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An application of distributed approximating functional-wavelets
to reactive scattering

G. W. Wei, S. C. Althorpe, and D. J. Kouri
Department of Chemistry and Department of Physics, University of Houston, Houston, Texas 77204-5641

D. K. Hoffman
Department of Chemistry and Ames Laboratory, Iowa State University, Ames, Iowa 50011
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A newly developed distributed approximating functional~DAF!-wavelet, the Dirichlet–Gabor
DAF-wavelet~DGDW!, is applied in a calculation of the state-to-state reaction probabilities for the
three-dimensional ~3-D! (J50)H1H2 reaction, using the time-independent wave-packet
reactant-product decoupling~TIWRPD! method. The DGDWs are reconstructed from a rigorous
mathematical sampling theorem, and are shown to be DAF-wavelet generalizations of both the sine
discrete variable representation~sinc-DVR! and the Fourier distributed approximating functionals
~DAFs!. An important feature of the generalized sinc-DVR representation is that the grid points are
distributed at equally spaced intervals and the kinetic energy matrix has a banded, Toeplitz structure.
Test calculations show that, in accordance with mathematical sampling theory, the DAF-windowed
sinc-DVR converges much more rapidly and to higher accuracy with bandwidth, 2W11. The
results of the H1H2 calculation are in very close agreement with the results of previous TIWRPD
calculations, demonstrating that the DGDW representation is an accurate and efficient
representation for use in FFT wave-packet propagation methods, and that, more generally, the
theory of wavelets and related techniques have great potential for the study of molecular dynamics.
© 1998 American Institute of Physics.@S0021-9606~98!02114-X#
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I. INTRODUCTION

By exploiting recent advances in molecular-beam te
nology, experimentalists are now able to study elemen
chemical processes~in such areas as reactive scattering, ph
todissociation, and gas-surface scattering! at an unprec-
edented level of detail, measuring state-resolved product
tributions, cross sections, and vector correlations for a w
range of polyatomic systems. In seeking to interpret t
data, theoreticians have developed new methods of sol
the Schroedinger equation for nuclear dynamics, many
which rely on efficient representations of the~multidimen-
sional! Hamiltonian. Probably the most important theoretic
advances in this regard have been the discrete grid repre
tations, with the most widely used being the discrete varia
representation~DVR!.1

The DVR is a spectral method, which provides a glob
representation of the~exact! wave function at each grid
point. It becomes especially powerful when combined w
the fast Fourier transform~FFT! algorithm in wave-packe
propagation methods. When applying the latter, an equ
spaced grid of points is distributed along each coordin
enabling the propagator to be converted easily between
ordinate space and momentum space. The calculation
scales as onlyN log N. It is this efficiency, along with many
other important techniques, that has recently enabled
Schroedinger equation to be solved, in the body frame,
four atom reactive scattering. This involves solving coup
partial differential equations in six relative degrees of fre
dom. However, the global nature in most spectral meth
may limit their application to even larger scale computatio
7060021-9606/98/108(17)/7065/5/$15.00
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For example, if one uses an average of ten basis funct
per degree of freedom, a five-atom system will require
Hamiltonian matrix of dimension 1093109, compared to
1063106 for a four-atom system. Therefore any reduction
matrix size will undoubtedly be important for the furthe
development of the field. One possible reduction can
achieved through changing the full Hamiltonian matrix into
sparse matrix. This means replacing the global basis func
expansion with a banded, local spectral method which
global method accuracy and local method bandness. B
intimately related to the theory of approximations, and mi
mum support bases, wavelet theory has been expecte
fulfill this task and has been extensively studied recently
this purpose.2–7 However, these efforts have been hinder
either by the technical difficulties of incorporating the trea
ment of boundary conditions into a multiresolution analy
framework, or by the lack of accurate and efficient wavel
or wavelet packets for solving partial differential equatio
~PDEs!. In this paper, we employ a recently developed d
tributed approximating functional ~DAF!-wavelet, the
Dirichlet–Gabor DAF-wavelet8 ~DGDW!, to obtain a dis-
crete grid representation of the Hamiltonian for use in F
wave-packet propagation methods. Our wavelet method
been obtained as a wavelet extension of our previous dis
uted approximating functionals,9 but it can also be viewed a
a generalization~regularization! of the sinc-DVR method.

The subject of wavelet analysis has recently drawn
great deal of attention from mathematical scientists in va
ous disciplines. It is still in the midst of an important grow
stage during which theory and practical applications are
5 © 1998 American Institute of Physics
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ing compared with existing methods. Among these appli
tions, wavelets have been used most widely for data c
pression and signal processing. They have become a too
analyzing fractals and iterative schemes associated with
namical systems. Signal processing methods such as qu
ture mirror filters go hand in hand with wavelet techniqu
for studying a host of communications problems. The fun
mental aspects of classical turbulence are also being stu
using wavelet packets, and there have been application
wavelet theory in theoretical physics, oil exploration, irreg
lar sampling, and singular integral operators. The pres
work suggests that wavelet methods can also play an im
tant role in quantum scattering computations.

II. THEORY

The DGDW is defined as8

f~x!5CM ,se2x2/2s2F1

2
1 (

k51

M

cos~kx!G
5CM ,se2x2/2s2Fsin~M1 1

2!x

2 sin x/2
G , ~1!

where the constantCMs is determined by the Fourier trans
form f̂ of f:

f̂~0!5E f~x!dx

5CMsA2psF1

2
1 (

k51

M

expS 2
s2k2

2 D G51. ~2!

~This property is characteristic of a ‘‘father wavelet’’.10! The
DGDW has been constructed by combining Gab
wavelets,11,12 defined by

Gak ,s~x!5e2x2/2s2
cos~akx!, ~3!

with the Dirichlet kernel

DM~x!5
1

p F1

2
1 (

k51

M

cos~kx!G5
sin~M1 1

2!x

2p sin x/2
. ~4!

The Dirichlet kernel can be regarded as a discrete orthog
Fourier basis function expansion of the Dirac delta funct

lim
M→`

DM~x2x8!5d~x2x8!, ~5!

and therefore it coincides with our discrete Fourier DAF9

The DGDWs are, in fact, generalized delta sequences. T
it is seen that for a given finites,

lim
M→`

~CM ,sp!21f~x!5e2x2/2s2
d~x! ~6!

is effectively a delta function. Furthermore, whens ap-
proaches zero,
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H CM ,sA2psS M1
1

2D J 21

f~x!

5F sin~M1 1
2!x

~2M11!sin x/2
Gd~x!, ~7!

is also effectively a delta function because the quantity
square brackets is unity in the presence ofd(x). Hence
DGDWs are generalized DAFs. We use the word ‘‘gener
ized’’ because, from a mathematical point of view, there
an important difference between the discrete Fourier DA
Eq. ~4!, and our DGDWs: the former is based on the classi
theory of orthogonal basis set expansions, whereas the l
is a nonorthogonal function representation. Such a repre
tation belongs to a new branch of mathematics, the theor
frames.13 Formally, both a basis and a frame provide a co
plete description of anL2 space~if that is what one is inter-
ested in!, because nonorthogonal functions in a frame c
always be orthonormalized by standard techniques. Thu
frame can be equivalent to a basis since both are comp
However, important differences arise whenever the co
pleteness is not fulfilled.

Our DGDW can be rederived in an alternative fashio
One can start from a mathematical sampling theorem fo
function f (x) which satisfies the Dirichlet boundary cond
tion, is periodic inT, and bandlimited to the highest~radial!
frequency 2pM /T. In such a case,f (x) can be completely
reconstructed from a finite (2M11) set of discrete sampling
~grid! points14

f ~x!5 (
k52M

M

f ~xk!
sin@p/D~x2xk!#

~2M11!sin@p/T~x2xk!#
, ~8!

where D5T/(2M11) is the sampling interval~grid spac-
ing! and thexk5kD are the sampling points. Using earlie
arguments about the contradiction between bandlim
functions and the physical world,15,16 we then construct the
following approximate sampling formula

f ~x!' (
k52W

W

f ~xk!
sin@p/D~x2xk!#

~2M11!sin@p/T~x2xk!#

3e2~x2xk!2/2s2
, ~9!

whereW, the computational bandwidth, is smaller thanM .
The sampling~grid! points $xk% are distributed around the
point of interestx. Obviously whens approaches zero we
still have a Dirac delta function, as we have shown in E
~7!. But, settingW5M , whens→`, we recover the exac
sampling theorem Eq.~8!. It is also interesting to examine
the limit of M with a fixedD:

lim
M→`

sin@p/D~x2xk!#

~2M11!sin@p/T~x2xk!#
e~x2xk!2/2s2

5
sin@p/D~x2xk!#

p/D~x2xk!
e2~x2xk!2/2s2

. ~10!

We call sin @p/D~x2xk)#/@p/D~x2xk!#e
2(x2xk)2

/2s2 the
Shannon–Gabor DAF-wavelet16 ~SGDW!, which is a special
case of our previous Lagrange DAF.17,15 Both the DGDW
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE I. L` errors of sinc-DVR and SGDW samplings for predicting functions off a grid and their 1st and 2nd derivatives on the grid of a fixed
(D5p/29). The errors are calculated in the interval of@0, p# using various sampling bandwidths, (2W11). Thes/D parameter used for the SGDW is 3.5

W

f 1(x)5cosx sin 4x f2(x)5e2x2/120 cosx sin 4x

sinc-DVR SGDW sinc-DVR SGDW

f 1 f 1
(1) f 1

(2) f 1 f 1
(1) f 1

(2) f 2 f 2
(1) f 2

(2) f 2 f 2
(1) f 2

(2)

2 3.94(22) 1.71(20) 1.10(11) 1.98(22) 1.22(20) 1.32(11) 3.89(22) 1.70(20) 1.10(11) 1.98(22) 1.22(20) 1.32(11)
4 2.61(22) 9.55(21) 3.26(20) 5.51(23) 3.49(21) 3.83(20) 2.56(22) 9.41(21) 3.26(20) 5.49(23) 3.48(21) 3.82(20)
8 6.74(23) 2.21(21) 3.75(21) 1.26(24) 9.51(23) 1.44(21) 6.52(23) 2.14(21) 3.75(21) 1.25(24) 9.44(23) 1.43(21)

16 2.02(23) 6.18(22) 4.48(22) 5.88(29) 6.96(27) 1.83(25) 1.87(23) 5.77(22) 4.47(22) 5.72(29) 6.77(27) 1.78(25)
32 6.97(23) 2.06(21) 5.53(22) 7.77(216) 3.55(215) 6.22(214) 5.76(23) 1.71(21) 5.43(22) 8.88(216) 1.78(215) 6.22(214)
64 9.97(24) 2.91(22) 2.56(23) 7.77(216) 3.55(215) 6.22(214) 5.60(24) 1.64(22) 2.26(23) 8.88(216) 1.78(215) 6.22(214)

128 3.59(24) 1.04(22) 2.75(24) 7.77(216) 3.55(215) 6.22(214) 5.30(25) 1.55(23) 1.14(24) 8.88(216) 1.78(215) 6.22(214)
256 9.88(24) 2.87(22) 2.10(24) 7.77(216) 3.55(215) 6.22(214) 9.96(27) 2.90(25) 1.45(26) 8.88(216) 1.78(215) 6.22(214)
512 2.68(24) 7.77(23) 1.50(25) 7.77(216) 3.55(215) 6.22(214) 3.00(215) 3.38(214) 4.57(213) 8.88(216) 1.78(215) 6.22(214)

1024 1.36(24) 3.94(23) 1.96(26) 7.77(216) 3.55(215) 6.22(214) 1.89(215) 5.33(215) 4.28(213) 8.88(216) 1.78(215) 6.22(214)
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.’’
the
and the SGDW are generalizations of the~infinite grid!
sinc-DVR,1,18 sin@p/D(x2xk)#/@p/D(x2xk)# ~which is also the
continuous Fourier DAF on a grid9!, as the DGDW reduces
to the sinc-DVR in the simultaneous limits ofM→` ~with
fixed D! ands→`, and the SGDW reduces to the sinc-DV
in the limit of s→`:

lim
M→`,s→`

sin@p/D~x2xk!#

~2M11!sin@p/T~x2xk!#
e2~x2xk!2/2s2

5 lim
s→`

sin@p/D~x2xk!#

p/D~x2xk!
e2~x2xk!2/2s2

5
sin@p/D~x2xk!#

p/D~x2xk!
. ~11!

In this sense, our DGDW and SGDW can be regarded a
DAF-windowed sinc-DVR or a regularized sinc-DVR. Win
dow functions and regularization are important mathemat
topics and they have wide applications in science and e
neering. Due to the Gabor or DAF window, the regulariz
sinc-DVR matrix is highly banded in both physical and Fo
rier spaces. This endows the regularized sinc-DVRs w
great potential for applications in large scale computation

III. TEST CALCULATIONS

The same considerations governing discrete samp
and the ability to reconstruct a function that forms the ba
of signal processing also apply to discretization of par
differential operators. One of the basic theorems is Sh
non’s sampling theorem,19 which states that provided th
spacing between grid points is less than a particular va
~determined by a maximum frequency or wave number c
tained in the function of interest!, for functions which are
‘‘bandlimited’’ ~i.e., that are nonzero only in a finite interv
in the frequency or wave-number space!, the function can be
exactly reproduced provided one samples on the entire
axis. This implies that all derivatives of such a function a
also exactly reproduced. The kernel for Shannon’s samp
is, in fact, exactly given by the sinc-DVR. Thus provided t
function of interest is bandlimited, the sinc-DVR~summed
over infinitely many uniform, discrete grid points! will be
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exact. However, if the sampling is truncated to a finite nu
ber of grid points, the sinc-DVR is no longer exact, and
fact, one will observe ‘‘Gibbs’ oscillations’’ in the sinc-DVR
approximation to a bandlimited function. The presence
these oscillations is related to the lack of smoothness of
sinc-DVR in Fourier space. In general, the controlling fa
tors in optimizing sampling is for the ‘‘sampling window’’ to
be as smooth as possible and as compact as possible in
‘‘time’’ and ‘‘frequency’’ domains. This can greatly reduc
the number of sampling points needed to obtain a given le
of accuracy, which in turn makes the bandwidth of the sa
pling matrix as small as possible. In Table I we compare
sinc-DVR and SGDW sampling for reproducing seve
functions, and their first and second derivatives, with fin
numbers of grid sampling points (W) on either side of the
point being predicted. The first function, f 1(x)
5cosx sin 4x, is bandlimited and has the general behav
of a scattering wave function in the time-independe
close coupling approach. The second function,f 2(x)

5e2x2/120@cosx sin 4x#, has a Gaussian envelope multiplie
into the first function. Thusf 2(x) is not bandlimited, isL2,
and behaves like a wave-packet state. The maximum orL`

errors forW-sampling points on each side of the various g
points are given. We see that forf 1(x), when W58, the
SGDW sampling is significantly more accurate than the si
DVR, and byW532, the SGDW has attained machine-lev
accuracy. Even withW51024, the sinc-DVR cannot obtai
such high accuracy. This is a reflection of the noncomp
nature of the function~i.e., that it does not go to zero fo
largeuxu!. However, the SGDW has no difficulty in capturin
the function with a reasonable bandwidth. The wave-pack
like f 2(x) is easier for the sinc-DVR to deal with. Howeve
again, forW58, the SGDW is significantly more accurat
and already forW532, the SGDW achieves machine-lev
accuracy. The result is that the SGDW delivers much hig
accuracy with smallerW than is possible with the sinc-DVR
We note that no attempt to optimize the SGDW parame
was made. If one useds53.0D, the SGDW results atW
values smaller than 32 would be even more accurate.
sinc-DVR does not have a analogous ‘‘tuning parameter

In the remainder of this section we demonstrate that
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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DGDWs may be used as an efficient discrete grid repres
tation of the Hamiltonian in wave-packet propagation me
ods. In the DGDW representation, the potential energy p
of the Hamiltonian is diagonal~as it is in the DVR and othe
DAF representations!; the kinetic energy part is constructe
from the second derivative matrix,9

d~2!~xi2xk!5F sin@p/D~x2xk!#

~2M11!sin@p/T~x2xk!#

3e2~x2xk!2/2s2G
x5xi

~2!

. ~12!

In the calculations described below we chooseM535, W
532, ands/D53.173.

For our example calculation, we compute the state
state reaction probabilities for the three-dimensionalJ
50)H1H2 reaction, by means of the time-independe
wave-packet ~TIW! reactant-product decoupling~RPD!
method.20–24 The latter is a new method for calculating th
~exact! state-to-state reaction probabilities which deriv
from Peng and Zhang’s time-dependent RPD formulation
reactive scattering. The wave packet is first propagated in
reactant arrangement of the reaction, which is the region
coordinate space obtained by blocking off all the prod
arrangements with absorbing potentials~called
‘‘partitioning-potentials’’!. The absorbed parts of the wav
packet are then reemitted as source terms, each of whic
propagated~in a completely separate calculation! down the
appropriate product channel. The propagations are evalu
using an extended version of the familiar Chebyshev pro
gator.

Many aspects of the calculation are the same as in
previous TIWRPD calculation for the 3-D (J50)H1H2 re-
actions, to which the reader is referred for more details.
represent the Hamiltonian in~nonmass weighted! 3-D Jacobi
coordinates (R,r ,u) ~defined according to the usual conve
tion! which are aligned with respect to either the reactan
the product arrangement of the reaction. Each of the ra
coordinates is represented in the DGDW representation,
the exception of the product-arrangementr coordinate,
which can be represented very efficiently in terms of the2
vibrational DVR. The angleu is represented in the Gauss
Legendre DVR.

The DGDW representations were constructed using
same evenly spaced grid as that used for the correspon
Hermite DAF representations in Refs. 21 and 22. We eva
ated the action of the DGDW kinetic energy operators e
ciently by means of the~standard! FFT convolution
algorithm,25,26 just as was done with DAFs. An importan
step in solving the TIWRPD equations is the fitting of a s
of source terms@located in the region of the partitionin
potential~s!# from reactant-arrangement to produc
arrangement coordinates. In performing this fitting, we u
the DGDW approximation to the Dirac delta function in th
same way that we used the Hermite DAF approximation
Refs. 21 and 22. The results of the 3-D DGDW calculat
are shown in Figs. 1 and 2, where they are compared w
the results of our previous TIWRPD calculation~in which
Downloaded 31 Mar 2002 to 137.132.3.10. Redistribution subject to AI
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we used the Gauss–Hermite DAF representation!. The two
sets of results are clearly in very close agreement.

Both the DGDW and the Hermite DAF provide bande
matrix representations of the Schro¨dinger operator and are
robust and flexible for not only the linear PDEs but also
various nonlinear PDEs with complex geometries a
boundary conditions. However, the DGDW is easier to use
solving PDEs because for a givenM there are a wider range
of s/D values which can be chosen. The common ma
ematical foundation for both methods is the theory of dis
butions. A unified description of the DGDW, the Hermi
DAF, and wavelets will be given elsewhere.

IV. CONCLUSION

We have demonstrated that DGDWs are the wave
generalizations of the sinc-DVR and of the~discrete and con-
tinuous! Fourier DAFs. They reduce to the familiar DVR
method and Fourier DAFs at the appropriate limits. We ha
also rederived the DGDWs from a rigorous mathemati
sampling theorem. The robustness of our approach has
demonstrated by comparing the sampling bandwidth, 2W

FIG. 1. State-to-state reaction probabilitiesR(n050, j 050→n50, j ) cal-
culated for the 3-D (J50) H1H2 reaction for j 50 ~solid line!, j 51
~dashed line!, j 52 ~dotted line!, and j 53 ~chained line!. The curves are the
results of solving the TIWRPD equations using the DGDW representat
The points~taken from Ref. 22! are the results of solving the TIWRPD
equations using the Hermite DAF representation.

FIG. 2. Same as Fig. 1 forR(n050, j 050→n51, j ).
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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11, required by the SGDW and the familiar sinc-DVR
order to fit, to high accuracy, two functions, along with the
first and second derivatives. The functions are qualitativ
of the form of a close coupling radial wave function and
wave packet. In our application to reactive scattering,
have illustrated how the DGDW can be used to construc
discrete grid representation of the Hamiltonian, in which
grid points are distributed at equally spaced intervals. T
DGDW representation of the kinetic energy matrix~like the
sinc-DVR! then has a banded, Toepliz structure, which c
be evaluated efficiently by means of the standard FFT c
volution algorithm. Our results show that the DGDW repr
sentation is an accurate and efficient representation for us
wave-packet propagation~and related! methods, and that
more generally, the theory of wavelets and related techniq
have great potential for the study of molecular dynamics
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