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Abstract

We prove the existence of Sinai-Ruelle-Bowen measures for a class
of C? self-mappings of a rectangle with unbounded derivatives. The
results can be regarded as a generalization of a well-known one di-
mensional Folklore Theorem on the existence of absolutely continuous
invariant measures. In an earlier paper [8] analogous results were
stated and the proofs were sketched for the case of invertible systems.
Here we give complete proofs in the more general case of noninvertible
systems, and, in particular, develop the theory of stable and unstable
manifolds for maps with unbounded derivatives.

1 Folklore Theorem and SRB Measures

A well-known Folklore Theorem in one-dimensional dynamics can be formu-
lated as follows.

Folklore Theorem. Let [ = [0,1] be the unit interval, and suppose
{1, L5, ...} is a countable collection of disjoint open subintervals of I such
that \J; I; has the full Lebesque measure in I. Suppose there are constants
Ko > 1 and Ky > 0 and mappings f; : I; — I satisfying the following
conditions.
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1. f; extends to a C? diffeomorphism from Closure(I;) onto [0,1], and
Dfi(z) | > Ky for all i.

lanEIZ

D*fi(2) | :
2.8 ‘71 L | <K Ili.
UP.er, [Dfi(2) ] | 1; | 1 for all i

where | I; | denotes the length of I;. Then, the mapping F(z) defined by
F(z) = fi(z) for z € I;, has a unique invariant ergodic probability measure
equivalent to Lebesgue measure on I.

For the proof of the Folklore theorem and the ergodic properties of u see
for example [2] and [14].

In an earlier paper [8] we presented an analog of this theorem for piecewise
C? diffeomorphisms with unbounded derivatives with proof sketched. We
now wish to give a more general version of the results in [8]. We refer the
reader to that paper for relevant remarks and references.

Let Q be a Borel subset of the unit square Q in the plane R? with positive
Lebesgue measure, and let F : Q — Q be a Borel measurable map. An
F—invariant Borel probablility measure p on @) is called a Sinai — Ruelle —
Bowen measure (or SRB-measure) for F' if u is ergodic and there is a set
A C Q of positive Lebesgue measure such that for z € A and any continuous
real-valued function ¢ : ) — R, we have

. ]- n-l k
fim =3 o(P*a) = [ o 1)

The set of all points x for which (1) holds is called the basin of p.

Note that if ;4 is an SRB measure, and m; is the normalized Lebesgue mea-
sure on its basin, then the bounded convergence theorem gives the weak con-
vergence of the averages % S5 FEmy of the iterates of m; to . Hence, SRB
measures occur as limiting mass distributions of sets of positive Lebesgue
measure. This fact makes them natural objects to study.

We are interested in giving conditions under which certain two-dimensional
maps F' which piecewise coincide with hyperbolic diffeomorphisms f; have
SRB measures. As in the one-dimensional situation there is an essential dif-
ference between a finite and an infinite number of f;. In the case of an infinite
number of f;, their derivatives grow with ¢ and relations between first and
second derivatives become crucial.



2 Hyperbolicity and geometric conditions

Consider a countable collection £ = {E}, Es, ..., } of full height closed curvi-
linear rectangles in (). Assume that each E; lies inside a domain of def-
inition of a C? diffeomorphism f; which maps E; onto its image S; C Q.
We assume each FE; connects the top and the bottom of (). Thus each E; is
bounded from above and from below by two subintervals of the line segments
{(z,y):y=1, 0<z<1}and {(z,y) :y =0, 0 <x <1}. We assume that
the left and right boundaries of F; are graphs of smooth functions z((y)
with |4®

dy
assume that the images f;(E;) = S; are narrow strips connecting the left
and right sides of ) and that they are bounded on the left and right by
the two subintervals of the line segments {(z,y) : x = 0, 0 < y < 1} and
{(z,y) : x =1, 0 <y < 1} and above and below by the graphs of smooth

: i dy @
functions YZ(X ) | S |
derivatives ‘dzm‘ < « and ‘%‘ < « follow from hyperbolicity conditions

that we formulate below.
We call the Els posts , the Sis strips, and we say the Els are full height
in @ while the Sis are full width in Q.

’ < a where « is a real number satisfying 0 < a < 1. We further

< a. We will see later that the upper bounds on

For z € @, let £, be the horizontal line through z. We define §,(F;) =
dZ@m(ﬂz ﬂ Ez>, 5i,ma$ = InaX,eQ 53<E7,)7 5i,min = mianQ 62(Ez)
We assume the following geometric conditions

Gl int E;Nint E; = for i # j.
G2 mes(Q \ U; int E;) = 0 where mes stands for Lebesgue measure,
G3 - 21 6i,max log 5i,min < oQ.

We emphasize that the strips S; can intersect in an arbitrary fashion,
differently from condition G3 in ([8]).

In the standard coordinate system for amap F': (z,y) — (Fi(z,y), Fa(x,y))
we use DF(x,y) to denote the differential of F' at some point (x,y) and Fj,,
Fjy, Fjze, Fjzy, etc., for partial derivatives of F;, j =1,2.

Let Jp(2) =| Fiz(2)Foy(2) — F1y(2)F2x(2) | be the absolute value of the
Jacobian determinant of F' at z.



Hyperbolicity conditions. There exist constants 0 < a < 1 and Ky > 1
such that for each ¢ the map

F(z) = fi(z) for z € E;

satisfies

HL | Foo(2) |+ af Foy(2) [+ 02| Fiy(2) | < of Fia(2) |
H2. | Fio(2) | — ol Fiy(2) | = Ko.

H3. | Fiy(2) |+ af Foy(2) [+ 0| Fau(2) | < o] Fia(2) |
H4. | Fi.(2) | — a| Fou(2) | > Jr(2) K.

For a real number 0 < o < 1, we define the cones

Ko ={(vi,v) : |va | <l v1 [}

Ko =A{(vi,09) - [or | < af vy |}

and the corresponding cone fields K§(z), K§,(z) in the tangent spaces at
points z € R?.

Unless otherwise stated, we use the mar norm on R? | (v,v2) | =
max(] vy |,| vs ).

The following simple proposition relates conditions H1-H4 above with the
usual definition of hyperbolicity in terms of cone conditions. It shows that
conditions H1 and H2 imply that the K} cone is mapped into itself by DF
and expanded by a factor no smaller than K, while H3 and H4 imply that
the K§, cone is mapped into itself by DF~! and expanded by a factor no
smaller than K.

Proposition 2.1 Under conditions H1-H4 above, we have

DF(Kq) € Kq (2)

ve Kjy=|DFv|>Kylv]| (3)
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DF~H(Kg) € K, (4)

vE K} = | DF v |>Koyv| (5)

Proof. H1 implies (2):

Let v = (v1,v9) € K4. Then, |v | =] v |sincea < 1land| vy | < al vy |
Write DF(Ul, ’02) = (Flm’Ul + Flyvz, Fngl + FQyUQ) = (Ul, UQ).

Then, using H1, we have

| us | = | Fogvr + Foyvs |
< | P [Jvr |+ ] By laf vy |
< o (| Faw [ 4] Foy o)
< v l(e] Fag | = | Fyy lo?)
< o| Fipvr + Fiyvs |
= afu |
proving (2).
H2 implies (3):
Now, let v = (v1,v2) be a unit vector in K%, so that |v | =|wv; | =1 and

| vg | < au.
Using H2 and the fact that DF(v) € K%, we have

| DE(v) | = [u|
= | Fipv1 + Fiyvs |
> | Fio | —af Fy |
> Ky

which is (3).
The proofs that H3 and H4 imply (4) and (5) are similar using the fact
that

1 F. —F
DF—l — 2y ly
Jz ( _FQ;U Fl:t )



This completes our proof of Proposition 2.1.

Remark. In ([8]) different hyperolicity conditions were assumed which
implied the invariance of cones and uniform expansion with respect to the

sum norm |v | = | vy |+ | ve | (see [3] and [7] for related hyperbolicity con-
ditions). The methods here can be adapted to work under the assumptions
of ([8]).

The map

F(z) = fi(z) for z € int E;

is defined almost everywhere on Q. Let Qo = U;int E;, and, define
Qu,n > 0, inductively by Q, = Qo N F'Qn_1. Let Q = MN,50 @ be the set
of points whose forward orbits always stay in (J;int E;. Then, Q has full
Lebesgue measure in @, and F maps @ into itself.

The hyperbolicity conditions HI-H4 imply the estimates on the deriva-
tives of the boundary curves of E; and S; which we described earlier. They
also imply that any intersection f;E; N E; is full width in E;. Further,
E;; = Eiﬂfi’lEj is a full height subpost of E; and S;; = f;fiF;; is a full
width substrip in Q.

Given a finite string ¢ . . . 4,1, indexed by non-negative integers, we define
inductively

o —1
EiOn-infl - Eio mfio Eili2~--7:nfl‘

Then, each set E;, ; _, is a full height subpost of E,.
Analogously, for a string ¢_,.1 ... % indexed by non-positive integers, we
define.

Si-nireio = Jio(Si_pinoiis [ Eio)

and get that S;_ . ., is a full width strip in ). It is easy to see that

Si—n+1--~i0 = (fio © fi_1 ©...0 fi_n+1)(Ei—n+1~.-i0) and that figl(si—n+1-..io) Is a
full-width strip in E,.
For infinite strings, we have the following Proposition.



Proposition 2.2 Any C' map F satisfying the above geometric conditions
G1-G3 and hyperbolicity conditions H1-H4 has a "topological attractor”

A= U () Si_goio-

cdpt1.9—1%0 k>0

The infinite intersections 3o Si_,..i, define Ct curvesy = y(x), |dy/dz| <
a which are the unstable manifolds for the points of the attractor. The infi-
nite intersections (oo Eiy..s, define C curves x(y), |dz/dy| < o which are
the stable manifolds for the points of the attractor.

Proposition 2.2 is a well known fact in hyperbolic theory. For example it
follows from Theorem 1 in [3]. See also [10].

Remark 2.3 The distortion condition D1 and distortion estimates below
imply that if our maps f; are C?, then the unstable manifolds are actually
C2. Similar conditions on the inverses of f; imply that the stable manifolds
are C%. There are analogous conditions (see section 6) to guarantee that the
invariant manifolds are C” for r > 2.

Remark 2.4 The union of the stable manifolds contains the above set Q
which has full measure in Q. The trajectories of all points in @ converge to
A. That is the reason to call A a topological attractor, although F' is not
typically a well-defined mapping on all of A. However the convergence of
Birkhoff averages to the unique SRB measure is a much stronger property.
Condition D1 is natural in this context and may be necessary for the existence
of the SRB measure. At present, we need to assume condition G3. This is
used to prove absolute continuity of the stable foliation as in Section 10. It
also implies that our SRB measure has finite entropy. We do not know if
condition G3 is actually necessary for our results.



3 Distortion conditions and the main theo-
rem

As we have a countable number of domains the derivatives of f; grow. We
will need to formulate certain assumptions on the second derivatives. Un-
less otherwise stated, we will use the norm | v | = max(| v1 |,| v2 |) on vec-
tors v = (vy,v9), and the associated distance function d((x,y), (z1,y1)) =
max(| @ — o1 |, |y — v1 |).

As above, for a point z € @, let [, denote the horizontal line through z,
and if £ C @, let 0,(E) denote the diameter of the horizontal section I, N E.
We call 0,(F) the z — width of E.

In given coordinate systems we write fi(z,vy) = (fa(z,y), fi2(z,y)). We
use fijz, fijy, fijzas fijoy, €tc. for partial derivatives of f;;,7 = 1,2.

We define

2 _
| D) = a8 o Fam (D)

Next we formulate distortion conditions. These will be used to control
the fluctuation of the derivatives of iterates of F' along vectors in K¢ as in
Lemma 7.1 and Proposition 8.1 below.

Suppose there is a constant Cy > 0 such that the following distortion
condition holds

D?f;
D1 sup,cp, ;> M((ZZ))“@(EZ) < Cp.

Theorem 3.1 Let F' be a piecewise smooth mapping as above satisfying the
geometric conditions G1-G3, the hyperbolicity conditions HI-H4, and the
distortion condition D1.

Then, F' has an SRB measure j1 whose basin has full Lebesque mea-
sure in Q). Moreover, the natural extension of the system (F, ) is measure-
theoretically isomorphic to a Bernoulli shift, F' has finite entropy with respect
to the measure p, and we have the formula

1
hu(F) = lim —log| DF"(2) | (6)

where the latter limit exists for Lebesque almost all z and is independent
of such z.



Remark 3.2 Formula (6) says that the entropy can actually be computed
by taking the logarithmic growth rate of the norms of DF"(z) for almost
all z. It is actually true that if v is any unit vector in the K, cone in the
tangent space to such a z, then

h(F) = Tim ~log | DF"(2)(0) | (7)

n—oo n,

This last expression can easily be implemented numerically.

Remark 3.3 If we assume that the interiors of the strips S; are disjoint,
then (F, u) itself is isomorphic to a Bernoulli shift, and the entropy formula

hu(F) = /long“F|dM

holds where D"F(z) is the norm of the derivative of F' in the unstable
direction at z.

Acknowledgement: We wish to thank Francois Ledrappier and Dan
Rudolph for useful conversations during the preparation of this paper.



4 Some estimates of partial derivatives

We will need to use the Mean Value Theorem for various partial derivatives of
the mappings f; at points near the domain F;. Since the E; are not necessarily
convex subsets of R2?, it will be useful to have our maps f; extended to
neighborhoods &; of E; which contain U,cp, BC(S(Z)(Z) where C' is a fixed
positive constant and Bcé(z)(z) denotes the ball about z of radius Cd(z).
Using the proof of the Whitney extension theorem in [1] it is possible to
show that there is an extension f; of f; to such a neighborhood which satisfies
the same properties H1-H4, D1, with possibly different constants. We will
assume henceforth that our maps f; have such extensions.

We collect here some estimates which follow from our assumptions.

Let f(z,y) = (fi(z.y), f2(x,y)) be one of our maps f; on E;.

Lemma 4.1 For z € E;, we have the estimates

| f1y(2) |
’ flz(2> | S ¢ (8>
’ f2;t(z) |
FACIPR
a1 1)
Proof.
We have o f
pr= (4 4 )
and

-1 _ i f2y _fly
Dfy. = 7. ( —for  fio )
where J, = fizfoy — fouf1y-

Using Df, ( é ) € K4 and fo;l < 0

) € K/, immediately gives

1
|f2a¢|§a’ |f1y|§a.
’f12| |f12|

10



0

Now, we know that | fo;l ( 1

|2 |
Hence, either | J, |Ko < | fi, | or | J. |[Ko <| fiz |-
The first case gives

(I frafoy [ =1 fryfoz VKo <[ fiy |

or

al o bl b
| fiz | Ko| fiz | | fiz |
< % 4o
— Kol fiz |
< 1 + a?

—F .

Analogously, in the second case,

(‘ fle?l/ ’ - | flyf?x |)K0 S | fl:r: ’

or

| f2y | < 1 +a2
| fiz | Kol fiz |
< ! +a?
— t+«
Thus, in any case, we have
’f2y’ 1 2
< —+a“. QED

We have assumed that our maps f; have extensions to neighborhoods &;
of E; with the following properties.
The map f; takes & onto a set S; C R? such that

11

> | > Ky in the max norm, so —— max(| fi, |,| fiz |) >



Beg. gy (2) C & for z € E; (11)

and

fi satisfies H1-H4, D1 on &; (12)

Any C' curve ~(t) such that ~/(t) € K% for all t will be called a K%
curve. Similarly, a K3, curve is a C" curve ~(t) for which ~/(t) € K¢, for all
t. In this paper, all of our K& curves will actually be of class C?, and this
will be assumed without further mention.

Lemma 4.2 Let f; have an extension to the neighborhood &; as above. Then,
there is a constant Cy > 0 independent of i such that if z and w lie on a K,

curve in &;, then
| fi12(2) | ( \Z—w|>
———— <erp|Cr——|.
| fira(w) | L 0.(E)

Proof.
Write f = f;.
1

Since | DJ. ( O) | = max() () L] faul2) ) > Ko and | fuul2) | <

al fiz(2) |, we know that

|f1x(z)|:|sz<(1)>|ZKo>1

so, for w near z, both fi,(z) and fi,(w) have the same sign. We assume
this sign is positive (replace f by —f otherwise).

Since f extends to the neighborhood &;, and, for some constant C' > 0,
this last set contains the balls of radius Cd,(E;) > 0 about points z in E;,
the mean value theorem gives us that if | z — w | < C6,(E;), then there is a
7 on the line segment joining z and w such that

| 10g f1(2) = log fro(w) | < | 22D ||z —w [+ | B0 || 2 —wa

or

PG Py
)| = p(“* o By )

12



using the distortion estimate D1.

Let z = (xo,%), let z. = (x,,y,) be the point of intersection of the
horizontal line ¢, with the right boundary curve of E;, and let z, = (x4, y¢) be
the point of intersection of the horizontal line ¢, with the left boundary curve
of E;. Since w lies on a K@% curve containing z, the line ¢ through z and 7 has
equation y — yo = f(x — xo) for some § with | 5 | < . Also, since the right
boundary curve of E; through z, is a K}, — curve, it is contained between the
lines ¢ 1 x—x, = —a(y—y,) and £} : x —x, = a(y—y,). Similar statements
hold for the left boundary curve of E; and the lines ¢, : x —zy = —a(y — y¢)
and ¢/ : 2 — 2, = a(y — y,). Using the intersections of the lines £°, £¥, /7, an
elementary argument gives that

1 1 5r(E) 1 1
< < < < .
1402 "1+ |fla™ 6(E) " 1—|fla™ 1—-a?

This gives the desired estimate for z,w with | z —w | < C4§,(E;).

To get the general estimate of the Lemma, we simply find a sequence
20 = 2,21,...2) = w with 2, € E;, |2 — 211 | < C6,(E;), each z; on
the same K curve, and j dependent only on «,C, and §,(F;). Using the
estimate for each pair z;,2;11 then easily gives us the general estimate to
complete the proof of the Lemma. QED.

In some of our arguments below, it will simplify matters if we can take
the constant K, in (3) and (5) to be large. The next lemma shows that this
can be arranged by replacing F' by a fixed finite power F* with ¢ > 0.

Lemma 4.3 Suppose the maps f; satisfy (2), (3), (4), (5), and D1 on the

neighborhoods
U BCéz(Ei)(Z)’

zel;

and let t > 0 be a positive integer.

Then there are positive constants Coy = Cy(t),Cy = Cy(t) such that the
maps fi,_,o...0 fi, satisfy (2), (3), (4), and (5) with Ky replaced by K& and
D1 with Cy replaced by Cy(t) on the neighborhoods

U BC2(t)5z(Ei0mit_1)(Z>

2€E; . iy

13



Proof.

The proof is by induction on the number of elements in the composition.
We assume that it holds for compositions of length ¢ and prove it for those
of length t + 1.

Let Bci...i;) denote the set

U By u41)0. (5 )(Z)-

10 it
z2€E

gt

From Lemma 4.2, we can choose a constant Cy(t+1) € (0,Co(t)) C (0,1)
so that if w € Be..,), then fi(w) € Beg,..i,)-

It is clear that the maps f;, o...o f;, satisfy (2), (3), (4), and (5) with
Ky replaced by K., so we only need to be concerned with the statement
regarding D1.

If Eis a subset of Q, z € E, and f(z,y) = (fi(z,y), f2(z,y)), we set

O.(f, F) = max |DQJC&(SZ(E)

=12 | f12(2) |
Let f = fito' . 'Ofipg = fiouh = fog7Ef = Eil...qug = iouEh = Eio...it;
and, for z € By, write Af = 6,.(Ef), Ag = 0,(E,), and Ah = §,(E})). Also,
write O(f) = O,.(f, E¢),0(g) = 0.(9, E,),0(h) = O,(h, Ep).
Let us first estimate the quotient

| glx(w) |
| glx(z) |

for any w € £, N &,,.

Note that g1, (w) and g1,(z) have the same sign. We assume it is positive.
The argument when it is negative is similar.

Letting C be the constant in Lemma 4.2, if w,w € ¢, N &;,, we have

| gl:r:(w) ’
| glx<w |

We can connect w to z in £,NE;, by a chain of points w = wg, wy, ... w, = 2

where | w; — wiy1 | < Ca(1)0,(Ey), and k < %(1)
6C1

02(1)>, we have

< exp(2Cy) (13)

Hence, putting ( = exp (

14



| g1z(w) | < | 910 (w;) |

< <¢ (14)
| glx(Z) | 0<i<k | glm(wi—i—l |

Interchanging z,w in the above argument gives ngs((@;))” > (1. From
1z

these two inequalities we get, for any w, 7 € £, N &;,,

b L@ ] g |
S @) @) |
_ ‘91x(7>|
|91x(w)|
< ¢

By the Chain Rule for partial derivatives we have the following formulas
fori=1,2

hiz = fzzglx + fing:): 7 hzy = fio:gly _'_ fiy92y (15>

hizy - fizzglyvglm + fizyg2yglm + fiyzglyg22 + finyngQm (17>
+ fiacglzy + fiy921y

2 2
hiyy = fzzzgly + fizyngygly + +fzyzglyg2y + fzyy-ng (18>
+ fiwglyy + fiyg2yy

Let w € Beg..i,)- Except where otherwise mentioned, we compute the
partial derivatives below at w.
From (15) and Lemma 4.1, we get

| hie | > | freg1e (1 — 042) (19)

15



From (16), we have, for i = 1,2,

hy, (w)

+30(g )Ah]

Ag
Since the g—image of a horizontal line is a K, curve and the boundaries

of Ey are K}, curves, we can use the mean value theorem and a simple
geometric estimate to get a constant C3(a)) > 0 such that

| 912(7) |Ah < C3(a)Af

for some point 7 in £, N E),.
Putting all these estimates together gives

h,, (w)
S Ah| < Ci(@)(O(£)¢ + O(9))
.. . . .- hiwy(w) hiyy(w)
Similar estimates can be given for the quantities | @) Ah‘ S e Ah‘.

Thus, we simply define Cy(t + 1) so that it is larger than Cy(a)(Co(t)¢? +
Cy) and we have proved Lemma 4.3.

16

WM| < (1-a)” l@(f)\glx( ) 157 +2000) 0..(w) 157 + O] 2. )

Ah

Af



5 Families of Fiber contractions

Fiber contraction maps were defined in [7] to provide a tool in the analysis
of smoothness of stable and unstable manifolds. We collect here certain facts
about parametrized families of fiber contraction maps and related concepts.

Let (X, dy), (Y, ds) be complete metric spaces and give X x Y the metric

d((z,y), («',y)) = max(dy(z, 2), da(y, y'))-

Let m; : X XY — X m : X XY — Y be the natural projections.
A pair of maps (F, f) is called a fiber contraction on X x Y if the following
properties hold.

1. f: X—=Xand F: X XY — X xY are continuous maps.
2. 7T1F:f7T1.

3. There is a constant 0 < K < 1 such that for z € X,y,y € Y, we have
d(F(z,y), F(z,y)) < Kdy(y,y).

We call f the base map and F the total map of the fiber contraction (F, f).

Let f be a continuous self-map of the complete metric space X. We say
the a point xg € X is an attracting fixed point of f if for every x € X, the
sequence of iterates z, f(z), f%(z), ... converges to xg as n — oo. Clearly if
such an z( exists, it must be the unique fixed point of f.

Let A be a topological space and consider a family {f)}\_, of self-maps
of the complete metric space X. We say that the family is continuous if the
map (A, z) — fy(z) from A x X to X is continuous.

A family {f)} of self-maps of X is called a uniform family of contractions
if

1. there is a constant 0 < K < 1 such that, for all A, z, 2/,

d(fyz, fyz') < Kd(z,2').

2. the family {f)} is continuous.

17



We say that a family {(F), f))} of fiber contractions is a uniform family
of fiber contractions if

1. the fiber Lipschitz constants are uniformly less than 1. That is, there
is a constant 0 < K < 1 such that for any A, z, v,/

d(F)\(z,y), F)(z,9)) < Kda(y,y)

2. the families {F)} and {f)} are continuous.

The following Proposition is standard (see e.g. [6]) and its proof will be
omitted.

Proposition 5.1 If{f)} is a uniform family of contractions of the complete
metric space X, and x is the fived point of fy, then the family {x )} depends
continuously on \.

Proposition 5.2 Suppose {(Fy, f)\)} is a uniform family of fiber contrac-
tions whose base maps { f\} have attracting fived points {x\} depending con-
tinuously on X. Then, each of the maps F has an attracting fized point of
the form (xy,yy) € X XY and the family {(xy,y))} depends continuously
on .

Proof. Letting z) be the fixed point of the base map f), Hirsch and
Pugh prove in [7] that F'\ has an attracting fixed point of the form (zy,y))
where yy is the fixed point of the map F(z),-) on Y. Since ) depends
continuously on A, the family {F(zy,-)} is family of uniform contractions on
Y. Therefore, by Proposition 5.1, the fixed points {y) } depend continuously
on A. QED.

The following corollary is proved by induction using Propositions 5.1 and
5.2.

Corollary 5.3 Suppose X1 X Xs X ... x Xy s a sequence of complete met-
ric spaces and {Fy .},1 < i < N is a sequence of maps with the following

properties.

1. {F\ ,} is a uniform family of contractions on X.

18



2. For2 <i <N, {(Fy,, F\, .} is a uniform family of fiber contractions
on H1§j§z‘ Xj.

Then, each of the families {F)\Z} has an attracting family of fixed points
Ty .} which depends continuously on .
i
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6 Invariant Manifolds

We consider the collection £ = {Ej, Es, ...} of rectangles as above and the
sequence (f1, fa,...) of C? diffeomorphisms with f;(E;) = S; satisfying G1-
G3, H1-H4, and D1. From Proposition 2.1, using the max norm on R?, we
have, for each 1,

Dfi(Kg) € K (20)
ve K = | Dfiv]|> Ko v| (21)
DfT'(K) C K (22)
ve K= | Dfiv|>Ko|v| (23)

For each finite sequence i, ...1%...%i,_1 we have defined, in Section 2,
the sets Fig. i1, Si_nir...io-

Given a non-positive itinerary i = (...i_,i_11...7), we consider the
set Wlu = Eiy N Np>0 Si_,..i_,- Clearly, Wlu is a closed, connected full-width
subset of E; . Its image FWI“ = inWi" is the set (>0 Si_,..ip, a full-width
connected subset of (). The next result shows that F’ W1“ is a C? curve which
depends continuously on i.

For convenience, we let D%) = 1 for a function .

Theorem 6.1 There is a constant K > 0 such that for each non-positive
itinerary i = (...i_, ...1), the set FW: is the graph of a C? function g; :
I — I such that, for z € I,

| Dg;(2) | < o (24)

and

| D2gi(2) | < K. (25)

Further, given € > 0, there is a positive integer N > 0 such that if
i=(..ip...9) and j = (...j_n...Jo) are non-positive itineraries with
i_g=7J_¢ for 0 <L <N, then
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| D*g;(2) — Dg;(2) | < e (26)
forzel and 0 <k <2.

Remark 6.2 The proof of Theorem 6.1 uses graph transform techniques as
in [7],[12]. However, since our maps have unbounded derivatives, and the
off-diagonal terms of our derivatives are not small, certain modifications of
the techniques in [7], [12] are necessary.

It can be shown that if f; is C" for » > 2, then the curves Wlu are C" and
depend continuously on i in the C” sense provided the f; satisty the r — th
order distortion condition

| D* fi(2) |

z€&;,i>1,2<k<r ’ filx(z) ’k_l

52,(51) < C()

where D* f;(2) is the supremum of the ¢ — th order partial derivatives of
fiat zfor 0 <k

We proceed toward the proof of Theorem 6.1.

Notice that if we replace F' = {f;} by a positive power F' ¢t > 0, and &
by the collection {E;, ;,_,}, we may assume that K is as large as we wish in
(21),(23). In the present section we will take Ky > 4. Of course this changes
the distortion constant Cy in D1 to some Cy = C1(f, t) but this will not cause
us difficulties.

Let N be the set of positive integers, and let ¥ = NZ be the space
of doubly infinite sequences i = (...i_1igiy...) of elements of N with the
product topology. Let o : ¥ — 3 be the usual left shift automorphism.

For an element i € 3, let it = (igi;...) be its non-negative part, and
let i© = (...i_1ip) be its non-positive part. Set Wii = Nn>o Fi..i, and
Wi“, = Eig N Ny>0Si iy

It follows from (20)—(23) that the sets Wii,Wi“, intersect in a unique
point and there is a continuous map 7 : ¥ — () defined by

{m((-ivioin - )} = Wik (YW

Moreover, for each i € ¥ there is a splitting Tﬂ(i)R2 = E:r‘ @Ejr @ which

to & :(O'i)

(i)
depends continuously on i and is such that D f;, maps E;‘i

@ and
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E? ) to E? (o)’ The arguments for these facts are analogous to standard

arguments in hyperbolic theory (e.g., to prove that C' perturbations of the
Smale horseshoe diffeomorphism have a hyperbolic non-wandering set) and
will not be given here.

Thus, the matrix of DF is diagonal with respect to the splitting £* & E*
on the image of 7.

For z = w(i) and v € T,R?, we write v = (vy,v5) € E* & E? and define
|v|=]|wv]|, =max(| v1 |,| vo|). This norm depends continuously on i € X.

We will identify all tangent spaces with the space R? itself by standard
translations.

It will be convenient to use the subundles E“, E® to define affine local
coordinates near points z, f;z in which D f;., becomes diagonal and in which
D f;, is nearly diagonal for | w — z | no larger than a fixed multiple of §,(F;).
Here i = iy with z = 7(i).

Toward this end, let A, be the affine automorphism of R? such that

1. A (2) =

2.DAZ<1>:<1>EE§.
0 a,

0 b, .
son(0)- (%) e

Since £} C Kg, and B C K§, we have [ a. | < a,| b, | < .

Let f=f; = AflszA be the local representative of f; using the Ay,,, A,
coordinates. Note that f is defined on the affine image A;'(&;) of &,.

Then the matrix Df, is diagonal. For w near z in AL (&), let

and set

. |f(>|621w:7w
=)= ) )

|

|

We wish to estimate ¢;;(w) for

tions that €;;(z) = 0,7 # j. Also, (2
Ky > 4.

w near z in &;. It follows from the defini-
1) and (23) imply €gn(2) < K2 < 1& since
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Lemma 6.3 There are constants Cy € (0,1),C3 > 0,Cy > 0, such that for
z € EB,we AZNE), if |w— 2| < Cyd,(E;), then

|z —w|

| eij(w) —€;(2) | < C3ma (27)
and
Ot < | f <ot 28
4@ <| fre(w) | < C 5.(E;) (28)
Proof.

To begin with, let us choose Cy € (0,1) so that if | w — 2z | < Cd,(E;),
then w € &NA;(E;) and f satisfies D1 for some (possibly different) constant
Cy. Since A;i and A, are uniformly bounded, it is possible to choose Cj and
Cs independent of z € F; and 7 > 1.

We next show that there are constants C'5 > 0,Cs > 0 such that for
z€ Eyand |z —w | < C50,(E;),

Cit < lei(w” < C. (29)

Since

5 1 . jjlx(w)
oi(o) = (F0)
= DAfinAzwDAZG)
_ 1 1 _bfz flx fly 1 bz
N sz —Aafz 1 fo f2y G 1

where Jy, = 1 — as.by, and the partial derivatives of fi, fo are evaluated
at A,(w), we have

szfl:c(w) = flx + flyaz - bfzf?x - bfszyaz
‘]fZJily(w) - flzbz + fly - bfzf2a:bz - bfzny
’]foQI(w) = _afzflx - afzflyaz + f2$ + f2yaz
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szny(w) = _afzflzvbz - afzfly + fobz + f2y

Using the first equation above, the fact that | J;. | > 1 — o?, and the
estimates (8), (9), (10) at A,(w) we get

for some constant C. But, from Lemma 4.2 we have | fi,(A.(w)) | is
bounded above by const| f1.(z) |, so this gives the lower bound in (29).
For the upper bound, we will obtain the two estimates

Fulw) |01 DR (4 ) (30

and

| Df. ( ; ) > €] fuulw)| (31)

for some constant C' > 0.

To prove (30), we note first note that the vector v = ( al bf ) ( (1) > is
in the cone K. Since Df4, preserves this cone, we have that Df4, (v) is a

. 1 .
constant multiple of the vector ( . ) for some a with | a | < a.

Thus, 5
r 1 flar (w) )
Df, — [
(o) = (50
is a constant multiple of the vector

1 —by 1\ [ 1-bpa
—ap, 1 a) \ —ap+a

| falw) | 20
|fla:(w) | Tl

This gives

and, hence,
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| ( f1a(w) ) = max( Fuw) ] Faulw) ]
< max(l, 7o) Fulw)|

and (30) follows.

Next we go to the proof of (31).
by,

Qfy 1

are Jy¢, and its inverse, we have

|wa(é)|zc|DfAz<w><;Z)|

1
Dfa,(w) ( a )

where A; = fi; + a. fiy.
S0,

Since the matrix ) and its inverse are uniformly bounded as

But,

I
N
S
N——

| DfAz(w) ( alz ) | > | fla: | —(1/2| flac |
> (1—0a®)| fie |
> (1-a?)| fre(A7w) |
> O fia(w) |

This completes the proof of (29).
Next, we give the proof of the estimate

|z —w|

| €10(w) — €12(2) | < Cs 5B (32)
The other estimates for (27) are similar.
Since f1,(z) = 0, we need to estimate | ﬁygg ]
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But,

szfly(w) = fl:c(Azw)bz + fly(Azw) bfzf2a:(A ’lU) bfszy(A w)

SO,

| Fio(w) | < C mmax | i) || Asfw) = 2 |

0.) | Sw(w)|
T |f1 (w) |
and below, and, by Lemma (4.2), the same holds for ((T)) |’
w
(32) and (27).
For (28), notice that f(¢, N E;) is a full-width K% curve in Q. In the max

metric, it has unit length. By the Mean Value Theorem thereisa 7 € ¢, N E;
such that

Now, we know that the quantities bounded above

ar

This gives

D1 () b8 =1

But,
D5 (o )| = max(] ule) L] )
= | flr(T> ‘
S0, )
| flz(T) | = 5Z(E’L)

Since, Lfa(m) | is bounded above and below, (28) follows.

This completes the proof of Lemma 6.3.

For € > 0, let Be(z) = {w € R*: |w—z |, < ¢}. Here |w— z |, refers
to the max norm in the image of the affine coordinate map A.. The set
Be(2) is then a parallelogram centered at z with sides parallel to EY, E?.
Write Be(z) = Bg(z) X Bi(z) where Bg(z) is a line segment centered at
z parallel to E¥, and Bg(z) is a line segment centered at z parallel to E?.
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A full-width curve of slope less than 1 in Be(z) is the graph of a function
¢ : B¢(z) — Bg(z) in which ¢ is Lipschitz with Lipschitz constant less than
1.

With z = (i), let 2o = 2, 2; = 7(071) for j < 0.

Our next goal, as is usual in invariant manifold theory, is to find a se-
quence of numbers ¢; > 0 such that the neighborhoods B; = Be,(z;) have
the following properties.

B1 If zj € Eij7 then Bj - gzj

B2 fij (Bj) overflows B;; in the sense that if v is a full-width curve of slope
less than 1 in B; passing through z; , then fij(y) N Bj+1 is a full-width
curve of slope less than 1 in B, passing through z;;.

Let €; = C56.,(E;;) where Cs is the constant of Lemma 6.3. By Lemma
6.3, for | w — z; | < €;, the matrix of Dfi].(w) is hyperbolic with off-diagonal
terms small compared to | fio(w) |. This implies that the image fij’y of
a curve 7 as above will have slope less than 1 in Be (zj;1). Letting

f= ﬁj, and using a ~ b to mean § is bounded above and below, we have

length(f) ~ | fia(7) |C20,(E;;) for some 7 € . In the proof of Lemma 6.3

we saw that &, (E;,) ~ | f}x%Tl) |~ | fuéﬁ) | and | fi.(7) | ~ | flx(zj) | ~

| fiz(71) |- Tt follows that i, contains a neighborhood of fixed size C'7 about
fi;(z) i fiyy.
Let

o Ejifgj<C7
= C7ifgj>07

Then, the overflowing property above is satisfied.
Now fix a non-positive itinerary i = (...i_p...4). We first show that W;*

contains the graph of a C* function g; : BY — Bj§ such that, for all w € By

| Dg;(w) | <1 (33)

and

| D?gj(w) | < I (34)
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where K, is independent of i.

We also will show that the functions g; depend continuously on i.

Once these things are done, the proof of Theorem 6.1 is completed as
follows.

Let j = (...i_1%0J1J2 - - .) be a doubly infinite itinerary which agrees with
i for non-positive indices. Let zg = 7(j). Then there is a k£ > 0 independent
of i, j such that f; lo...0f! (Wl“) C B_j. Note that here we use the original

maps f;;, not the affine representatives ﬁj

Thus W1“ is the f; , o...o f;_, —image of a curve of bounded slope and
bounded C? size. Letting F* = f; , o...o f; , we have that Wlu is the graph
of a function I'(F*, g) where F* has bounded distortion and g has bounded
C', C? sizes. Using the formulas (36), (37), and (38) which appear in the
second derivative of the graph transform function then gives that T'(F*, g)
also has bounded C? size. The same argument then works for T'(F*! g)
and this gives (25). A similar argument gives the continuity statement in
Theorem 6.1.

To get estimate (24) first note that hyperbolicity conditions imply that
any vector v in the tangent space to a point in W which is not in K has its
backwards iterates eventually in K}, and, hence, eventually expanded. Since
the tangent vectors to Wlu are eventually contracted in the past, they must
be in K.

We now return to the affine representatives fij of the maps f;;.

To obtain g; satisfying (33), (34), it is convenient to use graph transform
techniques as in [7], [12].

In view of Lemmas 4.3 and 6.3, we may assume that

em(w) < é (35)

for w € B; where ¢ > 0 is arbitrary. In the present section, it suffices to
take ¢ > 4. In section 8 below, we will take ¢ > 117.

We define some function spaces.

Recall that 29 = w(i),2z; = 7(0%i) for i < 0. Let ¢ = e(no'i), BY =
Be (2:), Bf = Be, ().

Let Gy, be the space of Lipschitz functions ¢ from B} to B; with Lipschitz
constant less than or equal to 1. For such a g, let graph(g) = {(x,y) : y =
g(x) for x € B!'}.

o |

Ky > C, Gij(’LU) <
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For ¢1, 92 € Go;, set
dOi(QlaQQ) = Sup ‘ g1T — gok ‘
z€B}

Let Gy; be the set of continuous functions A : B} x R — R such that for
each x € B}, the map

v— H(z,v)

is linear of norm no larger than 1.
Define the metric dy; on Gy; by

dii(Hy, Hy) = sup | Hi(z,v) — Ha(z,v) |

zeBY,| v |<1

Let Go; be the set of continuous functions J : B x R x R — R such that
for each x € B, the map

(v,w) = J(z,v,w)

is symmetric and bilinear of norm no larger than K, for some constant
K, to be specified later.
Set

doi(J1, J2) = sup | Ji(z,v,v) — Jo(z,v,0) |

zeBY,| v |<1

The spaces (Go;, doi), (G1i, d1i), (G, do;) are bounded complete metric spaces.
Let Z= = {k < 0} be the non-positive integers and consider the spaces

£0:{¢:Z_—>U90ii¢iEQOiVi}

£1:{¢2Z7—>Ug1i3¢i€gliv”’

£2:{¢:Z_—>Ug2ii¢i€g2iVi}
with the metrics
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06.9) = X grdelbe, )
k>0

where ¢, ¢ € L;,1=0,1,2.

The spaces L; are also bounded complete metric spaces.

Let us recall the graph transform operator [7]. Let f = fi]. for some 7;, and
let g € Goj. Write f(z,y) = (fi(z,y), fo(x,y)), and let (1,g) : B} — B} X B
be the graph map defined by (1, g)z = (z, gx).

We define

L(f.9) = fao(Lig)o[fio(L,g)] ™"

It follows from our hyperbolicity assumptions the I'(f, g) is a well-defined
mapping from Gy; to Gg ;41 for j < —1.

Returning now to the spaces L; of sequences of functions, let us use the
notation g = (gx)k<o, for elements of Lo, H = (Hy)k<o, for elements of L,
and J = (Ji)g<o, for elements of Lo. If g = (gr)r<o is a sequence of C?
functions, we write Dg = (Dgi)r<o0, D*g = (D*gi)k<o-

We will define continuous maps ®q : Lo — Lo, P : Lo X L1 — L1,y :
£0X£1X£2 — EQ, El . £0X£1 —>£0X£17EQ : £0X£1X£2 —>£0X£1X£2
with the following properties.

FBIL. El(gvH) = (©0(9)7¢1(97H)) and EQ(Q, H7 ‘]) = (®0(9)7¢)1(97H)7¢)?(97H7 ‘]))
for each (g, H,J) € Lo X L1 X Ls.

FB2. If (gi)k<o is a sequence of C* maps with g € Gox, Dgr € Gix, D*gi € Gax
for all ka then 52(g7 Dg7 DQg)k = (F(flk,l ) gk*1>7 DF(f’Lk,1 ) gk*l)u DQF(fik,1 ) gk*l))-

FB3. @4 is a contraction mapping; i.e., it is Lipschitz with Lipschitz constant
less than 1.

FB4. The map Z; is a fiber contraction map over @, in the sense of [7].

FB5. The map =, is a fiber contraction map over =;.

Once these properties are established, we proceed as follows.
Let zp = (wo,y0) € 7(i), let mo(z,y) = y, and let g = (gx)r<o be the
sequence of constant maps
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go(r) = Yo

gi-1(z) = m(fii, 0. 0 fi )" (20).

for x € Bj_;.

Using the fiber contraction theorem of [7] we have that the sequence
=2(g, Dg, D*g), n > 1, converges to a fixed point (g, H,J) of Z,. Letting
o Lo X L1 X Ly — Lo, m 1 Lo X Ly XLy — Lq,m9: Logx L1 XLy — Lo be
the natural projections, the definitions give

T0Z5(8)0 = F(fi_l 0...0 fi,n,g—n)
mE(gle = DI(fi,0...0 fi . g-n)
mE5(g) = DT(fi,0...0fi 9.0

Since all three of these sequences converge, it follows that

lm T(fi ,0...0fi ,,9-2) =g

n—oo

is C* with Dg; = lim m Z5(g)o and D?g; = lim m,25(g)o. The function g;
will be the C* function whose graph is contained in (and hence equals) Wy

Let us now define the maps ®; and establish their properties.

Let f = ﬁ-j for some i; and let g be a C? function such that g € Gy;, Dg €
Gij, D?g € Ga;.

Write u(z) = [f1 0 (1, 9)] }(z).

Then, differentiating T'(f,g9) = f20 (1,9) o ([f1 o (1,9)]"! we get

DU(f,9) = fuluz, gur)Du(z) + f,,(uz, gur) Dg(uz) Du(x)
= [ Du(z) + f,,Dg(ux) Du(x)

D*T(f.9) = foDu()Du(x) + f,., Dux) Dg(uz) Du(x) + f,,, Du(x) Dg(uz) Du(x)
+ f10, Dg() Dy () Du(x) Du() + f,, DPu()
+ £, D%g(ur) Dux) Du(x) + f,, D(ur) Du(z) (36)
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We can compute formulas for Du, D?u in terms of f, g by differentiating
the formula f;(uz, gur) = x twice and solving for Du, D*u.

We get
Du() = [f,, (uz, guz) + f,, (uz, guz) Dg(uz)] (37)
and
Du(z) = —Du(x)[f,.(Du(x))’ +2f,.,Dg(ur)Du(x) Du(x) (38)

+/ (Dg(ux))? Du(x)* + fly(Du)Qng(ux)} )
For H € Gy, J € Gy;, let us write H, for the map H(x,-), J, for the map
‘](xa K )
Define

Dy = Dy(u, H), = [f,, (uz, guz) + f,, (uz, gur)H,|

Dy(u, H,J)y = =Dy | f,,. DDy +2f,,, Huw D1 Dy + f,,, Huw Hua Dy Dy + f,, D1 D1 s

Ri(f,9.h)e = |fuu(ux, guz)) + f,, (uz, guz) Hu| Dy

RQ(f,Q,H, J)ac - szleDl + fzzyDlHuach + fzyleH’uJ;Dl
+f2yyHuxHu:pD1D1 + fzzDQ + fzyJu:EDlDl + fnguzDQ

Finally, if g = (gx)k<0 € Lo, H = (Hi)r<o € L1, J = (Ji)r<o € Lo, set

Oo(g)r = I'(fir_1» g1)

D1(g, H)i, = (Po(g)rs Ri(fir_1s g1, Hi—1))

¢2(g7 Ha ‘])k = (Cbﬂ(g)kn Rl(fik—ngk’—la Hk—l)a RQ(.fik_1 y 9k—1, Hk’—la Jk—l))-

and define =, =, as in FBI.
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Then, =; and ®; satisfy properties FB1 and FB2 above.

Let us verify the fiber contraction properties of =y, =s.

Fiber contraction property of =;.

We first show that for fixed f,g with f = ﬁj and g : B — B; a given
Lipschitz map of Lipschitz constant no larger than 1, Ry(f,g,-) maps Gi;
into G, j+1 and is a contraction.

Since the graph of ¢ is in @, the C? size of I'(f, g) is no larger than 1.
This, and the overflowing property of f on B, gives that I'(f,¢) is a map
from B}, to B}, ;.

Let Lip(1) be the Lipschitz constant of a map .

As above, let u(z) = [f10(1,9)]7 "

Then,

c_ Y
T [ [(1 =)

Using T'(f,g) = f20(1,9) o [fi o (1,9)]7", and the fact that Lip(g) < 1,
we get

Lip(u)

Lip(T(f,g)) < Lip((f2o (1,9))Lip(u)
< (I fo [+ 1 £o, ) Lip(u)
< €21 €22
T l—-e€2 1—e€p2

€21 + €22 <1
S T e

by (35) ThUS, F(f, g) € ngJrl.

If H, H € Gy, we have

| Ri(f,9.H) = Ri(f, 9. H) | < | (foo + fo,Huo)Dr(w, H) = (fo, + fo, Huw) D1 (u, H) |
< | fo, | Di(u, H) || H—H |
A (| fou 14| foy || Huw )| Di(u, H) = Dy(u, H) |
< €22 |H—]:I|
1— €19

+(| fzz |+ | f2y || I:qu |)| Dl(uvH) _Dl(u’]:]> |
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To compute | Dy (u, H) — Dy (u, H) |, we use the formula
|Gl =Gy [ < GTH Gt ]| G = Gy
which follows immediately from the formula
| G2'GaGy = G GiGL [ <Gy || Ga = Gr ]| G

Thus,

| Dy(u, H) = Dy(uw, )| < | Dy(u, H) || Di(u, H) || f,, || H — £ |
€12 ~
< H-—H
0=y |

Putting the above inequalities together, and using the fact that | H | < 1,
we get

~ €99 ~ €921€12 €22€12
R H) - R H) | < H-H H—-H
| 1(f797 ) 1(f7g’ ) ‘ - 1—612| H_ (1—612)2+ (1_612)2 ‘ ‘

Now, the fact that R; contracts the fibers follows from the estimates for
€;; already given above.

The fiber norm of Ry(f, g, H,J) and fiber contractions of Ry(f, g, H,J)
are obtained in the same way. We just write down the final estimates and
leave the computations to the reader.

We have

4‘ D2f ’ + (621 + 622)4’ D2f ‘

Ry(f,9,H,J) | <
e I T=rn R T

" (€21 + 6§2)612 6222 1T
(I—ew)? fi, | (1 —e2)? fo. |
< A+ Al T

and
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(€21 + €92)€10
(1 —e2)3| fo,
€22 >
+ J—J
Tem i =7

Let us summarize the conditions we need to get the required properties
of Rl, RQ.

|R2(f7g7H7']>_R2(fagaH7j) | <

faten (39)
1 — €12
€22 €21€12 €22€12 <1 (4())

1— €12 (1 — 612)2 (1 — 612)2

(€21 + €22)€12 €22
<1 41
-l £ | (e fr,] .
Since €15 < 3 and Ky > 4, inequalities (39), (40), and (41) hold. Also,
| A, | < 1. So, if we let K> 1~2 and Ky = K A;, we have

1-A

|J|§K2$|R2(fagaH7J)|§K2

Hence, this K is sufficient to define the space Gs;.

Proof of continuous dependence of the unstable manifolds Wlu
on the itineraries i.

We have already noted that it suffices to prove that the functions g;
depend C? continuously on i.

It is clear that the maps (f,g9) — T'(f,9), (f, 9, H) — Ri(f,9,H), (f,9,H,J) —
Ry(f, g, H,J) are continuous. Since the spaces Gy;, Gi;, Ga; are bounded and
the metrics on Ly, L1, Lo give the product topologies, it follows that the maps
®(, =1, =, are continuous. Also our previous estimates give that, using the
non-positive itineraries i as parameters, the family (®¢); is a uniform family
of contractions. Similarly, the families (®1);, (®2); are families of uniform
fiber contractions. Thus, the continuous dependence of g; (and hence Wlu)
follows from Propositions 5.1 and 5.2.
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7 Fluctuation of Derivatives

We need to estimate quotients of the form

| D(fiy ©...0 fi,):(v:) |
| D(fiy 0.0 fi, )uw(vw) |

where z,w are in a K§ curve v and v,,v,, are the unit tangent vectors to
~v at z,w, respectively.

The domains of the compositions f;, o...o f; become narrow and possibly
very non-convex. Since we wish to use the Mean Value Theorem in these
domains, it will be convenient to choose certain star-shaped subdomains.
This will be done in the next section. Here we present a useful Lemma.

Recall that a set F is star-shaped relative to a point z € FE if for any
w € F, the line segment joining z to w lies in E.

For a point z € E let §,(E) denote the diameter of the intersection of the
horizontal line through z and F.

Writing f for one of the compositions above, assume that D f maps the
cone K, into itself, expands it by at least Ky > 1, and that D f~! maps the
cone K, into itself and expands it by at least K, as well.

For a subset E of the domain of f and z € F, define

| D*f(w) |

O.(f,F) = S}‘ég Wéz(E)

(42)

where

| D2f(w) | = max{| f,,(w) | :i=1,2 (j,k) = (z,2), (z,9), (y,9)}.

Lemma 7.1 Let E be a subset of the domain of f which contains z and is

star-shaped relative to z. Let v be a C? curve in E parametrized in the form

vz — (x,9(x)) where g is a C? function such that | Dg(z) | < « and

| D%g(z) | < K3 for all z. Suppose z,w € v,w € E, and v,,v,, are the unit

tangent vectors to v at z,w, respectively. Let © = ©,(f, E) and § = J,(F).
Then, there is a constant C' = C(«, K3) > 0 such that

| Df(v:) |

| D fu(ve) |

< exp (cexp(o@)”;“"> . (43)
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Proof.

We use the max norm | (vy,vs) | = max(| vy |, | va |).
Let z = (z,9(x)),w = (y,9(y)), v = (U1, V2.), Uy = (V1w, V2up)-
Then, | vy, | = | v1 | = 1. Also, since Df.(v.), D f,(v,) are in the cone

K¢, we have

| [ ()01 + £, (2)0a: | = [ Df(v2) |

and
| fro(W)viw + fi,(W)vaw | = | D fu(vw) |
So,
| Dfw(vw) | = | fi,(w)viw + fi, (w)vay |
ot a1 (1 0 |
= Lt (1 )
> | fi.(w)[(1—a?)
and
|sz(vz) | _ |sz<vz) |—|wa(Uw) |
Dl | T Dfulva) )
| sz(”z) - wa(’l}w) ’
< exp( Drutn) | ) (45)
Aj(z,w) + Ag(z,w)
where
_ ‘ sz(vz) — sz(?)w) ‘
Alew) = ) )
and
AQ(Z,UJ) — | sz(v'w) B wa<vw) | (48)

| fr(w) |
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We consider the two terms A;(z,w) and Ay(z,w) separately.
We have

|sz(vz) - sz(vw)|

= max(| flxvlz + flyUZ,z - flrvlw - flyv2w |7 ’ meUIz + f2yv2z - foUIw - f2yv2w |)

where the partial derivatives are all evaluated at z.
From Lemma 4.1 an upper bound for this last quantity is

1
| fie(2) [(1 4+ 2a + ) +042)| v, — Uy |
KU

and this gives

Aq(z,w) < C(Q>M| V, — Uy |

| flm (w)

Now, | v, — v, | is bounded above by the product of the maximum cur-
vature of v and | z — w |. An upper bound for the curvature is the quantity
K.

Let us use C' = C(«, K3) for possibly different values of C' below.

As in the proof of Lemma 4.2, we get

7’ f1a() | < exp(CO)

So,

|z —w|
5

Proceding similarly, the numerator of As(z,w) is bounded above by

Ai(z,w) < Cexp(CO)| z —w | < Cexp(CO) (49)

max(| fial2) = Firlw) llvnw |+ | fi(2) = fin() [l 2 )

< g _ £
< 2 _max | fi(2) = fis(w) |

Now,
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| fia(2) = fia(w) [ < fiaa(T) || 2 = w [+ | fiay(7T) || 2 —w

and

| fiy(2) = fiy(w) | < | fige(T0) || 2 = w0 [+ ] fiyy(T1) [| 2 — w0

for suitable 7, 71
which implies that

|z —w]
5

Using CO < exp(CO), (49), (50) and a different C', we see that the proof
of Lemma 7.1 is complete. QED

Ay(z,w) < CBexp(CO) (50)
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8 Distortion for compositions

In view of Lemma 7.1, to estimate quotients of the form (42), we will need to
control the distortions of the compositions ©,(f;, o... o f; ) on appropriate
sets.

Let i € ¥, and let z € W} (i) be a point in the local stable manifold
of m(i). Write i; = 4;(z) for the j—th entry in the itinerary of z, and write
F™(z) = fi,_, o... [iy © fi,(2) so that F"(z) € E; . for all n.

For a curve v, and z,w € v, let v,,v,, denote the unit tangent vectors to
v at z,w, respectively.

As in section 2, let

Eiy.in = Ei () i (Eiy..i0)

Proposition 8.1 (Bounded distortion of compositions) There is a constant
Ky > 0 such that for any i € ¥, any full width K§ curve v in E;,, and any
n > 0, we have

[ DE(v:) |
| DE(va) |
for any z,w € E;, ;. N7.

<K, (51)

To prove this proposition, it will be convenient to cover the images F7 (v Ej,..,,)
by small parallelograms in which the distortions ©(F') become small, and to
make use of affine coordinates as in section 6.
Let E? be the tangent space to Wj (i) at z, and let E¥ be the tangent
space to v at z. Writing z; for Fiz, j > 0, we translate these subspaces
along the forward orbit of z by defining
E;

J

DF!(EZ), B = DF'(EY), j >0

This gives us a splitting of TR? along the forward orbit of z and the
angles between the subspaces Ejj, E;‘] are uniformly bounded away from 0
by a constant that depends on «.

Using these splittings, we can define affine coordinates along the forward
orbit of z, giving local coordinate representatives f,J of fi;, and small parallel-
ograms B; = B} x B} with sides parallel to the subspaces E;fj, Eﬁj satisfying
conditions analogous to those in B1, B2 following Lemma 6.3. As we have
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already noted, in view of Lemmas 4.3 and 6.3, we also can arrange for the
conditions (35) to hold where ¢ > 117.

In these affine coordinates, the subspaces E;‘j, Ej], become horizontal and
vertical, repectively. As in section 6 we use the max norm in these coordi-
nates, so each small e—ball Be(z;) = B(z;,€) will be a square of side length
2e centered at z;.

If £ is any subset of B;, and z € E, let C(z, E) denote the connected
component of F containing z. As in section 6, we may assume that

B;c |J Bw, Ki(E))

wEEij

where K > 0 is a fixed constant.

For the remainder of this section we identify f;. with its local coordinate
representative fl]

Thus, we may assume, for w € Bj,

| fijz(w) | > Ko > 117 (52)
D),

mézj (Ei;) < Co (53)

max (€12 (w), €21(w)) < €, €22(w) < € (54)

I_((Szj(EZ-j) > diam(B;) > C19.,(E;)) (55)

where Cy, (1, €9 are positive constants, C7 < Cp, and ¢y < i.
We also may assume that v; = C(z;, F/y (N B;) is a K¢, curve in B;.
Let € € (0, min(%, 1)) be small enough so that

16
ea:p(1566100)ﬁ <2 (56)

Let ijl = Bj n B(Zj, %57;] (Ez]))
The definition of B;¢, implies that

@zj (fijv E) < 61610
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for any subset £/ C Bj¢, .

We use 9B to denote the boundary of a set B.

Since f;; maps E; to a full-width rectangle in @, there is a constant
K > 0 such that

5Zj(Eij> > K‘ fijl-'l‘<zj> ’_1

Therefore, since 6.,(Bj¢,) = €16, (L), Lemma 4.2 provides a constant
K5 > 0 such that

dist(fi,(z), 0fi,(v;[ ) Bjer)) = Ksex (57)
For Zj S Eij7 let

. K
B . { Bj,El if %61(52]. (EZJ) < 2%601
j Ks€ e 1 Ks€
’ B(z;, 2?{01) if 561521' (EZJ) 2 2K01

ThUS, each B] - ijl'
Since f;; expands horizontal distances by at least Ky, we have that

Kseq
2

dist(fi;(z)),0f,,(7; N By)) =

SO
fi;(C(z5,7; 0 B;)) > C(fi;zj, fiv; N Bji1)
Theset B;,, = B, N\F~'B;,,,N...NF~ " 1)B

ear rectangle around z;.
Let

is a narrow curvilin-

in—1

ajn = dist(z;, of ﬂ@éj’n)

Let E; , be the curvilinear rectangle whose left and right boundary curves
are pieces of the left and right boundaries of B;,, and whose top and bottom
boundary curves are horizontal line segments each of whose distance from z;
is Ojn.

Lemma 8.2 The curvilinear rectangle L}, is star-shaped relative to z;.
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Proof. Let by, by denote the left and right boundary curves of E;, and
let 01, ls denote the top and bottom boundary curves (which are horizontal
line segments).

Let w € E;,, let {;,, denote the line segment joining z; to w, and let
Overt B, denote the union by Ubs.

Since z;, w lie between the horizontal lines through ¢;, {5, any intersection
of ¢;,, and the boundary of £} ,, must be in Oye+E;,. Thus, to show that
{; . 1s contained in F; , it suffices to show that

(Ciaw \ {25, w}) N Opert Ejn = 0. (58)

Assuming (58) fails we will get a contradiction.

By construction, by, by are K¢ —curves. This and the assumption that
€ < i, imply that any line segment joining z; to a point z in Oyer E;,, must
have slope no larger than %.

But since z; and w lie in Ej;,, if (58) fails there is a point Z € Oyei Ej 5, such
that the line ¢, ,, is parallel to the tangent vector to Oyei F;, at z. However,
by, by are K¢ —curves, so their tangent vectors have slope no smaller than 4

which is our contradiction, proving Lemma 8.2.

Lemma 8.3 Fix j > 0. Then, for each n > j, we have

O.,(F" 7, E;,) < 136C. (59)

Proof.

The proof is by induction on n — j. Clearly (59) holds for n — j = 1.
Assuming it holds for n — j, we show it holds for n + 1 — j.

Let 2=z, f=F, g=F"J, Ef=Eyp41 = B,., BE,=E;,, h=fog,
and B, = Ej 1.

Let Af =0.,(Ef),Ag =0.,(E,y), Ah = 6., (Eh).

We use @(f) = ®gz(f7 Ef)v @(g) = @z(ga Eg)? @(h) = @z(hv Eh)'

Consider the quotient

9, (w)
9:.(2)

where w € Ej,.
Since the left and right boundary curves of Ej, are K¢ curves, and ¢y < i
we have that | w — z | < 3Ah.
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Since both ¢,,(2), g,,(w) have absolute value greater than 1, they have
the same sign. Replacing g by —g if necessary, we may assume these signs
are positive.

By the mean value theorem,

| log g, (w) —logg, (2)] < le—wHle—w
< o0l 5,
erp(—60(g >iZ>SWS€w(6@<Q>i§>- (60)

Further, setting ¢ = exp(120(g )ﬁg) we have, for any w, T € E,

|9 (w) | 9. (w) |]9,.(2) |
| 9:.(7) | | 90.(2) || 9,.(7) |
< ¢ (61)
Similarly, if 7,75 € E,, then
: zgz; : 2p(120(g)) < exp(1566,Co) < 2 (62)

Also note that if ¢y is the full width horizontal line segment through z in
Ej, then g({o) is a full width K¢ curve in Ef, and there is a 7 € /o for which
| 9., (7) |Ah = length(g(l)) < 3Af.

This gives

Ah_ 5
Af 74l g, (7)

Observe that it follows from the definition of E, and (57) that, for some
T € Eg,

(63)

| 9., (1) [Ag > Ksey.
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So, by (62),

Ah < 5Af | 91z (Tl> |
Ag — 4lg,.(7)| Ksa

< S5Af
- 2K5€1
< 3 (64)
= K
Let us estimate
| D*h(w) |
h) = ——Ah
O = B T ) | (%)
Let
_ 16
(- ea1(g)era(f) — 15
and
Ah 3
(= exp(lZ@(g)A—g) < 6]7]9(156610()?0)
Recall that K, and ¢; were chosen so that
Ky > 117 (66)
NG <2 (67)

Recall the Chain Rule formulas (15)—(18).
By (15), we have

| Ay () |

| fraGhe + flyg2x |
2 | [ (L= ea(g)erz(f))
= ‘ fmgu |77_1'

Write ex(f) = maz(e2(f), €22(f)).
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From (16) we get

b () Ah’ < [@<f>| 9.0 157 + 2000 02, (w) I +O(N)ea(9)] .. 0) |55

+ O(g) max(1, ex1(f))(1 + EQ(f))ing
Now, using (61), (63), (64), (66),(67),
we get
75: <(Z>>Ah| < [@(f)?ﬁ(l +26,,(9) + €. (9)") + 29(9)2];1
< 6nCO(f) + 3@(9)[30
< 120(f) + 113@(9)
Similarly,
by ((ZUU; Ah| < BO((enalg) +enlo)+
+ena(g)ean(g) + exlglen(y)) + 2@(9)22
< 30(f) + 36(9);0
< 30(f)+ 113@(9)
and
ZW((Z)J)) Ah’ < 7 {3@(f)<(512(9>2 +2en(g)erz(g)+

+€22(9)2}
3

< 20(f) + 3@(9)?0

< 20(/) + 6(0)
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In all cases we have
1
O(h) < 120(f) + 1—3@(g) < 13¢,C

proving Lemma 8.3.

Proof of Proposition 8.1.

The curvilinear rectangles Bjyn are determined by the orbit segment {z; =
FI(2)}j—. We write this as

Bj,n = Bz,j,n
There are analogous sets
BU)J,N = BFjw m “e ﬂ F_(n_l_j)Banlw

where By, is a suitable small parallelogram centered at F‘w for any
we By i, Ny.

Let v, z, w, v,, v, be as in the hypotheses of the Proposition, and consider
F'z, F"w e yN E;,.

We can connect these points by a chain F"z = F™(w,), F"™(wy), ... F"(wg) =
F™"(w) with k& < Cy(«,€) such that, for every £ = 1,...k — 1, and every
0<j<n,

FI (wey) € Bwe,j,n

then, it follows from Lemmas 7.1 and 8.3 that, for some constant Cy(a, €),
we have

| DE, (vw,) |
(D, ()| = o)
in the special affine coordinates centered at w,. Changing back to the
standard coordinates on ) simply makes (68) hold with a different constant
02 == Cg(Oé, 61).
Then,

| DF?(v.) | ’ﬁl | DE? (vy,) | < oh
n - n = Y2
| DE(vw) | | DF,. (Vuy,,) |

=1 We41

proving Proposition 8.1.
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9 Sinai Local Measures

For two points 21, zo in an unstable manifold Wlu and unit tangent vectors
v1,v2 to Wit at 21, 2o, respectively, let D"F(z;) = | DF.,(v;) | denote the
Jacobian of I" at z; along Wy'. We know that W is a full-width K¢ curve
in Ej,. Also, the curve f;, Wi is a full width K¢ curve in Q.

Proposition 9.1 Suppose i = (...i_,...i9) is an arbitrary infinite non-
positive itinerary and let Wlu denote its unstable manifold. Write mel“ =

graph g; where gy : I — I is the C? function given in Theorem 6.1. Suppose
11,79 € I and 21 = (1, g;71), 22 = (T2, g372). Then, the infinite product

cConand) =TT Do (69

s=1

converges and depends continuously on (xq,x2,1).
Moreover, there is a constant K¢ > 0 independent of (x1,z2,1) such that

K6_1 < &(1,19,1) < Kg (70)

Proof.

It clearly suffices to prove the upper bound in (70) since interchanging z;
and 2o would then give the lower bound.

Let 21 = fi;'21,% = fi;'22 so that z1, 2 € Wi,

We use the local coordinates fij and rectangles Bj of the previous section.
To avoid confusion, we will use F*(z) = (f;_, o...0 f;_)(z) and F~5 =
(fzpl 0...0 fifs)*l instead of identifying F) f;. with F, ﬁj as in the preceding
section. We use B, for the affine neighborhood centered at z.

In our local coordinates, with z € EiO,W{LﬂBZ becomes a K¢ curve.

Also, there is a sequence z; = wq, ..., wy = Zp of points in Wlu such that
61 K
d(wj1,w5) < 12 : (71)
and
k< [ 2 } +1 (72)
- €1K5 .
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Recall that F~lw; = fi-'w;.

Further, f; ,(f;! wen B F-1,) CONtains the intersection of Wi with the
ball of radius 61—21(5 about w;. Since wj;; is in this latter set, we have
F_l’LUjJrl € Bﬁ'—le' ) )

Analogously, we have F'~*w;,; € B Fsw, for every s > 1.

Now, there is a constant Cg > 0 such that

X DUF(F~%z) < DUF(F~*%)
i S VAo il Sl 7
}]1 DUF(F=sz) — ° 131 DUF(F~5%)

oo k—1 DuF(F—swj)

- B,

s=1j=1

S0, to prove Proposition 9.1 it suffices to show

ﬁ DUF(F~*w;)
D“F(F—Swj+1)

s=1

< K7 (73)

for some K7 > 0 and any j.

Since the angles between £ and E7 are bounded by a constant depending
on a, the linear maps DF(F~*(w;)) and DF(F~*(w;)) are conjugate by a
linear map whose images on unit vectors are bounded above and below by
constants which depend only on «. A similar statement holds replacing w;
by w;4+1. Hence, there is a constant C5 = C5(«a) such that, for any s > 1 and

any j,

_, D'F(F~>w;) o DUF(Fwy) D*F(F~*w;)

—— — 74
b D“F(F—Sij) - DuF(-F_Swj—i-l) o 5D“F(F—5wj+1) ( )
so, it suffices to find K7 > 0 such that
0 DUF F—s .
H - <~ w]) < (75)
s=1 DuF(F_Swj-‘rl)
By Lemmas 7.1 and 8.3, there is a constant K; > 0 such that
| DEN(v.) |
<K 76
DFF () | = o
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for any N > 1,z € E, y and unit vectors v,, vz tangent to W*(z), W*(z),

respectively.

Let N be large enough so that

T

T KV Kse

K

< 1.

(77)

By definition, FN=1 (Ep-sny, ) is a full-width subrectangle of BFN,l,Sij.

So, the F image of a full-width horizontal line segment in B FN-1-sNy,, CON-
tains a curve of horizontal width at least € Ks.
Thus, setting @; = F'~'w; and 0;, = 0p-ung, (Ep-uny, v), We have

for some 7y € W*(E~*Na;) N Epsng, n-

Then,

| Foo Ny — FNay |

giving

| F=*Nipy . — F

LAk g1
| D FN(ry) | K}
— |F7$N+N’J)‘ 1 - F sN+N 7 | ~1
J J |DuFN(7—;V

< 61K5 ‘ DuFN(TN) |
= D" FN(rw) | eS| DY (7 |

Kl ~—S e ~—S e
< 9, 61KE)| FsNiNgg, o — PNt |

IN

—sN 7, .
Wi

Hence,

i,

D (

K

S
61[(5) | Wj1 — Wy |

1

Ky
(61K5
Ky
€1K5

90

) @

s—1

N(s—1)| U~)j+1 - U~)j ’

(78)

| F—sN-{—N ~ L — F~‘—SN+N

(79)



lo—o[ Duﬁ(ﬁiswj) o ﬁ DUFN(FisNile)
w01 DUF(F~sw;q) o1 DUFN(F=sN =T, )
[e's) DuFN(FfsNUjj)

= 1l

i1 DUEN(F=sNj )

exp(d_ Cim°) = Ko

s=1

IN

using Lemma 7.1 and (79).

Since the functions g; depend continuously on i in the C? topology, the
continuity statement in 9.1 follows from the fact that given € > 0, there is
an Ny > 0 such that if N > N, we have

0 DUF(F=z)
11 DuF(F~5zy)

Jj=No

— 1l <e

which is immediate from the proof just given.

This proves Proposition 9.1.

For a C? curve v in Q, let p~ denote the Riemannian measure on 7.
From Proposition 9.1 we get the existence of the following limit

“ DUF(F~*z
lim H e ( — V)
n—oo =% DUF(F~52)
for any two points z1, 2o € Wl“ Letting v denote Wi“, we can use py and
the ratios £(z1, z2) obtained in the preceding limits to get special measures

on the unstable manifolds. More precisely, following Sinai in [13], Lecture
16, we define

= §(21, 22) = §(21, 22) (80)

v (A) = [ €, 2)dpy ().

It is easy to see that if z3 is another point in v, then v, 5 (A) = £(23, 21)vz, v(4),
so the measures v, v and v, ~ are simply rescalings of each other. In par-
Vo y(A)
Voy,7y(B)

For z; € vNQ, let E;, be the element of {F;} containing F'z;, and let
Y1 = ng'

ticular, if A, B C v and v., (B) < oo, then is independent of z;.
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The family of measures {v,, v} is invariant in the sense that if A, B C v,
v, YA Ve sy, (FA)
F(A),F(B) C v, and v, n(B) < oo, then B = v
We call the family of measures v, v Sinai local measures or just local
measures.
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10 Absolute Continuity of the Stable Folia-
tion

We know that for each non-negative itinerary a = (ag,as,...) there is a
C'K§, curve W#(a) = ,50 Eag...a,_, Of full height in Q.

Note that two points in Q with different forward itineraries have disjoint
stable manifolds since the interiors of the E!s are disjoint. Thus, the set
{W*(a) : ma € Q} is a foliation of its union. We call this the stable foliation.
Let W = {W%(a) : ma € Q} denote this foliation. We denote the union
U{W*(a) : ma € Q} by W*. Note that W is a Borel subset of Q of full two-
dimensional Lebesgue measure in Q). For any two full width C? K@ curves
7,1, let m~, be the holonomy projection from 7 to n along the foliation WV .
That is, for z € yN W, and W*(a) the leaf of W which contains z, 7, (2)
is the unique point of intersection of W#(a) and 1. As above, for any C?
K¢ —curve v, let py denote the Riemannian measure on 7. Recall that the
foliation W is called absolutely continuous if

(AC-1) each full-width C?* K% curve v meets W in a set of
positive py measure

and
(AC-2) the image measure 7~,,.p~ is equivalent to the measure p,.
Proposition 10.1 The foliation VW is absolutely continuous

Before we can prove Proposition 10.1, we need a couple of Lemmas.

The next Lemma is well-known and elementary. Since the proof is short,
we include it for completeness.

Lemma 10.2 Suppose that x1,xs, ... and y1,ys, . . . are sequences of numbers
in the open unit interval (0,1) such that

—> x;logy; < oo (81)

i>1

For e > 0 and non-ngative integer n, let D, = {i : y; < exp(—en)}.
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Then,

> @ < oo (82)

n>14i€D,,

Proof.
For each n > 1, let

E, ={i:exp(—e(n+1)) <y; <exp(—en)}

Then, D,, = |;>, £}, where || denotes disjoint union, so

Y a=YY Y a

n>14i€Dy n>1j>ni€k;

Letting ¢; = X icp, @i, this last sum is just

C1 —I— Co —f- Cg+...
+ + c3+...
+ Cg+...

2j>17¢

Now, ¢ € F; implies that —logy; > €j or —z;logy; > €jx; which gives

=Y wilogy; > ) ejuy

iEEj iEEj
= €Jj¢j

Hence,

ey jo; <Y > —wilogy; < =) wilogy; < oo

j>1 j>14i€E;
which implies that >°;5, jc; < oo. QED.

In the next lemma, we will use the geometric condition G3.
Each z € @ has a unique forward itinerary (ao(z),a1(2),...) with F"(2) €

nt Ean(z).
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Lemma 10.3 Let~y be a C* K§— curve of full-width in Q such that p~(y Q) >

0. Let € > 0. For py— almost all points z € v Q, there is a positive integer
n(z) > 0 such that if n > n(z), then

5F"(z) (Ean(z)) > exp(—en) :

Proof.

For ease of notation, if A is a subset of 7, let us write | A | for p~(A).
Let D, = {Z >1: 6i,min < €_€n}.

In view of lemma 10.2, the condition G3 implies that

Z Z 5i,maw < 0. (83)

nZl iEDn

Let V,, = {Z c ’YHQ : 6F"(z)(Ean(z)) < 6_€n}.
We will show

Vi < oo (84)

n>1

Once this is done, the Borel-Cantelli Lemma gives that py—almost all
points of 7 lie in at most finitely many of the V/s which proves Lemma 10.3.

Let A, be the set of finite itineraries (ao, ..., a,—1) which occur for points
in Q.
For a given finite sequence ag, ay,...,a,—1 € A,, let V,(ag,...,a,-1) =

{2 €V,: Fz€E,, for 0 <i<n}. Then,

Vi(ag, ... an-1) = <7ﬂ Eag.an i) Q)

120

and this last union is disjoint.

Also, V,, is the disjoint union of the V,,(aq, . . ., a,_1) as these finite itineraries
vary in A,.

The bounded distortion of compositions (Proposition 8.1) gives us a con-
stant K > 0 such that for (ao,...,a,-11) € Apy1, and z € Y Eay..an_1is

| Vman...anfli |
| YN Eag..an_y |

< Képn()(E5)
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Also, the definition of V,(ao, ..., a,_1) gives us that d4, () min < e “ile.,

that a,(z) € D,.
Thus,

This gives

|Vl

A
(]
]
o
>
gbj
S

)

-----

(ao...an_1)€An 1€Dy,

Ea ey @p— 110
-y oy 0Pl g

ag...an—1 €Dy, | YN Eag...an—1 |

S Z Z K(Si,ma,xl /yﬂan...an,1 |

ag...an—1 i€ Dy,

S Z K(Si,maz

1€Dp

Hence, (84) is a consequence of (83). QED.

Lemma 10.4 For any full-width K, curve 7,

(1N Q) =1

Proof. The curve 7 cannot meet both the upper and lower boundaries
of ). For definiteness, we suppose that v does not meet the lower boundary
of ). The other case is similar.

Then, there are constants a; > 0,9 > 0 and a C' diffeomorphism ¢
from () onto a curvilinear subrectangle @), of () such that

1. ¢ maps the upper boundary of () onto v and maps the lower boundary
of ) onto itself.

2. DY(KY) C K4,
3. Do~ (KY) C K&,
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Let 4 = ¢~ *(v) denote the upper boundary of Q.
Since a subset A of v has full py measure if and only if ¢ *(A) has full
p5 measure, it suffices to prove that

p3 (¢ (7N Q) =1 (85)
Let E@ = qb_l(EZ‘),

and

z€F;

The properties of ¢ guarantee that
- Z gi,max 1Og Sz',mz'n < o0 (86)

Now, Q:NQ has full Lebesgue measure in Q1 so, (b*l(()) has full Lebesgue
measure in (). Thus, for almost all horizontal lines ¢ in @), we have that
(N ¢~ '(Q) has full Riemannian measure.

To complete the proof of Lemma 10.4, we will prove that p,(¢ ¢~ 1(Q))
varies continuously with ¢.

This is a consequence of the following.

For any ¢ > 0, there is an N = N(e) > 0 such that for any horizontal
full-width line segment ¢,

pg(ﬁﬂ U EZ) <e€

i>N

which is, in turn, a consequence of

> diam(€) E;) <e.

i>N

Since the vertical boundaries of the Els are K¢, , curves, there is a constant
C(az) > 0 such that, for all z',m(E’i) > C(a2)(0imaz)?® SO, dimar — 0 as
1 — 00.
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By (86) and Lemma 10.2 with z; = (~5¢7max, Y = &mm, given € > 0, we can
find ng > 0 such that

. Z 6i,maz <e€

5i,min<2ino

Now, take IV such that ¢ >N implies that (~5z~mm < 2770,
This gives >_;» x diam(( N E;) < 25 0imaz < € as required . QED

. . —n,
1, min <2 0

For future use let us observe that the argument in the last proof actually
works for all K@ curves uniformly to prove

Lemma 10.5 Given e > 0, there is an integer N(e) > 0 such that for every
K}, curve vy, we have

Pv(’Ym('U E;)) <e

>N

Proof of Proposition 10.1.

We use v << pu for v is absolutely continuous with respect to p, and
v forv << pand p<<vw.

Let 7,n be two C? full-width K% curves.

In what follows we restrict our measures to Q). Thus, when we write
py(A) we mean py(ANQ).

We will show that

TPy << Pn (87)

Once this is done, interchanging v and 7, we have m,~v.p, << p~.

S0, py = Tymu(Tyyapn) << Tymepy O py ~ Tmepy as required for the
proof of Proposition 10.1.

We know that p~ (v Q) =1.

Let B C yNQ be such that p~y(B) > 0.

Let K, € (1, Ky).

By Lemma 10.3, for almost all z € =, there is an n(z) > 0 such that
n > n(z) implies

Opn(s) (Eanz) > K™ (88)
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From standard measure theory, we can take a compact set A C B such
that p~y(A) > 0 and there is an n(A) > 0 such that (88) holds for all n > n(A)
and all z € A.

We will show that there is a constant K > 0 such that

pn(Tyn(A)) = K~ py(A) (89)

This, in turn gives p,(7~,(B)) > 0 to prove (87).
Since K; < Ko, and dist(F"(2), F"(my,(2))) < const - Kg", we may
assume that, for z € A and large n,

1 < diam(Fn(an(z Qn ﬂ’y))
2 diam(F"(Eay(z)...anz) 1))
For a unit vector v tangent to the curve v at 7 and a positive integer n,
let us write D~ F"(7) for DF™(v).
Now, for z € A, there are points 7,, € 7,7 € n such that

<2 (90)

diam(ﬁyman(Z)man(z))’ D’YFn(Tn) ’ = diam(Fn(fVﬂan(z)-~~an(z)))
and

diam(nﬂan(Z)...an(Z))l DnFn(%n) | = dmm<Fn(770an(Z).‘.an(z)))'
We claim

(AC-3) there is a constant K = K(A) > 0 such that
forall z€¢ Aand n >0

| DyE(2) |
| Dy F" (1 (2)) |

K< < K. (91)

Assuming (AC-3) for the moment, we see that there is a possibly different
K > 0 such that, for all n > 0,z € A, we have

diam(yN Eag(z)...an(z)) <K (92)
diam(n N Eqy(2)...an(z))

But, for large n, as z varies in A, the sets v Eqy(2)...an(z) form a covering
of A by small intervals and the sets 17 Eq(2)...a,(z) form a covering of nyﬂ(A)

K '<
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by small intervals. This gives (89) and concludes the proof of Proposition
10.1.

Proof of (AC-3):

Let z, = F"(2),w, = F"(myy,(2)) for each n > 0. We use affine co-
ordinates centered as z, as in our earlier sections. We use the splitting
T..R* = B & E in which E¥ contains DF"(v,) and Ef is tangent to
Wige(2n) at 2.

Let F denote the representative of F in these coordinates, and let B, be
the small parallelogram centered at z, as before. We may and do assume
that K(] > 3.

Write v, , vy, for the unit vectors tangent to F™(y) at z, and F"(n) at
wy,, respectively.

Now,
D~F" L | DFE, (v,
() < const - w (93)
D"]Fn(ﬂ-f)/n(z)) s=1 | DFws (Uws> |
so, it suffices to show
DE,, (v,
w < explay) (94)
| DFWTL(U'LUn) |
where
> a, < const - log K (95)

n>1

to prove (AC-3).
Write 5n for 5F"(z)<Ean(z))-
1
0

Since dist(F" (7, (2), F™(2)) is exponentially smaller than §, for large n
and | vy, — v, | — 0 as n — oo, there is an ng = ng(A) such that n > ny
implies w,, € Bn and v, € K¢ . (Here ¢y < i as in section 6).

Below, we use various constants C, 1 < s < 8, which are independent of
n and z € A and are defined in the first equation in which they appear.

As in the proof of lemma 7.1,

| D%?’Zn (Uzn) |
| DFwn (an) |

In our affine coordinates, v,, =

S exp(Al,n + AQ,n)
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where
A < C1l vz, — Uy, |

and

Since

On K,
it suffices to show
Kl n—1
| Vw,, — Uz, | < Cy <[(0>

for all n to prove (94), (95), and (AC-3).
Writing DF,,,_, (Vw,_,) = (&4,m,) and v, = (u),u?) we have

n’ 'n

En = Flw(wn—l)u}z—l + F1y<wn—1)ui_1
M = Fop(wp1)u,_y + 2y<wn—1)ui_1
and
| DFwnfl(anfl) | = ‘ gn ’
Thus,
1 2 Tin
u, =1, u; .
| &n |
This gives
| 1 |
| Vw,, — Uz, | S
| &n |
L =6 | Fro(wn-1) | | Fip(wpn—1) |
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Using sz(zn,l) =0, we get
| Fou(w,1) | | Foua(7) | B | Fouy(7) |
= < = | Wn—1 — 2p1 | + | W1
| le(wn—l) | | le(wn—l) | | le(wn—l) |
| Wp—1 — Zn—1 |
< C
< Cs 5,
for suitable 7.
Analogously,
| Fylwn) | | Falend) | (|t = 2
| le(wn—l) | N | le(wn—l) | On—1
which gives
| Tin | 1 2 | Wp—-1 — Zpn—1
|+ C
6] = G-@r It
1 —1

< -
< T-ars v

Inductively, we assume

and get

)
K n
21+ Cs (K(1)>

K n—2
a2y <265 (2)

Ko

o lml| __ 2Cy (ﬁy” <K§“1

Since K% <1< Kjand ¢ < i, we get

which proves (96).

Ky Ky

2 Ky
R < K and

K n—1
L2 | < 20y <1>

Ko
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11 Construction of an SRB measure

We wish to use a construction analogous to that of Sinai in [13] to construct
our SRB measure. There are several difficulties which appear.

1. The family of unstable manifolds {WW"(z)} does not form a measurable
partition of the attractor A in Q.

2. The underlying set A is not compact, so care has to exercised in the
taking of limits of iterates of measures.

We will see that these problems can be handled by lifting the required
construction to the symbolic space X, getting a measure there, compactifying,
getting a limit measure which is supported on 3, and projecting back into

Q.

We have defined a continuous map 7 from ¥ into @) as follows. For a € X
with a = ( ..a_1ap07g .. .),

{r(@)} = ) Bagan N fag' S

n>0

Let o be the left shift automorphism on . For each a € ¥, we have local
stable and unstable sets defined by

Wie(a)={b:a;,=0b;,1>0}

Wie(@) ={b:a; =b;,i <0}

We have the local stable and unstable sets in ) as well:

Wio(ma) = [ foo Sa_n..ao

n>0

I/‘/lsoc(/]ra) = m an...an

n>0

Each W (ma) is a K} curve which has full width in E, , and each
W .(ma) is a K§, curve of full height in Q.
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Note that if a = (...a;...),b = (...b;...),ma,7b € Q, and a; # b; for
some i > 0, then W _(ma) N W .(7b) = 0.

Thus, the map 7 : W (a)N7'Q — W .(ra)NQ is a one-to-one, con-
tinuous onto map for each a € W‘l(Q). By standard results, it is a Borel
isomorphism.

Recall the functions £(z1, 22) and the Sinai local measures v, n defined
at the end of section 9.

We now use them to define finite measures on the local unstable sets
Wi (a) in 3.

Write W (a) = Wpi.(a) N7 Q.

If v = W (wa), then v @ has full Riemannian measure in v, and the
Borel isomorphism 7 : Wi, (a) — W (ra)Q allows us to transfer the
Riemannian measure p from v Q up to W, (a). We call this measure pa.
It clearly only depends on the non-positive indices of a.

For z,w € W (a), let

E(z,w) = &(mz, mw)

where £(-,-) is the density of the Sinai local measure defined at the end
of Section 9. ) .
Next, for z € W} (a), we define a finite measure v, on W (a) by

v.(4) = [ €z w)dpalw)
These measures have the following properties
1. For 2,2 € Wt (a), and A C W (a)
Ve, (A) = (21, 22)v2, (A)

2. If A, B C Wi (a), 21 € Wi.(a), v.,(B) > 0, and o(A), 0(B) C W (oa),
then vg., (0 B) > 0 and
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It follows from these facts that if v,, (B) > 0, for some 2, then v,,(B) > 0
Vi (A ﬂ B)
vz, (B)

of the choice of 2, € W, (a). Moreover, the normalized measures are
o—invariant in the following sense: if A and B are as in 2 above, then
o,.vp(0(A)) = vo)(0(A)). We will call the measures v, local measures or
Sinai measures.

For a point a € X, with local unstable set VNVZ’éC(a), let va norm be its
normalized local measure. Thus,

for any 2z, and the normalized measure vg(A) = is independent

v(A)
Va norm A) = =
rermi ) va(Wi.(a))

for every A € W (a).

For each i > 1, let V; = {a € ¥ : a9 = i}, and fix a local stable set
S; C Vi. Thus, S; = Wy .(z) where z; is a particular point in V;. Let M;
be the partition of V; into local unstable sets. The quotient set V;/M; is in
one-to-one correspondence with .S;, so the partition M, is measurable with
respect to any complete Borel probability measure on V;. Let M = U, M;.
Since ¥ is a countable disjoint union of the V/s, M is a measurable partition
of ¥ for any complete Borel probability measure.

For convenience, we will say that a Borel partition M is measurable with
respect to a Borel Probability measure pu, if it is equal mod zero to a measur-
able Borel partition of the Borel completion of the measure p. This allows
us to discuss systems of conditional measures, etc, with respect to arbitrary
measurable Borel partitions of Borel probability measures.

Now fix an element zy € 7 (Q), and let W} (z) be its local unstable
set. Let 1y be the associated normalized Sinai measure.

Theorem 11.1 The sequence of averages
1 n—1

k
Uy = — Z oy
"o

converges weakly to a measure fi on 3 which is o —invariant, ergodic, and the
conditional measures of i1 with respect to the partition M coincide with the
normalized Sinai measures on elements of M.
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The proof will require several steps.

Let N be the set of positive integers, and let N = N{UJ{oo} be its
one-point compactification. We put a metric on N making it isometric to
{0,1,5,5...}J CR with the standard metric. Let ¥ = NZ with the product
topology and let ¢ : ¥ — X be the shift. The set ¥ is a dense g—invariant
subset of ¥.

We take a subsequence {v,, } of {v,} which converges to a measure i on

2.
Claim 1: The measure f is supported on Y. That is,

A(E\3) = 0.

Proof. B )

A point a € ¥\ ¥ has a; = oo for some i. Fixing i, let J; = {a € ¥ :a; =
00}.

We will show that, given € > 0, there is an open neighborhood U; of J;\ ¥
such that for all n > 1 — 1,

or(n)(Ui) < € (97)

This will imply that f(J; \ X) = 0. Since this holds for every 4, Claim 1
follows.

Let €; > 0 be a small number to be chosen later.

From Lemma 10.5, there is an N > 0, such that for every K¢ curve v,

Py (U Ej) < € (98)

Jj=N

Let po = p, be the lift to W (20) of the Riemannian measure on
Wige(m20) 0 Q, and let £o = po(Wi.(2))-
By Proposition 9.1, for any £ C W}.(z0),

2 pO(E) S V()(E) S Kg pO(E>
EO 60

Given a non-negative itinerary a = (apay .. .), let

Ky (99)

Vlloman = {b < I/T/vli:)c(z(ﬁ : bl = aiai = 07 te 7n}
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By Proposition 8.1, for any n > 1, if v, = F"(W}.(720)), then
po(%0~--an)

pU(Vao~-~an—1)

Setting U; = {a € ¥ : a; > N}, we see that (98) and (100) imply that, if
n+1>1, then

K" py (E,,) < < Ky py, (Ea,) (100)

pO(Vao...an+i71 N U_nUi) < K461p0(‘/a()~-~an+i—l> (101)
Also, W.(20) N a~™(U;) is the disjoint union

|_| Vao---an+i_1 N U_nUi

ag...-Gn+i—1

So,

(olvo)(Ui) = w(o"(Uh))
= (Wige(20) No™"U;)
Z VO(V¢10~~~an+i—1 N U_nUi)
ag.--an+i—1
KQ
Z TGpO(‘/;lo...an_H_l m O-_TLUZ>
ag..-Gn+i—1 0
K62 po(‘/ao...(l +i— ﬂ O-_nUZ>
— _ Y n+i—1 i ‘/a . .
Z EO Vv ) pO( 0-- n+1—1)

ag...an4i—1 PO( ag...ap+4i—1

IN

K§
S Z 7K461p0(va0---an+i71)
ag...anyi—1 0
K2
= 61*6K4€0
lo
= 61K§K4

Hence, if we set ¢; = we get (97), and Claim 1 is proved.

The measure i is clearly invariant under the shift o.
We extend the partition M of ¥ to ¥ by adding the element ¥\ ¥. We
will also use the letter M to denote this extended partition. We let V; denote

the closure of V; in ¥, and let M, denote the restriction of M to V;.
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Let 7@ : ¥ — /M be the natural projection. Let ji = 7,ji be the induced
measure on % /M.

There is a system of conditional measures jic on C € M defined for
ji-almost all C' € M.

Claim 2: For ji—almost all C', e = ve.

Proof.

Let us use A for the closure of a subset A C ¥ in .

Let ¢ : ¥ — R be a continuous function supported in V; for some i.

For each n > 0, the measure ¢”vy is supported on countably many C's
in M, and these C’s are local unstable sets.

The conditional measure (671p)¢ is then just the restriction of %1y to C
normalized.

But, the invariance property of quotients of the Sinai measures gives, for

AcCC,

Thus,

(*) the conditional measure (01)c is equal to the normalized Sinai mea-
sure v when C' is a local unstable set in o™ (W%, (20)).

and this implies

(**) the conditional measure (v,)c equals v on each local unstable set C'
in ¥ such that v,(C) > 0.

Let S; be the stable set of z; € V;. Its closure S; is the local stable set of
2z in ¥. This is a compact subset of ¥ and may be identified with V; /M.

Thus, we may think of the projection 7 as a map from V; — S;.

Let K > 0 be such that | ¢(z) | < K for all z € V.

The function

h(z) = Ji-102) P(W)dvz-1(,)(w)  for z € 5
0 for z € SZ \ S,L
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is then bounded and measurable and its restriction to S; is continuous.
Also, | h(z) | < K for all z € ;.

Let fi* be the normalized restriction of ji to V.

We assert

/SZ_ d(7.j1') / pdi’ (102)

Since, fi(X\ ¥) = 0, this tells us that the conditional measures of ji with
respect to M are the v as required for Claim 2.

To prove (102), we let € > 0 be arbitrary, and we show

| J5, h(2)d(7 i) — [y, pdii* | < HeK (103)
Let v/}, be the normalized restriction of Vny, to V.
Since V is open and closed in ¥, we have Vpp — it as k — o0.
Since 7 : V; — S; is continuous, we get 7,1/ - T
By (97), there is a compact subset A; C S; such that, for large k& > 0,

v, (Vi \ 7 1(A)) <e. (104)

Since h restricted to A; is continuous, we can use the Tietze extension
theorem to find a continuous map A : S; — R such that | h(z) | < K for all
z € S;, and h(z) = h(z) for z € A,.

Then,

AWWM*AW@W
By construction of h, we then get, for large k,

[ 4, hd(7h,) = [y, (i) | < 3eEK.

By (**),

[ E) = [ ed0d,)

The right side of this last equality differs from [ gzﬁdufbk by no more than
€K, and
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[ Ju, hd(rafi) — fs, hd( i) | < K.

Putting all these together gives (103) and completes the proof of Claim

Claim 3. [ is ergodic.

Proof.

This is a variant of the standard Hopf argument for geodesic flows in
negatively curved Riemannian manifolds.

Let ¢ : ¥ — R be continuous. We show that ji—almost all forward time
averages

1 n—1

n 1; ¢(Ukz)

approach the same value.
Let

n—oo N,

bpon() = lim L3 (o)
k=0
and

dnoc(z) = Tim < 5 po+2)
k=0

n—oo n,

be the forward and backward limiting time averages of a point z.

From the Ergodic Theorem and standard arguments, there is aset A; C X
of full i—measure such that z € A; implies ¢;,,.(2), Ppo.(2) exist and are
equal. Also, since ¢ is continuous, ¢, is constant on stable sets and ¢y, is

constant on unstable sets.
For each z € X, let

Wi(z) = U 07" Wii(2)

n>0

be the global stable set of z.
Now, fi—almost any local unstable set C' is such that vc(4;NC) = 1.
Pick one such C' and let S be the union of the global stable sets of points in
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A1 NC. By the topological transitivity of the shift, the absolute continuity of
the stable foliation W in @), and the fact that the push forwards by 7 of the
conditional measures of ji with respect to M are equivalent to the Rieman-

nian measures on the local F-unstable manifolds, we get that ve, (S) = 1,
for every local unstable set C;. Hence, fi(S) = 1.

For any two points 21, 2o € S, there are points wy, ws € A; N C such that
21 € Wo(wy), 20 € W*(ws).

Then, ¢f,,(21) = Grop(W1) = Gpac(wi) = Gpoe(w2) = Gpop(W2) = G pop(22)-
This proves Claim 3.

Claim 4: lim, ., v, = [i.

Proof.

Let fi; be another subsequential limit of the sequence {v,}. Substituting
i1 for i in the preceding arguments gives that fi; is ergodic, shift invariant
and i, (X) = 1.

Let G be the set of fi—generic points, and let G, be the set of fi; —generic
points. Thus, for any continuous function ¢ : ¥ — R,

acGy— < nf $(o*a) — / dfi (105)
" =0
and
ac Gy = 15 ook - [ o (106)
"o

Ergodicity implies that o(GzNY) =1= (G NY) = 1.
If we show that

GaNGy NY 4D (107)
then, in view of (105) and (106), we get

[ odi= [ odm

for all continuous ¢, and Claim 4 follows.
For a given set A C 3, let

We(A) = aUA Wie(a)
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We call A stably saturated if W*(A) = A. It is easy to see that both G
and G, are stably saturated.

The arguments in the proof of Claim 3 show that if fi(A) = 1 and
A C %, then, for any local unstable set C', with Sinai measure v, we have
vo(W#(A)) = 1. In particular,

Vc(Gﬁ N E) = Vc(Ws(Gﬁ N Z)) =1

Replacing fi by fi; in the arguments of Claim 3 gives vo(Gp, NX) =1, as
well. Thus, vo(Gz N Gp, NE) =1 for any C and (107) holds.

This completes the proof of Theorem 11.1.

The construction of the SRB measure p.

Let p = m,ji.

The measure p is clearly an F'—invariant and ergodic measure on Q).

There is a set A C Q of full [t measure consisting of u— generic points;
ie.,x € A ¢:(@Q — R continuous implies that %Z’,};& (FFz) — [ ¢dp.

Let S be the union of the local stable manifolds of points x € A. Clearly,
each z € S is u—generic. We will show that m(S) =1 (i.e. that S has full
Lebesgue measure in @)) to prove that u is SRB.

Now, 771(S) has full i—measure in . Hence, for some (in fact, p—almost
any) local unstable set C' C X, we have vo(7r~1S) = 1. This gives m,vc(S) =
1. But mv¢ is equal to the normalized Sinai measure on the local unstable
manifold containing SN 7(C), and, hence, is equivalent to the Riemannian
measure restricted to S 7(C'). This implies that S 7(C) has full Rieman-
nian measure in 7(C). Then, the absolute continuity of W gives p~(S) = 1
for every K§ curve v, so Fubini’s theorem gives m(S) = 1.
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12 Further ergodic properties and an entropy
formula

In this section we will study properties of the natural extension of the ergodic
system (F,Q, ). The first proposition identifies this natural extension with
the system (o,%, fi).

Proposition 12.1 The system (0,3, ji) is isomorphic to the natural exten-
sion of the system (F,Q, ).

Proof. Since the map F on @ is not surjective, the meaning of this
proposition is that there is a subset Q1 of @ of full p-measure such that
F(Q1) = Q1, and the system (o, %, fi) is isomorphic (mod 0) to the natural
extension of the system (F), Q1. ).

Indeed, let Q; be the set of points 2 € Q, such that there is a sequence
Zo,T1, ... in Q with 2o = z and F(z,41) = x, for all n > 0. It is easy to see
that F maps Q; onto itself. To see that (Q1) = 1, it suffices to show that
(m'Q1) = 1, and, since 7'Q has full fi measure and i is c—invariant, this
follows from

T Q1) D (" (n Q) (108)
n>0

To prove (108), let a € N2 0™(77'Q), and let 2o = 7(a), z, = 70 "a.

Since, o~ "a € 7 Q for all n > 0, we have that x,, = 7o~ "a € Q for each
such n. On the other hand, Fx,,, = Fro " la=no0 " la=m0c"a=ux,
for all n > 0. This shows that zo = ma € Q1, so a € 7~ *Q; which is (108).
So, @ is the required set.

The underlying set @ of the natural extension of (F, Q1, () may be iden-
tified with the set of sequences & = (20,1, ...) in which each z,, € Q; and
Fz,. =z, for all n > 0.

Let £ = {FE1, Es, ...} be the original collection of full height rectangles of
(). For any sequence T € Q, the element z,, is in the interior of a unique
E, .. Similarly, the point F™(x) is in the interior of a unique E,,. This
enables us to define a map ¢ : Q- by

¢(r) = a
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where, for each n > 0, x,, € int E,_, and F"zy € int E,,. Now, the
verification that the map ¢ induces an isomorphism (mod 0) between the
system (o, %, 1) and the natural extension of (F,Ql,u) is straightforward,
and we leave the details to the reader. QED.

Let ¢ be the partition of ¥ into the sets V;; i.e., the time 0 partition. Put

n = V'___ 0. Then, the elements of 7 coincide with the local stable sets

Wi (a).

Moreover, we have that, mod zero, on > n,V,, 0" is the point partition,
and A, c"n is the trivial partition {X}.

So, by definition, (o, 1) is a K-system.

Then we state

Proposition 12.2 The map (o, ) is Bernoulli.

We thank Dan Rudolph and Francois Ledrappier for useful conversations
in connection with the proof of this proposition.

The following Weak Markov property was introduced in [11]. It was used
to prove the Bernoulli property of Anosov flows ( see [4], [11]).
Let 8 be any partition,

Bo=\ o'p

k<i<l

Given a collection of sets P, let us use P for its union.

Say that [ is weak Markov (WM) if, for any € > 0, there is an integer
N = N(e), and collections P = P(e) of atoms of 55°, M = M (€) of atoms of
(° . with the following properties.

1. g(PT)>1—¢ and gp(M*) >1—e.

2. For any z)) € 6év,any T,y € P with zJy C z}), and any subcollection
A of M with i(A*|y) > 0, one has

A(AT|z)
BAND 1) <e (109)
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The proof of Proposition 2.2 in [11] shows that a finite weak Markov
partition in a K-system is weakly Bernoulli in the sense of Friedman and
Ornstein [5].

We will prove that the partition ( is weak Markov. Then, arguments as
in the proof of Proposition 2.2 in [11] give us that each of the finite partitions
Go={V1,Va,..., Vi, 2\ UX, Vi} is also weakly Bernoulli. This implies that
each factor map on X/ V/,; 0"(y is Bernoulli. Then, Theorem 5 in [9] gives that
(o, 1) is Bernoulli.

Thus, to prove Proposition 12.2, it suffices to show that the partition ¢
of ¥ is weak Markov.

The corresponding (§° is the partition into local unstable sets W} (a),
and ¢°__ is the partition into local stable sets.

Given € > 0, let ng(e) > be large enough so that ﬂ(U| i [5n0(6) Vi) < <.

For each i, let z; be a point in V;, and let A; C W} (z;), B; C W}.(2;) be
compact subsets so that the sets

D = |J Wi(2), Di = [J Wige(w)

z€EA; wEB;
satisfy
~ " € - 5 €
BV D) <~ VA DY) <
Then, set P = P(e) = U’ i |<no(e) D¢ M = M(e) = U‘ i |<no(e) Ds.

We have that @(PT) > 1 — ¢, a(M*) > 1 — €. Also, the set Z¢ =
U| i |<no(e) D; N D} is compact.

Let a,b € V;, and let W} (a), W}“.(b) be their local unstable sets. Let
Ta b Pe the projection from Wiy (a) to Wi (b) along the local stable sets in
V;. As a approaches b in X, the maps Tab approach the identity Th.b and

the measures pa approach py,. Also, the densities £(a,b) vary continuously
with a,b in V;. On the compact set Z¢ the convergence and continuity
above are uniform. Further, each z € P is one of the sets W}%.(a) and the
conditional measure f(-|Z) is just the Sinai measure vz. If a € Z,b € g
and zUy C z) € ¢, then a; = b; for —N < j < 0. For N large, the
measures fi(-|z), i(+|y) have densities whose quotient is closer to 1 than e.
These statements imply the Weak Markov property above. This completes
the proof of Proposition 12.2.
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Entropy formula.
It follows from our constructions that the measures of V; satisfy
Cl5i,min < ﬂ(%) < 025i,maa: (110>

for some positive constants ¢y, ¢s.
Since the partition ( generates, we get

1
hu(o) = inf ﬁHﬂ(an+1> < H(¢)

From condition G3 and (110), the last term is finite.

Forae ¥, andn > 1,let Vo 0., = Voo No Vo, N .No ™V, _,, and
let E,,. 4, , be the full height subpost of () defined in section 2.

Since o is ergodic with respect to p, the Shannon-Breiman-Macmillan
theorem gives a set A with i(A) = 1 such that a € A, implies

1 _
— - log B(Vag...an_r) — hu(o) (111)

Using that the conditional measures of ji along local unstable sets have
bounded densities relative to the measures pa, we see that there is a constant
K > 0 such that, for a € ¥,

Kt i ' E, < i 112
zEVIVIl%}C?Wa) diam(¢., m woan1) < B(Vag...an 1) (112)

and
B(Vag..an_r) < Kzevrl%%j();a) diam(¢, ﬂ Eoo...am1)- (113)

This and Proposition 8.1 imply that, if F™(z) = (F]'(2), F3'(z)), then
there are a constant /j(a) > 0 and points u,1(a), u,2(a) € W (wa) such
that

A(Vay...anr)| FTy(una(a)) | < Ki(a) (114)

and
Ki(a)™" < i(Vag.an )| FTo(un2(a)) | (115)
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By arguments like those in the proof of estimate (91), for i almost all a,
there is a constant Kj(a) > 0 such that, for z,w € W} (wa),n > 1,

o LG
Ky(a)™ < 1222 < Ky(a) (116)
| F(w) |
From (114), (115), (116) we get the existence of a constant K3(a) >, such
that

K3(a) ™ < iVag..an)| Fo(ma) | < K(a). (117)
Thus there is a set A with i(A) = 1, so that if a € A, then
1
lim, log| Fiy(xa) | = hy(o) (118)

Since o is isomorphic to the natural extension of F, we have h,(F) =

Letting A; = w(A), then, for p-almost all z in A;, we have

1
lim —log| F'.(2) | = h,(F) (119)

n—oo n,

Taking S to be the union of the stable manifolds of points in A, we get
that S has full Lebesgue measure in @ and (119) holds for all z € S.
But, for z € ), we have

| FYo.(2) | = max(| FY,(2) [,] F3,(2) |) < [ DF"(2) [ < (1 4+ )] Fi.(2) |-

So, we have proved formula (6) and completed the proof of Theorem 3.1.
As a final remark, if v = (v, v2) is a unit vector in K@, then

(1—0?) | Fp | < | Fro+ Fyo |

xl —
= | DF"(2)v |
< [Pyl (1+0?)

That is, for certain constants C4, Csy, we have
Ci| Fi, | < | DF"(2)(v) | < Cof Yy, |

which, together with (119), implies formula (7).
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