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Abstract

The utility and accuracy of a new distributed approximating functional (DAF), combining the Gaussian weighted DAF
concept with Lagrange interpolation, is explored for the discrete spectrum solution of the Schrodinger equation. Two
instructive examples, an I, Morse oscillator and the 2-dimensional Henon-Heiles potential. are considered in the present
study. The present **Lagrange DAF'" (LDAF) approach achieves extremely high accuracy for I, while using fewer grid
points than previous approaches. The present results for the Henon—Heiles system are in excellent agreement with those of
earlier established methods, such as that of Shizgal. © 1998 Elsevier Science B.V.

1. Introduction

Finding the discrete eigenvalues and eigenfunc-
tions of the Schrodinger equation is of fundamental
importance for both quantum dynamics calculations
and spectroscopy. For quantum scattering calcula-
tions, solution of the time-dependent or time-inde-
pendent Schrddinger equation generally requires
knowledge of sets of eigenstates of subsystems for
the construction of the initial state and the final state
analysis. For spectroscopic applications, the differ-
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ences of eigenvalues and various transition ampli-
tudes are directly related to experimental measure-
ments. There are many methods that have been
developed for calculating eigenstates and eigenval-
ues [1-14]. Most computational methods involve
two basic steps: the first step is to construct a matrix
representation of the Hamiltonian, and the second
step is to obtain the eigenvalues and eigenfunctions
of the Hamiltonian matrix. Both steps can be accom-
plished in a variety of ways. For example. the second
step can be realized either by direct matrix diagonal-
ization or by time-dependent propagation [11.12].
The first step can be achieved either by local meth-
ods. such as finite difference and finite element
methods, or by global methods. such as spectral and
pseudospectral methods. Most global methods use
classical basis functions which involve some well
known polynomials, such as Jacobi, Laguerre, Leg-
endre, Hermite and Chebyshev polynomials. Expan-
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sion coefficients are usually determined by the
Galerkin method or by collocation. Shizgal’s method
[3.4] utilizes nonclassical weight functions which are
adapted to the problem under study, and may further
reduce the number of grid points. For classical weight
functions, Shizgal’s method reduces to the popular
DVR method [5,6], which is widely used in chemical
dynamics. Generally speaking, global methods are
more accurate than local methods for solving linear
equations with relatively simple boundary condi-
tions. However, for systems with complex boundary
conditions and geometries. the local methods, such
as various finite element methods [15] and finite
difference methods [16-18] are simpler and are the
ones commonly used. It is desirable to have a class
of methods that possess spectral or pseudospectral
accuracy and local methods™ flexibility for both sim-
ple and complicated systems. The distributed approx-
imating functional (DAF) approach [19] is a method
of this kind.

The DAFs can be considered as generalized se-
quences of the Dirac delta function for approximat-
ing functions of polynomial growth in the domain of
definition, accurate to a given tolerance [19.20]. A
useful approach, yielding a wide class of DAFs. is
based on a pointwise least squares variational princi-
ple, the most general form of which uses a different
basis set at every point in the domain of definition
[19.20]. This typically leads to discrete DAFs that
are not strictly interpolative but rather have similar
accuracy both on and off the input grid (the * well-
tempered DAF"). Viewed as a generalization of the
familiar sequences of the Dirac delta function, DAFs
tend to the Dirac delta measure & in appropriate
limits of the DAF parameters. In contrast to DAFs.
however. the Dirac delta function (i.e. distribution),
as well as the standard Gaussian test functions, do
not have much numerical utility. The DAFs have
been shown to provide the basis of very powerful
methods for numerical applications. Various nonin-
terpolating DAFs have been proposed. depending on
the application of interest [21]. and these have been
successfully applied to a variety of computational
problems, including scattering and eigenvalue prob-
lems in quantum mechanics [22.23], the linear and
nonlincar Fokker—Planck equation [24.25] and non-
linear Burgers’ equation with high Reynolds num-
bers [26,27]. We have recently proposed a new class

of DAFs, “‘interpolating DAFs’" or Lagrange DAFs,
for treating dynamical problems [28,29]. For solving
a particular time-dependent Fokker—Planck equation.
the Lagrange DAF method has been found to be
accurate to 13 significant figures with reasonable
parameters for relatively long times. In this work we
explore the usefulness and accuracy of these La-
grange DAFs for calculating the discrete eigenvalues
and eigenfunctions of the Schrédinger equation. We
find that the Lagrange DAF method easily provides
13 significant figure accuracy for the lower eigenval-
ues of the example systems we considered.

This paper is organized as follows: The Lagrange
DAF hamiltonian is briefly summarized in Section 2.
The numerical application of the Lagrange DAF
method to calculate the eigenfunctions and eigenval-
ues of the Schrodinger equation is investigated in
Section 3. We end with a brief conclusion.

2. The Lagrange DAF Hamiltonian

There are several classes of DAFs. One class of
DAFs, typified by the Hermite DAF [19-21]. is
constructed in terms of certain polynomials (classical
or nonclassical [3]) and their associated weight func-
tions. The interpolating, or Lagrange DAFs combine
the DAF concept with the general Lagrange interpo-
lation expression of the Paley—~Weiner theorem
[25.29.30]. The LDAFs behave like a standard ex-
pansion basis set under summation over the grid [29].
Specifically, on the domain of R', the Lagrange
DAF can be expressed as

SM_(U( Xl ) =C Py i ( -")Wu;( X =), (1)

where & denotes the grid points and M is the
number of the grid points used in constructing the
function. The weight w, (x —x,) is to taken to be
the Gaussian function,

(x—x ;
v =) =exp| - S| (2)

5
20

the function P, ,(x) in Eq. (1) is the polynomial,

Pyi(x) = l_[ (x—x;), (3)

i#k
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and the C, is determined by

Jdxdy ,(x1x)=1. (4)

It is noted that M is, in general, unrelated to the
total number of grid points N used in the computa-
tional problem. Any function of polynomial growth
can be approximated by the Lagrange DAFs through
““‘discrete convolution™’

f(x) = Zi\k%.m(-ﬂxﬁ.f( X (5)

where 4, is the grid spacing. We can approximate
the /th derivative of a function by

f”)(x) = de 6,5,1"”‘_ xlx ) f(x), (6)
k

where /th derivative of the Lagrange DAFs with an
appropriate weight function is analytically expressed
as

! !
«S‘”(,(xlx.) =C; Z —— P (x)
M. o, k ]\j:()j'(lv])l Mk
Xul T x = x,). (7)

o

The realization of the Lagrange DAFs used in this
paper is the Gaussian Lagrange DAF,

_ (-’C_xk)z)

2
20y

M
5/‘4.0,\( X | xl\) = C/\n ( X x,)exp
i#k

(8)

In the case of an even grid spacing A, Eq. (8) can be
written as an explicit function of x — x, if we use

My2

M
[I(x—x)= I:[I (x—x,+id)(x—x,—i4).

ik
(9)

This leads to a uniform Gaussian Lagrange DAF

M/2

Syo(x—x)=CJl(x—x,+id)(x—x,—i4)

(x— XA):)

20°

X exp (10)

This form is especially useful for solving partial
differential equations on a grid. The derivatives of
Eq. (8) can be carried out according to Eq. (7). The
first two derivatives of the Gaussian Lagrange DAF
(8) are found to be

1 X=X,

8!(%14)‘;‘ xlx )= Z - 2
o

JjEK X=X k

'SM (r‘( X l xk)
(1)
and

6.(442.)0_L( X | Xy )

=[22 :

J2F ik ik (,\"* x-/l)( X X/-‘

2(x—xp) 1

o

ek YT

__‘4_(("A2 - (x’"xA):) SM.W(X\XA), (12)

and the Hamiltonian matrix on the grid is expressed
in terms of the latter as

h
H,A: _Eafi}m("}'xl‘) + V("CA)a/k' (13)

These forms have been used for time-dependent
quantum dynamics [28,29].

In the remainder of this Letter we explore the
utility and test the accuracy of the Gaussian La-
grange DAF. Eq. (10), for calculating eigenfunctions
and eigenvalues of the Schrodinger equation.

3. Numerical application

Two “‘standard’’ problems are considered to illus-
trate the use of the Gaussian Lagrange DAF method
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for calculating the eigenfunctions and eigenvalues of
the s-dimensional Schrodinger equation

BT s 92

=+ V(x,, - .x,
2m [T dx; (x )

f

XD (xp, o x)=ED(x,.x,) (14)

where @, and £, are the kth eigenfunction and
eigenvalue, respectively. The Lagrange DAF results
for these problems are compared with those obtained
by other authors using various methods. The results
of these applications are reported in the following
two subsections. In the present computations, the
Gaussian Lagrange DAF parameters are taken as
M = 80 and o/A = 3.173 for all examples, but the

used. For a given M value, the o /A can vary over a
wide range and still deliver highly accurate results.
The DAF-band width 2W + 1 used for all calcula-
tions is 71.

3.1. Morse potential for the I, molecule

Because it is analytically soluble and anharmonic,
and permits dissociation, the Morse oscillator is one
of the most popular potentials for modelling di-
atomic molecules for various applications. It 1s a
standard testing problem for calibrating new numeri-
cal methods. If one considers heavy diatomics, one
must carry out a longer time propagation to resolve
its nearly degenerate eigenstates in the imaginary
time relaxation method [11]. We shall use the Morse

results are not highly sensitive to the specific values

Table 1

Results for the 1D I, Morse oscillator

potential for the I,

molecule to test the accuracy of

k Analytical Difference * Difference " Difference ©
0 .8529966236266942E-03 —.10E-10 —.14E—-13 —.4E-13
] .1412462184629706E-02 —-30E-10 —43E—-13 —43E-13
2 .1964568661834224E-02 - .S0E~ 10 ~70E~-13 - TJOE—- 13
3 .2509316055240247E-02 - 70E - 10 —98E—13 —98E—13
4 .3046704364847777E-02 —89E— 10 —13E—-12 - 13E~12
5 .35767335906568 1 3E-02 —.11E-09 —.I5E—12 —.1S5E~ 12
6 .4099403732667354E-02 = A3E—-09 —18E—-12 - 18E-12
7 .4614714790879402E-02 —ASE-09 —-20E-12 —-20E-12
8 5122666765292955E-02 = 16E~09 -23E-12 —23E-12
9 .5623259655908014E-02 —.I8E—09 —26E-12 —260E-12
10 .6116493462724579E-02 -~ 20E—09 —28E—-12 —-28E-12
11 .6602368185742650E-02 - 2R2E-09 —-30E-12 —30E~-12
12 .7080883824962227F-02 - 23E-09 -32£-12 —-33E-12
13 .7552040380383310E-02 —25E—-09 —-33E-12 —35E-12
14 .8015837852005899E-02 —-27E-09 —-32E-12 —38E—12
15 .8472276239829993E-02 —28E—-09 —25E-12 —40E-12
16 .8921355543855595E-02 —-30E-09 —A43E~-13 —42E-12
17 .9363075764082702E-02 - 32E~-09 ASE — 12 — 43— 12
18 .9797436900511314E-02 —-33E-09 A7E— 11 - 43E-12
19 .1022443895314143E-01 —35E-09 A3E— 11 —40E£-12
20 .1064408192197306E-01 —~.36E—-09 96E— 11 ~.30E-12
21 .1105636580700619E-01 - .38E—09 20E-10 - 3E—13
22 .1146129060824082E-01 —39E-09 A0E - 10 SSE—12
23 1185885632567697E-01 —41E-09 JRE— 10 A8E—11
24 122490629593 1461E-01 —42E-09 J4E—-09 A3E - 11

Braun et al. (Ref. [14], N = 128)°
Present { N = 80).
Present ( N = 100).
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results obtained using the Lagrange DAF method.
This potential for the I, molecule is given by

V(x)=Dle 2 “]+D. (15)

where D = 0.0224 au, a =0.9374 au. The reduced
mass for this system is w = 119406 au. The analyti-
cal results for the eigenfunctions are the generalized
Laguerre polynomials [31]

(pk=NAZ[”/2€7:/3L£(:)* (16)

where z= Be “"p=f—2k—108=
156.047612535 and the normalization constant, ob-
tained using the generating function of the general-
ized Laguerre polynomials, is [31]

I'(p)

k

i(—l)y('y”}l]/z. (17)

y=0

The analytical expression for the eigenvalues is [31]

-

1 ] I
E,\=K /\'+E——(k+; (18)

B 2
where « =5.741837286 X 10™* au.

This system has been recently studied computa-
tionally by Braun et al. [14] using an efficient
Chebyshev-Lanczos method to achieve an accuracy
ranging from 7 to 9 digits using 128 grid points. Our
calculation makes use of the direct diagonalization of
our Lagrange DAF-Hamiltonian matrix. Totals of 80
(N = 80,A = 0.034568) and 100 (N = 100,A =
0.027723) grid points were used for the present
computations. The results of our calculation and
those of Braun et al. [14] are listed in Table 1. As
seen from the table. our 100 grid point results are
100 to 1000 times more accurate than those of Braun
et al., obtained with 128 grid points. Our 80 grid
point results are still about 1000 times better than
those of Braun et al. [14] for the low eigenvalues and
are a few times better for the highest ones in the
Table 1. Even higher accuracy can be achieved
easily by increasing the number of grid points. In
this regard. it should be noted that in the LDAF
method, an increase in the total number of grid
points does not require an increase in the degree of
the DAF polynomial. Consequently. the computation
time does not increase as rapidly as in the most

commonly used spectral methods or pseudospectral
methods.

3.2. The Henon—Heiles potential system

To demonstrate further the reliability and robust-
ness of the Gaussian Lagrange DAF method for
calculating the eigenfunctions and eigenvalues of the
Schrodinger equation, we consider a widely-studied
benchmark; the 2D anharmonic Henon-Heiles sys-
tem [32]. This potential gives rise to chaotic classical
motion, and when used to describe a resonating
system, it provides a simple example for the study of
Poincare surfaces and trajectories. The system is also
important in numerical analysis. Various numerical
methods, such as the symmetric split operator-FFT
[10], Shizgal's [4], the Chebyshev-Lanczos [14], the
potential optimized DVR [6], the semiclassical and a
quantum mechanical Hermite basis set expansion
[9.33] have been tested on the Henon—Heiles poten-
tial. A preliminary study, based on the Hermite DAF
method, has been carried out using a Chebyshev
expansion of the spectral density operator {34]. and
another recent study [24] using this method gave the
same level of accuracy as Shizgal’s method. The
purpose of the present calculation is to demonstrate
the accuracy and the speed of convergence of the
Lagrange DAF approach for this 2D system.

The scaled **Schrodinger equation’ for this sys-
tem is given by

A N AR
- - 5 T = 3 "{’T.\“*‘T.\’-_/\X(%.\J—\’H)
2 dx- 2 ady T - - ’
X d)nm( .Y,»\’) = Snm d)lll!l( .’C,)'), ( 19)

where the principal quantum number s and angular
momentum quantum number m characterize the
quasi-bound states of this system and have been
discussed by Noid and Marcus [9]. Obviously the
parameter A is a measure of the anharmonicity of the
two-dimensional system and is here taken to be
v0.0125 to enable the comparison of our results
with those of other authors. Earlier work by Marcus
et al. [33] used basis sets with 990 and 1225 basis
states. Feit et al. [10] have reported an accurate
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Table 2

Eigenvalues of the 21D Henon—Heiles potential system

n m Feitetal.®  Shizgaletal.®  Present ©

3 3 3.9825 3982417 3982417
3 -3 3.9859 3.985 761 3.985 761
5 3 5.8672 5.867 015 5.807 015
5 -3 5.8816 5.881 446 5.881 440
6 6 6.9991 6.998 932 6.998 932
6 -6 6.9996 6.999 387 6.999 387
7 R 7.6979 7.697 721 7.697 721
7 -3 7.7371 7.736 885 7.736 885
8 6 8.8116 8.811 327 8.811 327
8 -6 8.8154 8.815 188 8.815 188
9 3 9.4670 9.466 773 9.466 773
9 -3 9.5526 9.552 382 Y.552 382
9 9 10.0356 10.035 413 10.035 413
9 -9 10.0359 10.035 592 10.035 592
10 6 10.5727 10.572 480 10.572 480
10 -6 10.5907 10.590 470 10.590 470
I 3 11.1603 I11.160 258 11.160 259
I -3 11.3253 11.325 23] 11.325 231
I 9 11.7497 11.749 519 11.749 519
I -9 11.7525 11.752 297 11.752 297
12 6 12.3335 12.333 785 12.333 78S
12 -6 12.2771 12.277 192 12.277 192
12 12 12.7474 12.748 445 12.748 423
12 - 12 13.0310 13.032 062 13.032 062
13 3 13.0868 13.086 873 13.086 873
13 -3 13.0800 13.081 196 13.081 196

Ref. [10], 16384 time steps used in their split operator-
FFT method.”

Ref. [4), N, = N, = 50.*

Present, N, = N, = 50.

calculation using their split operator-FFT method,
that required 16384 time steps. A recent computation
by Shizgal and Chen [4] achieved six significant
figure accuracy for eigenvalues as high as €,
using 50 or fewer grid points in each dimension. A
potential optimized DVR calculation by Echave and
Clary [6] using 55 primitive grid points in each
dimension has shown a similar level of accuracy as
Shizgal's method. (We note that by using a nonclas-
sical weight function [w(x) = exp(—x" + 2yx*/9)]
[4]. designed specifically for the problem, Shizgal’s
method allows a further reduction in the number of
grid points required, for the same accuracy.)

The present results are calculated using 50 grid
points in x (N, =50,4, =0.357647) and 50 grid
points in y (N, =50,4, = 0.357647). As shown in
Table 2, our Lagrange DAF approach achieves the

same level of accuracy and rate of convergence as
has been obtained by Shizgal’s method. It is interest-
ing to note that the present results are consistent with
our Hermite DAF calculations [24]. The two results
are identical to the first eight significant figures as
shown in Table 2.

4. Conclusion

In this Letter, the utility of a new (interpolating)
Lagrange DAF for calculating discrete eigenvalues
and eigenfunctions of the Schrodinger equation is
explored. Two different examples are chosen to
demonstrate the usefulness and to test the accuracy
of the present approach. In the first example, a
Morse oscillator parameterized for the 1, molecule is
considered. Our method performs extremely well for
this model. The first 23 eigenvalues are accurate to
12 significant figures when using 100 grid points,
which is 1000 times better than those of Braun et al.
[14] recently obtained by means of an efficient
Chebyshev-Lanczos method. using 128 grid points.
Additionally. our 80 grid point DAF results range
from a few times to 1000 times more accurate than
those of Braun et al. [14]. The other example studied
in this paper is the two dimensional Henon—Heiles
potential, which is also a standard benchmark prob-
lem for various numerical methods. The Lagrange
DAF method converges very rapidly in this case.
The first 97 eigenvalues converge to eight significant
figures, when we use 50 grid points in each dimen-
sion. The present results are in excellent agreement
with those of other methods. It appears that for this
problem, Shizgal’s method, with a specially tailored
nonclassical weight function, provides the most
rapidly convergent results. Our Lagrange DAF has
been shown to yield the same level of accuracy and
speed of convergence as Shizgal’s method using a
Gaussian weight. The present results are also consis-
tent with our previous calculations using an entirely
different, non-interpolating Hermite DAF method
[24]. These two calculations show that the Lagrange
DAF approach is an efficient. reliable and particu-
larly simple method for the solving the Schridinger
equation.

There are two properties that ensure that the
LDAF entails low CUP cost for large-scale computa-
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tions. One is that the number of grid points is not
restricted by the degree of the polynomial, so that an
increase in the number of grid points does not lead to
as large an increase in computation time as occurs
for global methods. The other is that the DAF matri-
ces are highly banded and Toeplitz. As a result, one
needs to store only (W + 1)-numbers in order to
renerate all the various DAF matrices.
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