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Abstract

The Shannon sampling theorem is critically reviewed from a physical point of view. An approximate sampling formulais
proposed, combining Shannon sampling with a Gabor-distributed approximating functional (DAF) window function, which
results in new Shannon—Gabor wavelet DAFs (SGWDs). They are extremely smooth, decay rapidly, have simultaneous
time-frequency localization, and are also generalized delta sequences (reducing to the Dirac delta function under the limit of
a zero window width). Shannon’s sampling theorem is recovered exactly when the window is infinitely wide.Finaly,
SGWDs are well-behaved L2(R) kernels, and thus can be used for solving differential equations. © 1998 Elsevier Science

B.V. All rights reserved.

In the last decade the development of wavelets
and and associated multiresolution techniques [1-3]
has had tremendous impact not only in signal and
image processing but also in science and engineer-
ing. From a mathematical point of view, wavelets are
functions generated from a single function (the
mother wavelet) by dilation and trandation. They are
most important when they form building blocks for
some space, such as L?(R), whether as aframe [1-3]
or as an orthonormal basis [1-3]. From a physical
point of view, the wavelet transform is a mathemati-
cal technique that can be used to split a signa into
different frequency components so that each compo-
nent can be studied with a resolution matched to its
scale, thus providing excellent frequency and spatial
resolution. Being closely associated with the theory
of approximations and of minimum support bases,
wavelets have the potentia to fill the gap between
accurate global methods and convenient local meth-
ods for numerically solving ordinary differential
equations (ODEs) and partia differential equations

(PDEs). Such an intermediate method is expected to
have global method-accuracy and local method-flexi-
bility for handling both linear and nonlinear prob-
lems. Thus, enormous effort has been expended on
developing wavelet based ODE and PDE solvers
[4-8], including the recently reported adaptive
wavelet algorithms [9,10]. However, these efforts are
hindered, to a certain degree, by the difficulty of
implementing general boundary conditions in the
multiresolution analysis and by the lack of suffi-
ciently accurate and robust wavelets (in the sense of
computational physics, where accuracy of one part in
10° or better is often required). Glowinski et al. [8]
have recently demonstrated that their wavelet-
Galerkin approach provides results comparable to
those of finite element methods for the Neumann
problem using fictitious domains. In a recent work,
we have constructed various wavelet-DAFs and
DAF-Wavelets [11,12] for solving ODEs and PDEs.
In this Letter, we propose a new wavelet-DAF,
called the Shanon-Gabor-wavelet distributed approx-
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imating functional (SGWD), which has a number of
convenient features for various humerical purposes.
In particular, we demonstrate its use for numerical
sampling and for solving the Schrodinger equation.

One of the most important motivations for wavelet
development is provided by Shannon’s sampling the-
orem [13]
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where B2 is the Paley—Wiener space of band limited
functions. The reproducing kernel
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is related to the earlier Whittaker's cardina series
[14,15]

sn(x—x,)  (—1)"sinnx
n(X—X,) - )

and it can be used to generate an orthonormal basis
for the reproducing kernel Hilbert space Bf]. The
most striking property of Shannon’s sampling theo-
rem is that one can recover a continuous (band-
limited) function f(x) onthereal line x € R from an
infinite, discrete set of known values {f(x,)}.By
setting = 7, one obtains the well-known Shannon’s
father wavelet [1-3]
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Its Fourier transform is given by
(;( X) = X[ -1/21/2) ' (5)

where y is the characteristic function of the interval
[5E,3). Itis easy to show that
bom(X) =2""%(27"x—n) (nmeZ), (6)

is an orthonormal sequence for constructing an L2(R)
multiresolution analysis [1,2]. One can also show
that the Shannon mother wavelet is given by

b(x) = sin(2m x) — sin( x) . ™

mX

Shannon’ s wavelets are not efficient from compu-
tational point of view because of their slow decay as
X becomes large. This is implied from the ideal
lowpass property of ¢, Eq. (5). To obtain a better
upper bound on the truncation error that decreases
faster with N, Helms and Thomas [16] proposed the
following self-truncating sampling expansion for
f(x) band-limited to rx:
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where p=1-r,0<r <1 In practical computa
tions, they set m= Npw/e. Mathematical sampling
theory is focused on the exactness of expressions (1)
and (8). However, in the rea world, since one cannot
actually use infinitely many sampling points, the
“‘exactness’ of Egs. (1) and (8) can never actually
be realized. Moreover, there is an inherent paradox
[17] in the notion of bandlimited signals. The usual
definition implies that a bandlimited signal is an
entire function, whose Fourier transform has com-
pact support. However, an entire function cannot
have compact support unless it is identically zero in
the entire domain. Therefore, it cannot be both ban-
dlimited and time-limited, unless it is identically
zero. This contrasts with the fact that physicaly
realizable states can be treated as well-behaved
Schwartz space functions, which are effectively both
bandlimited and time-limited [18]. The bandwidthsin
the frequency and time domains are related by the
Heisenberg uncertainty principle. Thus, for all practi-
cal purposes, it is justified to give up exactness and
construct the following approximate sampling for-
mula:
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where w (x—x,) can be regarded as a window
function or a positive weight function with an appro-
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priately behaved scaling factor o. The points { X}
are centered around X with a bandwidth of 2W+ 1
(or 2W).It is convenient to consider the following
Gabor-DAF weight function [19]

W (X—X,)=e X W/20" 550, (10)

This leads us to define an interesting Shannon—Gabor
wavelet DAF (SGWD) as
sinmr X
D(x) = e x*/20", (11)
T X

which we also use as a father wavelet. Note that the
SGWD is different from the either the Shannon
fathzer yvavelet ¢ or the Gabor wavelet,
e *" /27 cog(ax). It is interesting to examine two
limiting cases of the SGWD:

sinar X
lim @(x) = (12)
and
1 sina X
lim —®(x) = ——6(x) =8(x). (13)
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Eg. (9) becomes exact in the first limit (providing
W — «). The second limit, Eqg. (13), indicates that
the SGWD is a delta sequence. Using this fact, we
can construct an interpolating SGWD
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The best o values for numerical purposes are deter-
mined by the grid spacing =/ 7 (the dilation factor).
For a given 7, there is a wide range of ¢'s that
deliver excellent numerical results. A family of
wavelets can be generated by dilations and tranda-
tions of the SGWD through the usua two-scale
relation

@, =2""/2D(2""x—n). (15)

Except for the limiting case, this family is not or-
thogonal, in generd (asis consistent with the Balian-
Low theorem [1]). A corresponding mother DAF-
wavelet (SGDW) is given by
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This result can aso be obtained from a multiresolu-
tion analysis. Though the present SGWDs and SG-
WDs are not orthogonal, they have Gaussian enve-
lope decay and are smooth in both the time and
frequence domains (see Fig. 1). This implies that
they have potential for important applications for
image and signal processing and for numerically
solving ODEs and PDEs.

For simplicity, we have restricted our discussion
to the one dimensional case. It is straightforward to
generalize the SGWDs to multidimensions. For ex-
ample, an n-dimensional SGWD can be immediately
written as

N sinarx;

%) =11

D( Xy, X%y,
i=1 TX;
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In the remainder of this Letter, we demonstrate the
usefulness, and test the accuracy, of the SGWD for
both sampling and for numericaly solving ODEs.

The goal of sampling is to extract information
contained in a finite set of input data. The quality of
this process is determined by the sampling kernel
which provides the responses to discrete (impulse)
data. From a computationa point of view, sampling
provides a representation of a function everywherein
a domain using only a set of discrete input values.
Therefore, the accuracy and efficiency of the sam-
pling is the essential property of any digital compu-
tational method. To represent a well-behaved signal
on a grid efficiently, we choose interpolating points
of the SGWD by setting n = 7/ A, with A being the
grid spacing. This is, however, not necessary. To
illustrate, we use the function

f(x) = e **[cos( ax) +sin( Bx)], (18)

where we take k=1/5 =2 and B=3. We use
both SGWDs and the Shannon father wavelet to
predict the off grid values of the function inside the
interval [0,7r]. While the total number of grid points
used inside the interval is N, as required by Eq. (9),
W ““‘grid points’ (signal values) outside each end of
the interval are also used for computations. A com-
parison of performance for our SGWD and the Shan-
non father wavelet is given in Fig. 2 for N =41,
W= 32 and 64, as afunction of o/A. It is seen that
our SGWD, with appropriate window sizes, approxi-
mates f(x), Eg. (18), some 10 times more accu-
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Fig. 1. The Shannon—Gabor father wavelet (solid line) and mother wavelet (dash line).
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Fig. 2. L, sampling errors for expression (18) using N

straight lines (one dashed one solid) are from Shannon father wavelet calculations, while the other two lines are from the SGWD

calculations.
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rately than the Shannon father wavelet, using the
same input. In particular, the Shannon sampling
actually becomes worse as W increases. This is due
to the exponential divergence of F(x) at x > —oo.
This indicates that our SGWDs will be very efficient
for signal and image processing. To demonstrate
further the computational utilty of our SGWD, we
next use it to solve the Schrodinger equation numeri-
caly.

To use the SGWD for numerical solutions of
ODEs, a SGWD representation of derivative opera
torsisfirst required. The simplest way [20] to achieve
this is to note that Eq. (9) implies [21-23]

(O~ ¥ f(xn);—:q
sinm( X —X,)
Ta(x—xy (XX
© T (- xr), (19)

where f(9(x) is the gth derivative of f(x). This
provides a simple scheme for numerical discretiza
tion of linear and nonlinear ODEs and PDEs. Obvi-
oudly, other schemes can a so be used. In the present
computations, the SGWD parameters are taken as
W=40and o/A = 4.0 for al examples.

We choose a standard problem, a two-dimen-
sional harmonic oscillator, @ to demonstrate the
usefulness, b) test the accuracy and c) explore the
limitations of the SGWD method by calculating the
eigenfunctions and eigenvalues of the Schradinger
equation

n? 2 o 1,2 2
om i=21 2 + 2(X1 + Xz) Dy (X1, %7)

= EPy(X1,%;) - (20)
Here &, and E, are the kth eigenfunction and
eigenvalue respectively. The eigenvalues are given
by
Bk, =1t+kitk,, 0<k<eo, 0<k, <k,,

(21)
with a degree of degeneracy (ky=k+ 1) in each
energy level E, =1+ k.

We first construct the two-dimensional version of
the SGWD representation of the Hamiltonian opera-

tor, Eq. (20). The eigenvalues and eigenfunctions are
obtained by subsequent numerical diagonalization of
the discrete SGWD-Hamiltonian. We have used 40
grid points in each dimension to obtain the first 16
eigenvalues and eigenfunctions. As listed in Table 1,
al results are accurate to at least 10 significant
figures for the first 16 eigenstates. This calculation
demonstrates the SGWD method is extremely accu-
rate for handling degenerate eigenvalue problems.

In conclusion, we have constructed SGWDs by
combining the Shannon father wavelet with a Gabor-
DAF window function in a DAF-manner [21]. As a
result, the SGWDs have excellent smoothness and
decay properties for time-frequency localization. This
endows the SGWDs with great potential for signal
and image processing and solving differential equa
tions. Another convenient property of the SGWDs is
that they are given by explicit expressions in both
the time and coordinate domains. This makes them
very easy to use for signa analysis and computa-
tional physics. The SGWDs can be regarded as
elements of a generalized delta sequences and as
such, are DAFs. Thus, they can be used as L%(R)
kernels for numericaly solving ODEs and PDEs. In

Table 1
Eigenvalues of the 2D harmonic oscillator

k(=k,+ky) Ky exact SGWD calculation

0 1 1 0.99999999999835
1 2 2 1.99999999999952
1.99999999999965
2.99999999999896
2.99999999999838
2.99999999999997
3.99999999999943
3.99999999999947
3.99999999999986
3.99999999999994
4.99999999999907
4.99999999999953
4.99999999999989
5.00000000000674
5.00000000000813
5.99999999999982
6.00000000000018
6.00000000000752
6.00000000000801
6.00000000011972
6.00000000012005

2 3 3
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one limit, the SGWDs reduce to the Shannon
wavelets. In this limit, our Shannon—Gabor wavelet
DAF becomes exact for bandlimited functions. This
relation provides a rigorous basis for the use of
SGWDs for approximately solving ODEs and PDEs.
We note that the present SGWDs are closely related
to our previous Lagrange DAFs [24—26] and to the
discrete variable representation [27]. These aspects
will be explored in detail elsewhere [28]. We have
demonstrated the usefulness and the accuracy of the
present SGWDs for signal processing (extracting
information by impulse response). Because the Ga-
bor-DAF window effectively smoothes the Shannon
sampling kernel in Fourier space, our SGWDs, when
operating in appropriate window sizes, are much
more accurate than the truncated Shannon sampling.
Since the accuracy of sampling is fundamenta to
digita signal and image processing, the SGWDs
should be very powerful for such analyses. To
demonstrate further the ability of SGWDs for accu-
rately and efficiently representing differential opera-
tors, we have used SGWDs to solve the two-dimen-
sional Schrodinger equation. It is found that our
SGWDs provide highly accurate numerical solutions
for the two-dimensional harmonic oscillator. From
the point of view of computational physics, the
SGWD matrices are effectively banded; therefore
they have great potential for large-scale computa
tions.
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