Moderately dense gas quantum kinetic theory: Aspects of pair correlations
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A recently formulated density corrected quantum Boltzmann equation emphasizes the need to
explicitly include pair correlations and the conversion of kinetic energy to potential energy as
important effects in the kinetic theory of moderately dense gases. This paper first considers an
appropriate evolution equation for the pair correlations which includes their decay via interactions
with other particles in the gas. The molecular description is given of such a gas close to local
thermal equilibrium, together with expressions for the associated hydrodynamic variables. Wigner
functions are used to uniquely separate macroscopic and microscopic properties. An accompanying
paper solves the combination of linearized Boltzmann and correlated pair equations to obtain
expressions for the transport coefficients. 1®96 American Institute of Physics.
[S0021-960606)51032-9

I. INTRODUCTION tor from the singlet density operator. Their method of formu-
. ) lating this distinction differs from what was proposed in Ref.
One of the authors has proposatiat pair correlations 1 - gpecifically they consider that the pair density operator
should be explicitly taken into account when formulating seq for collisions should be such that it factors both before
density corrections to the quantum Boltzmann equation. ESynq after the collision. We see this as being contrary to the
S?St'a”y this recognizes that the singlet density operatoLyit of the Boltzmann Stosszahlansatz and that a factoriza-
p'*’ represents particles that are correlated with other pargqn pefore the collision is all that should be required. How-
tlcl_es in the gas as well as particles that are free. This iger in attempting to use E€Q) to calculate transport coef-
written for particle labelled 1 as ficients, it was discovered that the pair correlation density
operator of Eq(3) gives rise to divergent contributions when
the gas is inhomogeneous. These are directly attributable to
At equilibrium, the free particle contributiopy is Maxwell-  the long time persistence of correlations once they have been
ian while the correlated pair contributign. includes a sec- created. Laldeand Mullin’s approach would eliminate such
ond virial coefficient type of contributiohThe modification problems. Our alternate approach, as proposed in the present
of the quantum Boltzmann equation that includek pair  work, is to recognize that E¢3) for the pair correlation is an

pV=piitper- (1

particle effects is then written approximation, specifically ignoring the presence of other
particles in the gas, whose effect would be, in part, to cause
. ﬁ(pfl"'Pcl) (1) . . . T
ih —————=[H{" ,pr1+pc1]- the pair correlations to decay to their local equilibrium val-
o ues by means of the interaction with other particles in the
+ TV, Qpip 0T, (2)  9as. Explicitly this work incorporates a correlation decay rate

into the formula for the pair correlation density operator so
where() is the Mdler operator for binary collisions arising 55 to model this effect. Since the pair correlations are dy-
from the potentiaV andH{" is the one particle Hamiltonian namic associations of a pair of particles without having a
for particle 1. It was arguédthat binary correlations arise definite molecular structure, the equation governing the op-
from isolated bimolecular collisions so that the correlationser(»itorpClz representing a correlated pair, see Sec. II, is writ-
between particles 1 and 2 are given by ten as a dynamic equation whose out-of-equilibrium solution
) should be solved by a steady state approximation method,
see the following paper.
and the correlated contribution to the singlet is Equations of change for the number densitystream
_ velocity v, and kinetic energyX are easily derived from the
Pc1=Trapcio. (4) densit : - )
y corrected quantum Boltzmann equation using opera
[Tr, is the trace over all states of particle] Equation(2)  tor methods. The explicit operator definitions of these quan-
thus constitutes an equation for the free density operatdities and the equations of change are given in Ref. 1. In later
pi, from which the full singlet density operator can be cal- sections it will be more useful to have the equivalent phase
culated using Eqgq1), (3) and(4). space expressions for the various fluid dynamic quantities
Laloé and Mullin® have also arrived at the notion that and these are developed in Sec. Ill. But the equations of
one must explicitly distinguish a free particle density opera-change are independent of the detailed method of how the

Pc12= QPflezﬁlr— Pf1Pf2
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various quantities are to be expressed and these are sumnpsition gradient. As an operator formalism complicates this

rized as follows: the equation of continuity expansion because position and momentum do not commute,
an it is useful to use a representation in which such an expan-
—=-V-(nvy), (5)  sion can be more easily carried out. The Wigner function
at formulation is very convenient for this purpose so it is used
the equation of motion fgr Fhe description of Io_c_al gquilibrium and the gradient de-
viations from local equilibrium, for both the free particles
nm%Jrnmv VYV —V.Pp ©) and the center of mass motion of the correlated pairs. In
at oo contrast, the relative motion of correlated pairs and of colli-

sion processes are written in operator form. The essential
reason for this difference in description is that the Wigner
function allows the specification of both the macroscopic
anek position dependence of the density, stream velocity and tem-
i = V-(nVoe"+ a5+ aca) — P:VVo+a . (7)  perature that parameterize the density operators and the mi-
croscopic local Maxwellian momentum distribution. In con-
Here the transposé®' of the pressure tensoP enters to trast, the relative motion is a purely locéinicroscopig

couple the convective energy to the “internal” kinetic en- effect, so needs no distinction in character between its posi-
ergy per particlesX while heat flux contributions associated tion and momentum dependence.

with “kinetic” g¥ and “collisional” ¢, motion describe

the conductive flow of k?netic energy. Finally there is a EQUATION FOR THE PAIR CORRELATIONS
“production” term o which allows the transfer between

kinetic and potential energy. While the equations of continu-  Dilute gas kinetic theory is based on the Boltzmann
ity and motion are consistent with the conservation of num-equation, which essentially treats all particles as being inde-
ber of particles and total momentum, the presence of th@endent(free) except when they are in the midst of a colli-
production term in the kinetic energy implies that the totalsion. Reference 1 takes the approach that for describing den-
kinetic energy is not conserved because of possible convesity corrections to dilute gas behaviour, it is necessary to
sion to potential energy. Thus it is necessary to look at thexplicitly account for pair correlation effects. Inherent in this
equation of change for the potential energy per parwe description is the notion that the gas can be thought of, ex-
In Ref. 1 this was obtained in a manner consistent with pai€ept during isolated collision processes, as consisting of free

where P is the pressure tensor amd is the particle mass;
and the kinetic energy equation

particle interactions and shown to be of the form particles andndependentorrelated pairs. Specifically a cor-
v related pair is neither correlated nor interacting with any
ane =—V.(nveeV+q) - o ®) third particle, except again during an isolated collision event.

at 0 ’ For anN-particle gas this implies that, except during colli-

ions, theN-particle density operator can be considered to

where the productions of potential and kinetic energy exactl . . .
ave the structure, called the binary correlation approxima-

cancel and there is the added heat flux contributjyrasso-

ciated with conductive potential energy flow. tion in Ref. 1,
In this work the gas is treated as having only small de- [N/2]
viations from local equilibrium and the Chapman—Ens‘k‘@g P(N)“NEO E H Pfi(_lk_)[ Pcjk» ©)
=0 a,y lea JK)ey

approach is used in the following paper to get estimates for
the deviations of the free density operaggrand of the cor- wherew is a listing of which particles are free, a listing of
related pair operatgs.;, from local equilibrium. This is then which N, pairs are correlated, and the sums are over all
used to obtain expressions for the transport coefficients inpossible listings and over all possible numbers of correlated
cluding the collisional transfer contributions. There are othepairs, up to the maximum, the integer less than or equal to
density corrections which arise from triple collision and N/2. Reference 1 considered the pair correlations as arising
bound state effects, but these are not considered in thieom binary collisions and emphasized how the interaction
present treatment. Rather the emphasis is to understand thetween twdree particles leads to correlations with E@)
role of pair correlations in gas transport theory. There is as the result. However, in trying to implement that work it
close parallel to an earlitrclassical treatment of the inho- was found that divergent effects arise when the free density
mogeneous corrections to the Boltzmann collision operatomperator is inhomogeneous. In contrast, the present approach
but at that time no distinction was made between total ands to consider that the pair correlations are determined dy-
free single particle distribution functions, nor was the poten-namically by a kinetic equation that includes their decay due
tial energy equation included in that treatment. Yet thatto interactions with othefthird) particles. The object of this
theory is the basis of recéfitsuccessful estimates of the section is to present a kinetic equation appropriately describ-
density corrections to the transport coefficients after incluing these effects. Since pair correlations represent a loose
sion of three body and atom-bound state collisional contri-association of a pair of molecules, it is reasonable that their
butions. dynamics is described by aspects of the quantum Liouville
The development of this formulation requires in particu-equation, in particular their interaction with a third particle,
lar an expansion about local equilibrium in powers of therather than in terms of isolated collision events. Thus the
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decay terms are modelled here by a linear relaxation ratequation then describes the time evolution of the pair corre-
towards equilibrium, due to interactions with the more abun4ation operator taking into account three parti¢isolated
dant freely moving particles. collisions. The result can be organized as

For the present purposes it is necessary to recognize thaé
three particle correlations, density operatgf,;, heed to be
taken into account. Thus the obvious changes must be made 7t

Pc12

, 3
= LB peaat 7 1praprat Traf /12)30(12)3

t_o Eqg. (9) to include aII. possible.ways of djstributing par- (/(2)+ /<1>)p(2) 1 _ (/(2>+ /<l )p<2> (1)
ticles between free, pair correlations and triple correlations.
It is understood that the correlation density operators always — (22 + A p@p P +2( 2V + £+ #D)

describdsolatedsets of correlated particles. The singlet, pair @) (D)
and triplet density operators deduced from this structure are Xp1'pa p3 ). (15
For anisolated three particle interaction, each factorized
= (N — 1 ! . ' .

NTr e =it Thoperot 2oz (100 o1y in the trace represents an independent set of particles.
P D=N(N=1)Trz.. np™=pP o + perot Traperzs, As such, at thermal equilibrium each density opiera(lggliTm the

(11)  trace should be of Boltzmann form, namel) « e :
It is easy to show that the trace term, associated with inter-

and actions of the pair 12 with other particles in the gas, vanishes
P(fé)a—N(N_ 1(N=2)Tr,. o™ under these conditions. It is nomssumedhat this “interac-
PRI " " tion” term acts to drive the pair correlation to its local ho-
=p1 P2 P3 T Pc12P3 Tt Pc2spy mogeneous equilibrium form as determined by the density,
(1) temperature and mean velocity of the free particle density
+pc13Pz” T Pcizs (12 operator, namely

where some simplifications have been made based on taking

N very large. These equations are interpreted as being asf,,= f fdP dR A(R,P) lnsz‘S(Tf)

appropriate description of the gas between interactions of the

different groups of correlated particles. X g~ (P=2mvp) Z14mkTyy (T ) (16)
Equations of change for the reduced density operators

are given by the BBGKY hierarch.’ The first BBGKY with n¢,v; andT; all evaluated at the center of mass position

equation together with Eq&3) and (10) were used in Ref. 1 R and timet, including the temperature dependence of the

. . _ 1/2 .
to obtain the modified Boltzmann equati®). Here it is the ~ relative motion Ursell operatorA,=h/(mmkT)™* is the
second BBGKY equation thermal deBroglie wavelength for relative motion. See Sec.

Il for the definition of U andA as well as how the Wigner
function allows the simultaneous dependence on position and
momentum while preserving the proper interpretation of

noncommuting operators. For small deviations from equilib-

that is used to derive an equation for the pair correlation,, the interaction term is modeled as a linear decay rate
density operator. The superoperatét8” and 7 ik are de-

2
api3

ot

i—== 28 p 5 +Tra( 713+ 729 p 35, (13)

fined according to ZMA=#"HM, A]_ and IPc12 o) Pe12— Peiz
7w A=h"YV),A]_, for an n-particle HamiltonianH(™ 1= = P12 Peret 7Pt (17

consisting of a sum of 1-particle kineti€; and pairwise
additive potentiaV;, contributions. On inserting the expan-
sions(10)—(12) for the singlet and pair density operators into
the second BBGKY equation, an equation for the time evo- fium
lution of the correlation density operators is obtained

This equation is used in the following paper to determine the
state of the pair correlations when the gas is out of equilib-

lll. LOCAL EQUILIBRIUM WITH SMALL GRADIENTS

d +Tr
i (Pezz p o129 _ = 22 perot 7 iopriprat Tra{( 7 The Chapman—Enskdd theory of gas transport prop-
erties is based on the idea that the gas is locally close to
+ 759 p 5t Z2 perns equilibrium with a local number density, temperaturel
D) o (@) (1) and stream vequFwo, each_ of which is a function of_the
~ 71908 05" = 7 205 macroscopic positiom and timet. For a free(monatomi¢

1 article, the local equilibrium distribution is a Maxwellian
7 paspy + peaapt’ )} (14 Eentered at the Ioca? stream momentomg(r,t). This mix

All contributions to the trace are considered as interactiorof momentum and position dependence is most easily de-
terms and it is useful to express all of these in terms of thescribed in a phase space, Wigner functtbmepresentation
full reduced density operators rather than their correlatiorof the density operator.

components. At the same time it is argued that the trace term  The Wigner functionf*)(r,p,t) associated with single
appearing in the time derivative should be dropped becausgarticle density operatos*)(t) is obtained by the Fourier
this is of higher order in the density and that the resultingtransform
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" 4 — I L whereinA, B and C are vector, tensor and scalar functions
f2(r,p,t)=h qu eI (p+ 2alpM(D]p— za) of W. Here
=TrA(r,p)p'™M (1), (18) [Vvi]?=3[Vvi+(Vv)']— 3UV-v (27)

where the trace Tr is over the translational states and thig the traceless symmetric second rank tensor formed from

operatot? A is defined by the velocity gradient whileU is the second rank identity
tensor.

A(r,p)zh*J dq €9 p— q)(p+ iq At equilibrium the pair correlations are governed by the
Ursell® operator

:h_3f dr eip-R/ﬁ|r+ %R)(r— %R| (19) U(T)Ee_Hrel/kT—e_Krel/kT (28)

mvolvmg the relative free motion and total Hamiltonians
in both momentum and position representations. The i inversg _pop/m andH =K+ V, times a Maxwellian for the
transformation center of mass motion. At local equilibrium, the hydrody-
namic variables of correlation density(R,t), temperature
P(l)(t)=h3J’ j dp dr A(r,p)f(r,p,t) (200 T(R,t) and mean velocity.(R,t) are to be localized at the
position R of the center of mass of the pair, so the local
enables the density operator to be obtained from the Wignegquilibrium state is most conveniently written in terms of a
function. It is also useful to know that Wigner function for the center of mass motion and an opera-
tor for relative motion, thus

T AB=1° [ [ dr dp[Tr AA(rp)I[TE A(r.p)B] SR —

le _ c
@Y Tl RPU= 1 T T @rmkT) 2

U(To). (29

as well as the trace properties . . .
prop Since it is not inherently clear whether the local temperatures

3 for the free particle and pair correlations should be equal or
J f A(r,p)dr dp=1; TrA(r,p)=h"% different, here they are allowed to differ so that any possible
effect of these differences can be examined.
Tr A(r,p)A(r’,p")=8(r—r’)8(p—p’)/h* (22) Of prime importance for the Boltzmann equatit®) is

and the relation between individual particle and center o{/r\]/.e correlation contribution to the local equilibrium singlet

mass—relative phase space representations igner funciion

le — le
Ag(r1,p1)Ax(r2,p2) fea(r,P.D=Tr1z A4(r,P)peiz
r1+r2 P2—P1 =8J'fdr dpoy Trel el o1,
:ACM ——.,p1+ p2 rel( ro—rq, > ) (23) 21 0P21 1Trel rel( 21 p21)
le 1 __¢lh Ic

The local equilibrium Wigner function for the free par- XTeaor + 272020+ 2P0, ) =Ty 1, (30
ticles (equivalent to the density operatpf) is to be Max-  with an expansion of the dependence on the center of mass
wellian position in powers of the relative position,. The notation

N s f" denotes the “locally homogeneous” contribution calcu-
fie(r,p,t)= 2rmkT) g~ (P—mvp)7/2mkT (24) lated as if the gas was homogeneous, but with the values of
w f

n.,v. and T, associated with the macroscopic positioof
with free particle density(r,t), free particle stream veloc- particle 1, namely
ity v¢(r,t) and free particle temperatufe(r,t). The position
and time dependence of these local parameters are to be un- ¢y p )=
derstood in the following even when they are not explicitly
expressed, and it is noted thﬁf depends o andt only X(q|U(To)|q). (31)
through these local parameters. For purposes of the Chapman
Enskog expansion, deviations 6f from local equilibrium  Here A .=h/(7mkT,)"2 is therelative motionthermal de-

(g+p—mvy) /ka
hoTr, U(TC)J’dqe ¢

are associated with linear gradientsvinand T so that Broglie wavelength at temperatufig(r,t). It is convenient
e to recognize that the exponential factor in E§1) is asso-
fe(r.p, ) =1(r,p,H(1+ ), (25 ciated with the center of mass motion since2(Eop) = Pop

is the center of mass momentum operator associated with

with the perturbations linear in the gradients and otherwise ! ) )
particle 1 having momentump and relative momentur(op-

a function of n;, T and the dimensionless velocity

W= (p—mvs)/2mkT;. The standard forfi for ¢ is eratoD Pop- 20n introducing 2the notation Kcy
= (Pop—2mvy)“/4m=(p+pop—mve)“/m, the integration
¢=—A-VInT;— B:[Vv{]?—CV .v;, (26) over relative momentum can be written as a trace. With the
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notation Ty to emphasize that the trace over relative motion!V. MACROSCOPIC VARIABLES
is to be carried out keeping the momentum of particle 1

fixed, Eq.(31) can be rewritten as The macroscopic variables inherently depend both on

the free density operator and the density operator for corre-

" nA2 lated pairs. Also, at equilibrium they must agree with equi-
fa(r,p,t)= WTHG*KCMIKTCU(TC)- (32)  librium statistical mechanics, whose relations for a moder-
re C

ately dense gas are reviewed in the Appendix. The various

The inhomogeneous Contributioffl is formally ob- macroscopic variables appearing in E¢S)—(7) are dis-
tained by expanding thécenter of magsposition depen- cussed in turn.
dence ofn,v. andT. about the positiom (of particle 1 that It follows from Egs.(1), (24) and (32) that the particle
appears as a parameterfigy. Only the first order gradient density is
term needs retaining, compare the treatment of Baerwinkel
et al}* and of Thomast al®® for obtaining the phase space n(r’t)zf dp fO(r,p,t)
representation of the corresponding collision integral. This is

labelled “Ic” for “local center of mass correction factor” |
since it is associated with the fact that the center of mass of =f dp f(1+ ¢>)+8J J J dp dry; dpyy
the correlated pair is displaced from the macroscopic posi-
tion r, this implying a common gradient contributign ,,-V X TrreA rel(T 21,P20) FLEo(F + 2151, 2D+ 2P51 1)
acting on all the local parameters, whetg is the relative
position operatofparticle 2 minus particle )land V=4/dr X(1+®)=n+nc (39)
is the gradient with respect to the macroscopic position. Thigyith the “Chapman Enskog” constraintauxiliary condi-
inhomogeneity term is thus tion) that the pertubation from local equilibrium does not
nA3 contribute to any hydrodynamic variables, in particular
Fa(r ) =V gra — [ The Koo, U(To) T,
relJ(Te) f dpf'fe¢,+f Tref2(r,P,t)ddP=0. (40)
=F¢,-Vinne+ FE, Vv +Fe-ViInT, (33 o _ _
The stream velocity is the average velocity of the particles,
where
nA3 nvo(r,t)Ef def(l)(r,p,t)=nfvf+ncvC (41)
c‘ire _ m
FSHZWTrre KCM/kTC[rova(Tc)]+v (34
el (Te) subject to the auxiliary condition
NeA p—2
FS,= 2kTCh3Tr:|U (T TP+ Pop= MVe) J dp%f'f%ﬂrrel J 2mp°pf'ce(r,P,t)CI> dP=0.
(42
x e KemKTer o0 U(To)]s (35 , - L
Clearly, if the gas was in internal equilibrium it would have
and a common convective motion, so thgt=v.=v,. Thus any
3 difference in these velocities must be associated with non-
c NeAre Kem/KTe equilibrium processes. Ignoring for the moment the possible

Fir=rg=——=<Tre" o ; S .
T Ah3TrU(Ty) " contribution from the perturbations, the local equilibrium ki-

netic energy density is
X

Kem

e 2

rop,< kT, S)U(Tc)+TcUTC(Tc) R (36) ek t)EJ’ dp(p—mvo) (e )
' 2m Bl

using the definitiolJ=90U/JT for the temperature deriva-

tive of U. = SKTi (v Vo 2|+ SKT,
Parallel to the treatment df , for purposes of the Chap- 2 2 4
man Enskog expansion, deviations fof, from local equi- m
librium are associated with linear gradientsvinand T so + = (Ve—Vp)?
that 2
__¢le 1 2
fo(R,P,t)=fSR,P,t)(1+®), (37) +mﬂrel%u(m _ (43)

with the pertubationb linear in the gradients and otherwise _ ) )
a function ofn,, T, operatorsH ¢,K o and the dimension- Note thatn. is the (effective number of particles that are

less velocitys = (P—2mv,)/V4mkT,. By analogy with the correlated so thaik T, is the average center of mass energy

free particle casep is written as per particle Similarly, the 3 multiplying the kinetic energy
of relative motion partitions this quantity between the two
®d=—A.VInT,— B.:[Vv.]?—-C.V-v,. (38)  correlated particles. The terms involving/svo)? and
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(ve—Vo)? are second order in gradients and so will be X Trel oV V[ ek v 1, QT iV vy
dropped from further consideration. Since the collisions are 2A
to be treated as nonlocal, there is a conversion between ki-

netic and potential energy and only total energy is required ~ 16h
to be conserved. The potential energy is determined by the X Qe ke T( b+ )t 47)
pair density operator which, to second order in density, in- 1Ty
volves both the product of free density operators and the paiThe local equilibrium collisional transfer contribution to the
correlation density operator, thus the local equilibrium con-pressure is of virial form which, when combined with the

6
Tl f dPe Ken/kTr WV

tribution is kinetic contribution gives the standard expression
1 P=nka+nf2kaB for the total pressure. See the Appendix
neV'e(r,t)= ZTrlZ[ S(r—rop)+8(r—rgp )1Vpi2e for more detail. Sincd; andT,, differ only by gradient terms
and since the present theory is restricted to linear in gradient
1, 1 TreVU(TY) effects, such differences are ignored in the terms involving
:Ean’ Var e+ Encm- (44) the perturbations. Thus these expressions have been written

in terms of a common local temperatufe
The auxiliary condition for the energy involves the total en- The kinetic contribution to the heat flux is
ergy, so requiring

p (p—mvp)”® |
(p—mvg)? 1 qK(r,t)Ef dp(——v )—f( '(r.p.t)
| Emieg a5 [ [ vatatai m
5 5 [KT, Tre(ps/mU
+¢2)dl‘12 dpl dpz 2 —Enfka(Vf_Vo)‘F Enc 74— W
(P—2mvy) ) )
1 | fle — —mv
+ ZTrreJ (—4m +Hg; | fie® dP=0. (45) X(vc—vO)+f dp(g_\/f)(p il 0 e

Provided the equilibrium conditionsi,=nZA>TrU(T), .
T(=T.=T andvs=v.=V, are satisfied to ordem?, £ re- < (rp) b Tr J' dp[(P—Zch) , Pop
duces to the thermodynamic kinetic energy per particle, Eq. P rel 4m m
(A7) ande" to the potential energy, E¢A8). The individual
contributions appearing in Eq&3) and (44) can be under- _ (P_ZmVC)'pOP}(P_szC_ZpOF’) flew.  (49)
stood with the help of Eq(A6). m 4m e

The pressure tensor and the heat flux have contributio
arising from several mechanisms. In particular the kinetic
contribution to the pressure tensor is

—mvy)(p—mv,
PK(r,t)Ef dp(p O:T(]p 0)f(”(r, b A
=— - ——Trel oV V-Q[e X Tp r 1,0 VInT

"Phe collisional transfer of kinetic energy is given by

1
Qeoll= — mTrlﬂs( Rop_ r)rop(P_ 2mvy) ‘VVQPflprQT

=n¢[KT¢ U+m(vi—Vo)(Vi—Vo)] 8m
2 3 246
1 r Hyg /KTy AT
g/ 5 KTe U+ m(ve—Vo) (Ve Vo) - (Vi=Vo) Threll op VV € el = o 3Ty
Triei(Pog MU (Te)

X f dPe Xen/kTr o (P—2mvy) - VVQe KekTi( ¢,

3Trrelu (Tc)

,
f ap P mVo) p—mvo) . T d2) 2 (49)
f

The potential heat flux is

P—2mvy)(P—2mv,
T fdP[( o) o) poppop}f.ceq)
m

1
am q’ 4mTr12[p0pl Mo, 811+ Vip3

(46) 1
. . o =—Tr,(P—2mvy) 8(Ry—I)Vp'2
while the collisional transfer contribution is 4m 12 0)8(Rop=1)Vp12
-1
Peon(r,t)= Trlzropvva(Rop r)QPflpfzQ f(Vf Vo)f le’+ IU( —Vo) TregVU
re
243 3 3
ngA —n?A A
=— 6 rTrre|r0p Vve_Hf9|/kT U+ ﬁ + th:;-rrraf dPe_KCM/kT(P—ZmVO)V
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23Kk Ne the closure of Reference 1 that is explored here and in the
X nfA7e™ el (dy+ o) + WU(I’ : (500 following paper. An alternate possible approach is that the
e free and pair correlations are considered as independent with

Clearly the leading terms of each of these quantities vanish i closure at the third BBGKY equation level. That has not

Vs =V,.=V,, leaving only the perturbation contributions. been explored in this work.
There remains the kinetic energy production term
1
K _ _— - _ _
7= gm 1Al 8~ Top) 61 =Top2)] ACKNOWLEDGMENTS
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V. DISCUSSION as discussions on both of our works.

A recently proposeddensity corrected quantum Boltz-
T e el CoTelalon T APRENDIX: _ EQUILIBRIUM STATISTICA

: o ECHANICS RELATIONS

about local equilibrium. In order to even formulate such
properties requires a means of distinguishing between mac- To second order in the density=N/W, and thus includ-
roscopic and microscopic motion. This has been accoming pair correlations, the equilibrium pressure is given by
plished in the present work by expressing the quantum derP=nkT(1+nB). Here,W will be used for the volume since
sity matrix in the Wigner equivalent representation. Inthe symbolV denotes the potential energy. The second virial
particular, for the Wigner function of a single particle, the coefficient B(T) is related to the kineticK and total
position dependence is necessarily related to macroscopi¢=K+V Hamiltonians for therelative motion of a pair of
motion while the momentum dependence is of microscopigarticles through the Ursell operator
origin. For the pair particle correlations, the analogous posi-
tion dependence of the macroscopic motion is associated Y(T)=e "T—e KT (A1)
with the position of the center of mass of the pair. 55y the relative thermal deBroglie wavelength

In the original formulatiort, the pair correlation density A,=h/(=mkT)¥2 by
operator was determined entirely by the free density opera- '
tor, see Eq_(?.)._ This expression is an obviqus extrapc_)lation B=— 3A3TrU. (A2)
of the equilibrium relation. As mentioned in Sec. I, it was
found by computation that this led to certain divergences andlote that in this AppendixH and K are Hamiltonians for
transport coefficients that were inconsistent with the wellrelative motion and the subscript “rel” appearing in the
documented dilute gas expressions. The present work treadain text has been dropp€e8I(T) exists provided the poten-
the correlations as governed by a dynamical equation, sdél vanishes rapidly enough for large distances. It follows
Sec. Il, that includes their decay due to interactions withfrom standard thermodynamic relations and the ideal gas

other particles in the gas. limiting behaviour that the Helmholtz function is

| The followmg paperdllnhearlzgs the ;l)al_r of equa;ctfgne eW N2KTB
Bo tzmann equation and the pair correlation equ_e)t ut A(N,W,T)=—NKTIn—5 + ——— (A3)
local equilibrium and solves them, essentially in a steady NA W

state approximation, using what is believed to be the S'mHere,AEh/(ZwmkD”z:Ar/\E is the single particle ther-

p]est phy5|calily reasonable set of app'rommatlpns. Th'%nal deBroglie wavelength. Immediate consequences of this
yields expressions for the transport coefficients which are th% that the energy per particle is

quantum generalizations of the classical expressiamsipd-

ing also contributions from pair correlation effects. 1 A 3 ,dB
There are other closures of the BBGKY hierarchy that €= | A~ T| 77 = 5 KT=nkT o= (A4)
could also be used for formulating correlation contributions. N.W

Dufty and Kim'® have used a particular closure for the sec-5q the corresponding heat capadiy constant volumeis

ond BBGKY equation that can be expressed in terms of a
relation betwee andp;, see the Appendix in Ref. 17. de 3 dB d’B
rpClZ pf pp UE( =§k—2nkT——nkT2

aT a7 (A5)

The related closure of Klimontovi¢hmight also be used. aT
But whichever closure, the role of pair correlations is re-

quired in order to evaluate their contribution to the singlet  In terms of molecular quantities the energy per particle
density operator and the transport coefficients. It is of coursean be explicitly expressed in a number of different ways

n
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3 3 n UT)= L
6= S KT+ ZnkTB+ EAf-rrrel['_le— HIKT _ ¢ g KIKT] Q™ (T)= 3TreU(T) (A10)
to be the partition function for the pair correlations. The

corresponding energy is then

3 n
= kT+ - A3Trg
2 2 dln QY B Tro(He HKT—Ke™K/KT)

3 3
_> “HIKT_ |2
(1St k- S

EYT) =kT* =57 TreU
X e—K/kT
3
3 n 3 3 krzds 3 ° 2KT
:EkT+ EA?Trrel[(K—sz U+Ve HKT =§kT+Fd—T:§kT+_—nB. (A11)
3 3 n This quantity enters naturally in the kinetic theory treatment.
= 5KT+5nkTB+ EAfTrre,[H U-+Ve KKT] Next consider the question of how many particles act as

if they are essentially free, and how many are correlated into
3 pairs. On the basis that the number of freely acting particles
ArTrreIHU“LJ Vdrie|. (A6) is proportional to the absolute activity and the number of

] ] . ) . . o correlated pairs is proportional to the square\ pft is inher-
While the first form is what arises by direct differentiation of ent first to identify the absolute activity. This is given in

Egs.(A2) and(A4), the second form demonstrates how eacherms of the chemical potentiad according to
of total and free particle relative energies deviate from

(3/2)KT. It should be recognized that the trace of the indi- M i(% In(nA%)+2nB (A12)
vidual exponential terms in each of these forms are sepa- kT KkT\oN w '

rately infinite and only the difference has a finite trace. In ; .
contrast, as written, the individual contributions to the trace't fOllows that the equation for the absolute activity

in each of the remaining forms are separately finite, under \=nAS3(1+2nB) (A13)
the same conditions as for the existence of a finite second ) _

virial coefficient. The third form splits the energy into kinetic can be inverted to give

2
.3 n o, 3 3 1 nzls—z%anan (A14)
e= KT+ 5 A} Tre| K= SKT|U= KT+ 5nkTsy, A% A ¢

n

—3kT 3 kTB
—E +§n +2

(A7) identifying the densities of free and correlated particles as
and potential the two terms in the. expansion of the density. At equilib-
rium, it is seen that there is an effective equilibrium constant

eV=(n/2)A3Trve HKT (A8)
L . . c_ _ A3
energy parts. The kinetic energy consists of the usual classi- 2= ~2B=ArTreU. (A15)
cal value of (3/2kT plus a quantum correction from the _ _
noncommutation of position and momentum in the Ursell ~ Lastly there are the various expressions for the pressure.

operator which is expressed in termssqf a notation intro- The standard resulP=nkT(1+nB), with which this Ap-
duced by Imam—Rahajoe and Curtt€sThe fourth form  pendix began, is reproduced by

arises from a different association of which Hamiltonian is to IA
multiply U. Since the producve™ ¥/kT factors into separate P=— (TV) . (A16)
position and momentum parts its trace can be reduced to W/t

separate in_tegra_ils over the two p_arts, leading to the_z fifth a”ﬂiowever, if the (finite) volume dependence is scaled
last form given in Eq(A6) for writing the energy. Itis this \y_, swwith a scale factos, then the volume derivative can

last form which is closest in structure to that which arisesye replaced by the scale derivative. Applying this scaling to
from the division into free and correlated contributions, com-g, position dependenceop—>sl’3r0p in the Ursell operator

pare Eqs.(43) and (44). The corresponding molecular for- (note that to retain the commutation relations the momentum
mula for the heat capacit§, is conveniently written in the  gperator scales according tPop—S *pop), gives the

second structural form of E4A6) as “virial” equation of state, namely
3 nA? n?
Cy=5k(1+nB)+ 5 2 Trre P=nkT+nkTB+ o Al Tree §KU— 1oy VVe KT],
3 2 3 2 (A17)
X||H= 5kT> eH/kT—<K— 5”) e KT, Clearly the trace term must vanish, see Ref. 2, but the last
(Ag) term,
2
An alternate view of the structure of the gaseous system s —HIKT
is to consider Poia 6 ArThelopVVE (A18)
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