong to the initial image data. However, this point has been challenged recently [24,32]. It is well known
that this anisotropic diffusion algorithm may break down when the gradient generated by noise is comparable to
image edges and features. Numerically, this can be alleviated by using a regularization procedure.

3.2. Shock capturing by anisotropic diffusion

Hyperbolic conservation laws of the type
u(r,r)
at

+V.-Fu)=0 (52)

describe the rate of change of a physical quantityiven by the generalized convecti®h- F(u). Without the

balance of conduction and/or production, Eq. (52) may have a discontinuous solution. The task is to construct a
stable computational scheme which is capable of resolving the “shock”. We first note that computationally, if a
shock is defined as a discontinuity, there is no shock to capture. This is because, the original notion of discontinuity
is undefined on a discrete mesh. Therefore, a numerical shock is characterized by rapid variation of function values
over a small grid zone. Numerical shock capturing, at best, is globally a first order approximation scheme for
resolving the large gradient feature of the true solution. However, locally, it is preferred to compute the solution
as accurate as possible, except at the discontinuity of the true solution. To this end, we introduce an anisotropic
diffusion term to Eq. (52)

du(r, )
3t

where the diffusivityds (|| Vu(r, t)|)), is chosen such that it is essentially zero except at a numerical shock position.
Obviously,||Vu(r, t)|| is important for shock detection. Apparently, Eq. (53) reduces to the Perona—Malik equation
(49) without the convection term. However, the selections of the anisotropic diffusivity in these two equations are
entirely different and serve opposite purposes. For example, one may ehopsa(r, ¢)||) as

d1 = diIn[(Vu)® +1], (54)

+V -F) =V [di(IVu, D)) Vu(r, 0], (53)

Wheredl1 is a constant. Eq. (54) differs much from the Gaussian and the Lorentz.
The derivation of Eq. (53) has its roots in the conservation of a physical quantity involving a phenomenological
flux and its divergence. However, as a computational algorithm, an anisotropic diffusion of the form
ou(r,t)
at
can be used. In fact, expressions in both Egs. (53) and (55) are efficient for numerical shock capturing. idere,
chosen to smooth the oscillations near a shock and is essentially zero in other regions.

+V-Fu) = M1V, 0ll) Vul(r, 1) (55)




328 G.W. Wei / Computer Physics Communications 144 (2002) 317-342

3.3. Edge enhancing functional and super diffusion

From the hydrodynamic point of view, the governing equation of a conservative quantity has a general structure,
i.e. the rate of change is balanced by convection, conduction and production. Therefore, the nonlinear advective
motion can be counterbalanced by an appropriate production. Therefore, we propose a real-valued, bounded shock
(edge) enhancing functional

e(IIVu(r, o). (56)

Heree(||Vu(r,1)|) is appropriately chosen so that it is edge sensitive and is essentially zero away from a numerical
shock or “discontinuity”. This leads to another shock capturing equation

du(r, )

+ V- -F) = V- [di(IVu@, ) Vu(r, 1]
+e(IVu(r,nl). (57)

Appropriate choice of the shock enhancing functional will result in a stable numerical algorithm. Obviously, the
von Neumann and Richtmyer [1] artificial viscosity term, Eq. (1), is a special case of the present formulation.
The diffusion equation can be derived from Fick’s law for mass flux,

j1(r,t) = —D1Vu(r,t) (58)

with D being a constant. From the point of view of kinetic theory, this is an approximation to a quasi homogeneous
system which is near equilibrium. A better approximation can be expressed as a super flux

jq(r,t)z—ZDqVVun(r,t) (q=1,2,..), (59)
q

where D, are constants and higher order tergs>( 1) describe corrections to mass flux by the influence of
inhomogeneity in density distribution and of flux—flux correlations. The mass conservation leads to
du(r, 1)
at

= =V.ja(r,t)+s(r,1)

D OV [DgVVHur.n] 450 (g=1.2...), (60)
q
wheres is a source term which can be a nonlinear function describing chemical reactions. Eq. (60) is a generalized
reaction-diffusion equation which includes not only the usual diffusion and production terms, but also super
diffusion terms. A truncation at the second order super fipét,, 1) = —D1Vu(r,t) — D2VV2u(r, 1), leads to
the expression that is important in many phenomenological theories, such as the Cahn-Hilliard equation and the
Kuramoto—Sivashinsky equation. The latter have been used for the description of a number of physical phenomena,
such as the Taylor—Couette flow, parametric waves and pattern formation in alloys, glasses, polymers, combustion
and biological systems [57].

In a shock wave simulation process, the distribution of the physical quantity under study can be highly
inhomogeneous and/or oscillatory. Hence, the present shock capturing algorithm can be made more efficient by
incorporating a shock (edge) sensitive super diffusion operator

au(r,t)
ot

+V-F@) = Y V- [d(IVur, H])VV?u(r, 1]
q

+e(IVur,nll) (@=12..)). (61)

Hered, (u,|Vu|) are shock (edge) sensitive diffusion functions. In most applications, a truncatipe-& is
sufficient
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au(r,t)
ot

+V-F) = V- [di(IVu,)])Vu(r, 0]

+ V- [dao(IIVu(r, 0)])) VV2u(r, 1)

+e(IIVu(r, 0l). (62)
This equation can be simplified further for practical implementation

au(r,t)
ot

+V-F) = N(IVur, o)) V2u(r, 1)

+ (I Vulr, 1) VAu(r, 1)
+e(IVu(r,nl), (63)

wherely and I, are to be appropriately chosen to capture the shock. Usualig a positive function, whild>»
is negative.

From the point view of image processing, both operatéfsand V# are high pass filters. In the Fourier
representation, operatov& andVv# are proportional ta? andw® of the frequency. Hence, V2 is more sensitive
to low frequency oscillations whil®* has a large filter response for high frequency oscillations. Although¥wéth
andV* become band pass filters on a discrete grid, their filter responses have similar properties as in their abstract
operator forms.

Note that many of these anisotropic terms presented in this section resemble those expressions derived in the
last section for the artificial pressure tengay. Obviously, for the Navier—Stokes equatidn, of Eq. (63) is the
same ag%/nm in Eq. (47). Although the starting points for these two approaches are entirely different, the results
are obviously connected. Therefore, notations are to be simplified and possible confusions are to be avoided. For
these reasons, we use the acronym ADOR for both approaches.

4. Numerical experiments

In this section, the numerical schemes developed from the analysis of kinetic theory and image processing
analysis are utilized for numerical computations involving shock waves. Parameter selections for the ADOR
method are specified. Obviously, there are infinitely many ways to construct anisotropic diffusion functionals.
For simplicity, we test the following choices of the ADOR coefficients:

di=diin[(Vu)? +1], do=dyIn[(Vu)®+1], e=e (V-u)? (64)
for Eqg. (62),

n=yi(lusl)" F=y3(u)’ e=o0, (65)
for Eq. (63),

N=yfnluc+1], Ip=yZIn[lu,|+1], e=0, (66)
for Eqg. (63),

n=yinu?+1, R=yin[u2+1], e=0, (67)
for Eq. (63), and

N=y}n[IVul +1], R=yIn[IVul+1], e=0, (68)

for Eqg. (63). In fact, coefficients in- andy-direction can be chosen separately
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ys=0, e=0. (69)

S In[|uy| +1] foruy,
YT nQuy + 11 foruyy

Note that these expressions have one feature in common, i.e. they are all of low order in the gradidrti®f

feature allows a sharp change in the solution to be handled by a coarse grid. Otherwise, if there are higher-order
gradient terms, such as the von Neumann and Richtmyer form [1], the computational grid near the shock front has
to be refined to reduce the flux amplitude. A finer grid, in turn, leads to another stability problem as dictated by the
CFL condition.

In the rest of this section, the performance of the abovementioned prescriptions is examined for a detailed choice
of ADOR parameterg, d3, el andy! (i = 1,2,3; j = 1,2). A few standard problems are employed to test the
validity, and to demonstrate the rof)ustness of the present approach. These problems include Burgers’ equation
in one and two space dimensions, the gas tube problems, the incompressible Navier—Stokes equation and Euler
equation with periodic boundary conditions.

The spatial discretization of the ADOR method is implemented with standard finite difference schemes [58]
of order four (ADOR-FD4) and six (ADOR-FD6), and the discrete singular convolution (ADOR-DSC). The
DSC algorithm was proposed as a potential approach for computer realization of singular convolutions [38—41].
Mathematical foundation of the algorithm is the theory of distributions [59]. Sequence of approximations to the
singular kernels of Hilbert type, Abel type and delta type were constructed. Numerical solutions to differential
equations are formulated via singular kernels of delta type. By appropriately choosing the DSC kernels, the DSC
approach exhibits global methods’ accuracy for integration and local methods’ flexibility for handling complex
geometries and boundary conditions. In particular, we demonstrated [41] that different implementations of the
DSC algorithm, such as global, local, Galerkin, collocation, and finite difference, can be deduced from a single
starting point. The DSC algorithm is validated for the numerical solution of the Fokker—Planck equation [38], the
Schrédinger equation [40] and the Navier—Stokes equation [60,61]. It was also utilized to integrate the (nonlinear)
sine-Gordon equation with the initial values close to a homoclinic orbit singularity [39], for which conventional
local methods encounter great difficulties and numerically induced chaos was reported for such an integration [62].
The reader is referred to [38] for a detailed discussion of the method. The DSC parameters used in the present work
areo/A = 3.2 andM = 31 for the DSC kernel of regularized Shannon [38]. For time discretization, the explicit
4th-order Runge—Kutta scheme is used for Burgers’ equation and for the gas tube problems. The incompressible
Navier—Stokes equation is integrated by using the implicit Euler scheme in association with a discrete singular
convolution-alternating direction implicit (DSC-ADI) algorithm [63]. Further information is given in subsections
below.

4.1. Burgers’ equation in one dimension

Burgers’ equation [64] is an important model for the understanding of physical flows. It appears customary to
test new schemes in computational fluid dynamics by applying them to Burgers’ equation. Despite much of the
effort, numerical solution of Burgers’ equation is still not a trivial task, particularly at very high Reynolds numbers
where the nonlinear advection leads to shock waves. In fact, many standard computational algorithms fail to predict
Burgers’ inviscid shocks.

Burgers’ equation is given by

ou au 1 9%

or " "ax  Reox?’ (70)
whereu(x, t) is the dependent variable resembling the flow velocity and Re is the Reynolds number characterizing
the size of the viscosity. The competition between the nonlinear advection and the viscous diffusion is controlled
by the value of Re in Burgers’ equation, and thus determines the behavior of the solution.
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4.1.1. Smooth initial values
We consider Burgers’ equation (70) with the following initial and boundary conditions

u(x,0)=sin(rx),
(71)
u(0,1) =u(l,t)=0.

Cole has provided an exact solution [65] for this problem in terms of a series expansion which is readily computable
roughly for the parameter Re 100. For the parameter Re100, the present calculations use two sets of grid points

(N =51 and 101) in the interv4D, 1] with a time increment of 0.002. For a comparison, a third-order upwind
scheme for convection, in association with a fourth-order central difference scheme for diffusion, is also utilized
to solve this problem under the same discretization conditions. Bpoind L, errors of the DSC, FD4, FD6 and

the upwind scheme are listed in Table 1. Obviously, the DSC is much more accurate than other schemes.

We next consider inviscid Burgers’ equation (Rex) with the same initial and boundary conditions as
given in Eg. (71). In this case, the system does not admit analytical solution and the numerical solution quickly
develops into a sharp shock frontxat= 1. The DSC algorithm does not work along because severe oscillations
eventually turn into an uncontrolled error growth. This problem is treated by using the anisotropic diffusion
approach discussed in the previous sections. The performance of four different prescriptions given in Egs. (64)—
(67) is examined in association with the DSC algorithm. ADOR parameter selections are compared in Fig. 1 at 4
differenttimes(r = 0.3, 0.5, 0.8, 2.0). These results are all obtained by using 101 grid points with a time increment
of 0.002.

In Figs. 1(a)-1(d), there is essentially no difference among four different forms of anisotropic coefficients for
the region away from the shock front. At the shock frent 1, results computed from different forms are slightly
different. Except for Fig. 1(b), there is a visible overshot near the shock frant=&2.0 for all other forms of

Table 1
A comparison of errors for solving Burgers’ equation
DSC FD4 FD6 Upwind
N Time Lq Lo Lq Loo Lq Lo Lq L

51 0.2 6.3C05)  6.4(04)  6.3(05)  65(04)  6.3(05  6.4(04)  6.1(05  5.4(04)
0.6 1.4¢04)  25(03)  1.1¢03)  51(02)  6.3(04)  25(02)  9.5(-04) 1.8(-02)
1.0 1.9¢05)  3.7(04)  4.9(04)  1.8(02) 1.8¢04)  7.6(03)  5.3(04)  8.8(03)
1.4 1.9¢06)  3.3C05)  2.0(04)  58(03) 5505  2.0£03)  2.8-04)  3.6(03)
1.8 2.4(07)  2.9(06)  9.4(05)  2.1(03) 1.9¢05)  59(04)  1.6(-04) 1.8(-03)
2.2 5.6(08)  7.6C07)  51(05)  8.9(04)  7.9¢06)  2.0(04)  9.6(05)  9.5(04)

2.6 1.5(-08) 1.9¢07)  3.0¢05)  4.8(04) 3.6(06)  7.7¢05)  6.4(05) 5.5(-04)
3.0 3.3¢09)  4.6(-08) 1.9¢05)  2.7¢-04) 1.8¢06)  3.3¢05)  4.4¢05) 3.5¢-04)
101 0.2 6.3(05) 1.5(03)  6.3(05) 1.5¢-03) 6.3(-05) 1.5¢03)  6.3(05) 1.6(-03)
0.6 4.5¢-07) 1.4¢-05)  8.8(05)  3.9¢03) 1.8(-05) 1.1¢-03) 1.3¢-04) 3.1¢-03)
1.0 2.7¢08)  7.1¢07)  3.5(05) 1.2¢03)  4.9¢06)  2.3(04) 6.7(-05) 1.3¢-03)
1.4 1.8¢09)  4.8(-08) 1.4¢05)  4.0¢04) 1.3¢06)  4.5(05)  3.2(05) 5.1¢-04)
1.8 9.8¢11)  3.1¢-09) 6.5(-06) 1.4¢04)  4.1¢07) 1.3¢-05) 1.8(-05) 2.4(-04)

2.2 6.0€12)  1.9¢10)  3.4C06)  6.6(05)  16(07)  4.2(06)  1.1(05)  1.304)
2.6 6.7¢13)  1.3C11)  2.0€06)  3.2(05)  6.8(-08)  15(06)  7.4(06)  7.2(-05)
3.0 2.2¢13)  1.4(12)  1.2(06)  1.8(-05)  3.3(08)  6.8(07)  52(06)  4.4(05)
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Fig. 1. A comparison of various ADOR coefficients for the numerical solution of inviscid Burgers’ equatim‘i. @@.0009,{121 =0,el=0;
(b) it = 0.0022,y4 = 0; (c) y£ = 0.0018,y2 = 0; (d) y{ = 0.0015,5 = 0; (€) £ =0, 3 = —3 x 10°&.

anisotropic coefficients. Therefore, the scheme in Eq. (64) gives a better result. By refining the mesh, we have
confirmed that all results are essentially correct and contain very little over-smearing. It is seen that all the four
different choices of the diffusion coefficients have similar behavior and are all capable of correctly simulating
Burgers’ shock.
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1.2

(e)

Fig. 1. (Continued.)

Fig. 1(e) depicts the results obtained by using the super diffusion coefficient as shown in Eq. (67). Obviously, it
does not work very well since the shock front=£ 1) is distorted and there are overshots 4t0.5, 0.8 and 2.0. In
fact, we find that a combination of anisotropic diffusion and super diffusion does work better than the choice of a
single term (results not shown). Similar results were also obtained by using 50 grid points. It is mentioned that the
tests on the use of the edge enhancing functional does not result in a stable solution with the mesh system and time
increment, chosen the present study.

4.1.2. A Riemann type initial value
We further consider the inviscid (Re co) Burgers’ equation (70) with a Riemann type initial value

1, if0<x<02
u(x,0) = _ (72)
0, if0.2<x<1l

The exact solution is a shock front moving at a constant sée@dhis discontinuous solution is a shock wave of
compressive nature. This problem is chosen to compare the performance of the ADOR-DSC, ADOR-FD4, ADOR-
FD6 and upwind. The spatial and temporal discretizations are the same as in the previous case (i.e. using 101 grid
points in the internal of0, 1] and a time increment of 0.002). The ADOR coefficients useoyzére 0.001 for
ADOR-DSC, )/11 = 0.002 for ADOR-FD4 and ADOR-FD6. For a comparison, the third-order upwind scheme

is utilized to solve this problem under the same discretization conditions. The results of the ADOR and upwind
schemes are plotted in Fig. 2. The results of ADOR-FD4, ADOR-FD6 and ADOR-DSC are all very similar and
they are very close to the exact solution. In particular, the result obtained by using the ADOR-DSC scheme has
only two points located away from the exact solution. Such a result is as good as that obtained by using the state of
the art schemes discussed in the introduction. Obviously, the third-order upwind scheme is not as effective as the
ADOR approach for oscillation suppression. Since the ADOR scheme is not sensitive to differentimplementations,
we focus on the ADOR-DSC in the rest of the paper.
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Fig. 2. The ADOR and upwind solutions for the inviscid Burgers’ equation with a Riemann type initial vai@.6).

4.2. Burgers’ equation in two dimensions

Let us consider Burgers’ equation of the form
1
Ur +uuyx +vuy = R_e(uxx + uyy)’ (73)

1
Uy + UV + va = R_e(vxx + Uyy) (74)
in a squardO, 1] x [0, 1] with the initial values

u(x,y,0)=sin(rx)sin(ry), (75)
v(x,y,0) = [Sin(nx) + Sin(271x)] + [Sin(JTy) + Sin(Zny)] (76)

and boundary conditions

u@©,v,)=u(l,y,t) =u(x,0,t) =u(x,1,¢t) =0, 77)
v(0,y,t)=v(@, y,1) =v(x,0,t) =v(x,1,¢t) =0. (78)

This problem admits no analytical solution and is chosen to demonstrate that the present algorithm can be effective,
even with a very coarse mesh. This case is computed by using an ADOR-DSC paraméter(a)f)z, y24 =0 with

412 points. Since there is no exact solution for this problem, the convergence of the present solution is confirmed
by systematically refining the mesh. The contours of velocity field components-dt are plotted in Fig. 3.
Obviously, there is a shock at the up-right corner in bothitlaadv velocity fields.
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Fig. 3. The ADOR solution for the 2D inviscid Burgers’ equation wittf4bints, y;* = 0.02, 5 = 0. Left: theu field; right: thev field.

4.3. The compressible Navier—Stokes equations

To further test the proposed scheme, we consider the compressible Navier—Stokes equations, which are special
cases of the full Navier—Stokes equations, i.e. Egs. (19), (47) and (48). The 1D Euler equations of gas dynamics
take the form

Jo pu
ou | +| pul+p =0, (79)
E 1, u(E+p) s

wherep is the densityu the velocity,E the total energyy = 1.4 a constant ang the pressure which is given by

p=(y — 1)(E - %puz). (80)

Two Riemann problems, the Sod problem and Lax problem [12], are employed to demonstrate the present
ADOR approach. The initial data of Sod’s problem are

p=1 u=0; p=1 whenx <0,
p=0.125 u=0; p=0.1; whenx >0.
Similarly, the set of initial data for the Lax problem is given by

p =0.445 u=0.698 p=3528 whenx <0,
p=0.5; u=0; p=0571 whenx >0.

These gas dynamic problems are non-trivial and are benchmark examples for testing new shock-capturing schemes.
There is no exact solution in close-form for Riemann problems of the Euler equation. However, exact solutions are
available for the present two problems via numerical iterations and are accurate to any desired practical degree.
Hence, these problems are invaluable for assessing the performance of new shock-capturing methods [4,12]. The
solution of both problems consists of a left rarefaction, a contact discontinuity and a right shock. The Sod problem
is relatively easy to compute. However, the Lax problem is a very severe test. The ADOR scheme is applied to the
density, velocity and kinetic energy, respectively. The prescription in Eq. (65) is used with the ADOR parameters of
y21 =e=0 andyl1 =0.002, 0.005, 0.005 fop, u and E, respectively in both problems. We note that slightly large
anisotropic diffusion coefficients for the velocity and energy fields can result in a better effect for the contact
discontinuity in the density profile. Numerical solutionstat 2.0 are shown in Fig. 4 for the Sod problem.

A comparison of these solutions with the exact ones is also presented in the plot to evaluate the present ADOR
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Fig. 4. Sod problem of the Euler systenvat 2.0, Ax =0.1, % =0.2. Solid lines: exact solution; circles: numerical results: (a) density; (b)
velocity; (c) pressure.

scheme. It is seen that the proposed scheme work extremely well for the Sod problem. There are only two points
of the numerical solution in midst of the contact or shock discontinuity. The ADOR results of density, velocity and
pressure for the Lax problem are depicted in Fig. 5. The numerical solution of the density has only 4 points in the
midst of contact discontinuity and 3 points in the midst of the right shock. These results are some of the best even
obtained for this difficult gas tube problem.

4.4, The incompressible Navier-Stokes equations

To test the present approach for shock capturing further for more complicated cases, we consider the velocity
Navier—Stokes equation which is a simplified version of that discussed in Section 2

oV 1
E+V~VV=—Vp+R—eV2V, (81)
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Fig. 5. Lax problem of the Euler systemat 1.5, Ax = 0.1, % = 0.2. Solid lines: exact solution; circles: numerical results: (a) density;
(b) velocity; (c) pressure.

where p is the pressure, Re (Re 0) is the Reynolds number and Reoco defines the Euler equation. For
incompressible flow, the equation of continuity reduces to

V.v=0. (82)

We solve these equations in two spatial dimensions,\.es (u,v). The domain of problem is a square

[0, 27] x [0, 27] with periodic boundary conditions. With appropriate initial values, the Euler equation can

be used to describe a flow field of vertically perturbed horizontal shear layers around a jet. Bell et al. [6]
studied this case by a second order projection method. Recently E and Shu [13] have employed this example
to demonstrate the success of their high order ENO scheme for resolving the fine vorticity structure of the double
shear layers.



338 G.W. Wei / Computer Physics Communications 144 (2002) 317-342

4.4.1. Analytically solvable initial values
The Navier—Stokes equation is analytically solvable for appropriate initial values

u(x, y, 0) = —cogx) sin(y),

. (83)
v(x, y, 0)=sin(x) cogy).

The exact solution for this case is given by [13]
u(x, y,t) = —cogx) sin(y)e~2/Re,
v(x, y,1) = sin(x) cog y)e 2/Re .
p(x,y,1) = —3[cog2x) + cog2y) e 4/Re,

This provides a benchmark test for potential numerical methods in fluid dynamics. The implicit Euler scheme is
used for the time integration and the DSC algorithm is utilized for the spatial discretization. The accuracy and
reliability of this combination was previously tested [60] for this problem using a standard LU decomposition
algorithm for solving linear algebraic equations. Here, DSC-ADI algorithm [63] is used. We choose a grfd of 32
for the present calculation with a time increment of 0.001. The DSC-ADI results are summarized in Table 2. Note
that, for the inviscid case (Re oo) the present result is accurate to the machine precision. It is evident that the
accuracy of the DSC approach is extremely high, particularly when the Reynolds numbers are very large.

4.4.2. The incompressible Euler equation

We now test the anisotropic diffusion approach for the incompressible Euler equatiend&ewith sharply
varying initial values. This example is chosen to illustrate the ability of the present approach, for providing very
fine resolution with a relatively coarse grid. The initial values are that of a jet in a doubly periodic geometry

tank(zyzg”), if y<m,

u(x,y,0)= ,
tank(%), if y>m,
(85)

v(x,y,0)=4dsin(x),

wheres = 0.05 is used for the convenience of comparison with the previous study [13]. This initial value describes
the flow field consisting of horizontal shear layers of finite thickness, perturbed by a small amplitude vertical
velocity, making up the boundaries of the jet. However, this problem is not analytically solvable. A pioneer work in
this study was given by Bell et al. [6], in which they utilized a second-order Godunov scheme in association with a

Table 2

L5 errors of the DSC-ADI solutions for the 2D Navier—Stokes equation computed with 32 grid point in each dimension
Re r=1 t=2 t=3 t=4

u v u v u v u v

20 6.111) 6.111) 1.1¢1004 1.1(-10) 1.5¢-10) 1.5¢10) 1.8¢10) 1.8¢10)
107 1.2(-12) 1.2¢12) 2.3¢12) 2.3¢12) 3.4¢12) 3.4¢12) 4.4¢12) 4.4¢12)
103 9.5(-13) 9.3¢13) 1.9¢12) 1.8¢12) 2.8¢12) 2.8¢12) 3.8¢12) 3.7¢12)
10t 8.4(-13) 8.3¢13) 1.7¢12) 1.7¢12) 2.612) 2.612) 3.5¢12) 3.5¢12)
10° 4.6(—13) 4.6(13) 9.7¢13) 9.7¢13) 1.4¢12) 1.4¢12) 1.9¢12) 1.9¢12)
108 6.3(—13) 6.313) 1.2¢12) 1.2¢12) 1.7¢12) 1.9¢12) 2.6(12) 2.6¢12)
00 1.5(-15) 1.5¢15) 1.6¢15)p 1.6(-15) 1.6¢-15) 1.6¢15) 1.7¢15) 1.7¢15)

a7,-91(—04),
b 1, =4.9(—04) were reported in Ref. [13].
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10 20 30 40 50 60

Fig. 6. The vorticity contours for the 2D Euler equation by the ADOR method yﬁth: 0.0006. Up left:r = 4; up right:r = 6; low left: t = 8;
low right: r = 10.

projection approach for divergence-free velocity fields with general boundary condition. With a periodic boundary
condition, E and Shu have shown that their high-order ENO scheme [13] performs well for this problem.

We consider the parameter= /15, a case studied by Bell et al. [6] using a projection method with three sets
of grids (128, 256 and 51%). E and Shu [13] computed this case by using both spectral collocation code with
5122 points and their high order ENO scheme wittf@&hd 128 points. The spectral collocation code produced
an oscillatory solution at = 10 (see Fig. 1 of Ref. [13]), while the high order ENO scheme produced a defect at
t = 6 as the channels connecting the vorticity centers are slightly distorted (see Fig. 2 of Ref. [13]). In the present
simulation, we choose a 64yrid for the computational domain with a time increment of 0.002. The prescription
in Eq. (67) is used with the ADOR parameter;q? = 0.0006. The results at different timg¢s= 4, 6, 8, 10) are
plotted in Fig. 6. It is seen that the present solutions are smooth (some non-smooth features in the contour plot is
due to the fact that the grid is very coarse) and stable for this case. In particular, no distortion is found in vorticity
contours at = 6. For early times, present results compare extremely well with those of the spectral collocation
code computed with 52oints. There are no spurious numerical oscillations during the entire process.

5. Conclusions

Connection is made between digital image processing and computational fluid dynamics. The evolution of an
image surface under a partial differential operator can be viewed as a form of image processing. Computationally,
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numerical shock capturing can be formulated on the lines of iterative edge-detection. Hence, techniques developed
in the computational fluid dynamics can be used for image processing and vice-versa. This paper introduces the
method of anisotropic diffusion oscillation reduction (ADOR), an approach which has its roots in image processing,
for shock wave computations.

In fact, the ADOR method is much similar to the artificial viscosity algorithm. Physical origins and mathematical
properties of the artificial viscosity are discussed from the point of view of kinetic theory. The form of pressure
tensor is derived from the first principles of quantum mechanics. Quantum kinetic theory is utilized to arrive
at macroscopic transport equations from the microscopic quantum theory. Macroscopic symmetry is used to
simplify the phenomenological pressure tensor expressions. The latter provides the basis for the design of artificial
viscosity. The original von Neumann—Richtmyer form of artificial viscosity fits into a special case of the present
generalizations.

The anisotropic diffusion, which is essentially an image processing technique, is modified for shock capturing.
The technique preserves image edges by introducing little diffusion, where the image gradient is large, while it
provides a substantial diffusion coefficient at smooth parts of the image. In the present shock capturing algorithm,
the edge-sensitive diffusion is introduced at a shock front so that large oscillations can be efficiently eliminated.
An edge enhancing functional and edge-detected super diffusion operators are proposed for shock capturing. These
terms are introduced from the general structure of conservation laws. In fact, kinetic theory analysis and anisotropic
diffusion argument lead to a number of similar expressions for shock wave treatments. Hence, the acronym ADOR
is referred for both approaches.

The reliability and robustness of the ADOR scheme is explored in association with the standard central
difference schemes and the discrete singular convolution (DSC) algorithm [38—41]. It is found that the performance
of the ADOR is not sensitive to different spatial discretizations. A few detailed prescriptions for the anisotropic
diffusion functional are considered in this work. The coefficients in these prescriptions are chosen to be of lower
order in gradient so that a coarse grid can be used. A number of standard test examples, including (inviscid)
Burgers’ equation in one and two spatial dimensions, the Sod problem, the Lax problem, the incompressible
Navier—Stokes and the Euler equations, are employed for the present test computations. Our numerical results
indicate that the proposed method works well for shock wave computations. The implementation of the present
approach to more complex conservation law problems is under progress.
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