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4. Some Applications of first order linear dif-

ferential Equations

The modeling problem
There are several steps required for modeling scientific phenomena

1. Data collection (experimentation)
Given a certain physical system, one has to run experiments and get
some idea of how the observed data depend on time.

2. Setting up scientific law to describe the time dependence
This may involve differential or difference equations. The idea is to
find the correct equations whose solutions give the observed time de-
pendence.

3. Analysis of solutions of appropriate equations to describe observed phe-
nomena.

We will describe several known applications involving this process.
Radioactive Decay
It is known that certain radioactive substances exhibit spontaneous decay.

That is, if Q(t) represents the amount of the substance at time t, then Q(t)
satisfies the differential equation

dQ

dt
= −rQ(t) (1)

where r is a positive real number. This simply means that the rate of
decay of the quantity at time t is proportional to the amount present at time
t.

We know that the general solution to (1) is

Q(t) = Q(0)e−rt

where Q(0) is the amount present at time 0.
We can use this to solve various questions related to radio-active decay.

1. The element Thorium-234 (Th-234) exhibits radio-active decay. If 100
mg of Th-234 decays to 82.04 mg in one week, find an expression for
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the amount at any time t. Also, find the half-life of the element (the
amount of time it takes to decay to half its original value).

Let Q(t) denote the amount at time t. Let Q0 = Q(0).

Then,

Q(t) = Q0e
−rt.

If t is measured in units of days, and Q(t) is measured in units of
milligrams (mg), then

Q0 = 100,

Q(7) = 100e−7r = 82.04,

e−7r = 82.04/100,

r = − log(82.04/100)

7
= 0.028.

So,
Q(t) = 100e−rt = 100e−0.028t.

Let th denote the half-life.

Then,

Q(th) = Q0e
−rth =

Q0

2
.

So,

1

2
= e−rth ,

2 = erth .

th =
log(2)

r
. (2)
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2. Carbon Dating
All living beings contain roughly the same concentration in cells of
a certain amount of the radio-active element Carbon-14, C14. This
substance decays at a certain rate, but gets replenished by living beings
which breathe from the atmosphere. When a being dies, it does not
replenish its Carbon-14, so the concentration which remains in the cells
is smaller than that which was originally there. Since the concentration
satisfies

Q(t) = Q0e
−rt (3)

for some constants Q0, r > 0, and the half-life of C14 is about 5730
years, one can use this for dating archealogical objects. Let us take an
example.

Suppose that the remains of a certain substance contains 20 % of its
original amount. How old is the substance?

From formula (2), we have

5730 =
log(2)

r

or,

r =
log(2)

5730
≈ 1.21 ∗ 10−4

We seek the time t1 such that

Q(t1) =
Q0

5
= Q0e

−rt1

or

1

5
= e−rt1

or

−log(5) = −r ∗ t1, −1.61 ≈ −1.21 ∗ 10−4 ∗ t1

t1 ≈ 1.61/(1.21 ∗ (10)−4) ≈ 13301 years



August 30, 2011 4-4

Compound interest
If interest is compounded continuously, this gives an example of a model

exhibiting exponential growth.
Let us review interest calculations.
Suppose we are given a certain inital amount of money, called the princi-

pal amount P (0). If this is compounded annually at a rate of 5 % and P (t)
denotes the amount of money available after t years, we have

P (1) = P (0) + .05 ∗ P (0) = P (0)(1 + .05)

P (2) = P (1) + .05 ∗ P (1) = P (1)(1 + .05)

= P (0)(1 + .05)2

P (t) = P (0)(1 + .05)t

Now, suppose the interest is 5 % per year, but compounded monthly.
The interest per month is 5/12 %. In t years, we compound 12t times.
So, we get

P (t) = P (0)(1 + (.05/12))12t.

If the interest is at the rate of r %, we get

P (t) = P (0)(1 +
r

100 ∗ 12
)12t

If the interest is compounded n times per year, we get

P (t) = P (0)(1 +
r

100 ∗ n
)nt

When n→∞, we say we have interest compounded continuously.
What is P (t) ?
We take

H
def
= lim

n→∞
(1 +

r

100 ∗ n
)nt

Taking logs we get

log H = limn→∞ nt log(1 +
r

100 ∗ n
)

= limn→∞
log(1 + r

100∗n)
1
nt
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For small x, log(1 + x) ∼ x, so we get

log H = limn→∞

r
100∗n

1
nt

=
rt

100

So,

H = exp(
rt

100
),

and we have

P (t) = P (0)e
rt
100 .

Mixing Problems
Suppose a tank contains a solution of Q0 lbs. of salt dissolved in 100

gallons of water. Assume that a solution containing 1
4

lb of salt/gal is poured
into the tank at a rate of r gal/min. Assume that the solution mixes instan-
taneously and that the combined solution is drained from the tank at the
same rate of r gal/min.

1. How much salt is there in the tank at time t > 0?

2. Find the limiting amount QL as t→∞.

3. If r = 3, and Q0 = 2QL, find the time T for Q(T ) to be within 2% of
QL.

4. What must r be for T to be no larger than 45 minutes?

Solution:
Let Q(t) be the amount of salt in the tank at time t.
We first find Q(t). Then we will see that the other questions can be

answered simply.
Let Qin(t) denote the amount of salt that has flowed into the tank at

time t, and Qout(t) denote the amount that has flowed out of the tank at
time t. Since the number of gallons flowing into the tank equals the number
of gallons flowing out of the tank. The total number of gallons remains fixed
at 100.
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Then,

Q(t) = Q0 +Qin −Qout

and

Q′(t) = Q′in(t)−Q′out(t)

Now,

Q′in =
r

4
lb/min

and

Q′out = (amount of salt per gallon)

× (number of gallons flowing out per minute)

=
Q(t)

100
× r

Hence, we get the d.e.

Q′ =
r

4
− Q(t)

100
× r,

or

Q′ +
Q(t)

100
× r =

r

4
.

This is a linear d.e., with solution obtained from

µ = e
rt
100

Q(t) = e−
rt
100

[∫ r

4
e

rt
100 + C

]

Q(t) = 25 + Ce−
rt
100

Q0 = 25 + C,C = Q0 − 25
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QL = 25.

Q0 = 2QL ⇒ Q0 = 50, C = 25.

Find T such that Q(T )−QL < (.02)QL.

Q(T ) < (1.02)25

Plug into above and get

Q(T ) = 25 + 25e−
3T
100 < (1.02)25

Then, solve for T .
Observe that if we had different rates rin of input and rout of output,

and we let V (t) be the volume in the tank at time t, then we would get the
relations

V (t) = V (0) + t(rin − rout),

and

Q′in = (amount of salt per gal coming in)

× (number of gallons per unit time

coming in),

and

Q′out = (amount of salt per gal going out)

× (number of gallons per unit time

going out),

= − Q(t)

V (t)
× rout.

So,



August 30, 2011 4-8

Q′ = Q′in −Q′out

= (amount of salt per gal coming in)× rin

− Q(t)

V (t)
× rout.

Newton’s Law of Cooling:
Assume a solid body B with initial temperature Θ0 (at time t = 0) is

immersed in an ambient fluid whose temperature is kept at the constant value
T . Let Θ(t) denote the temperature of the body at time t.

Newton’s law of cooling states that

Θ′(t) = k(Θ(t)− T )

for some constant k. That is, the rate of change of the temperature of B
at time t > 0 is proportional to the difference of the temperature of B and
the temperature T of the ambient fluid.

Let us solve this d.e.
We have

dΘ

dt
= k(Θ− T )

dΘ

Θ− T
= kdt

log(Θ− T ) = kt+ c

Θ− T = Cekt

Θ = T + Cekt = T + (Θ0 − T )ekt

Have 3 parameters T, θ0, k to determine.

Typical Problem Suppose that an object whose temperature is 40 de-
grees Celsius (40 C) is placed in a room whose temperature is maintained at
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20 degrees Celsius (20 C). One minute later, the temperature of the object is
36 C. Assuming that Newton’s law of cooling holds, what is the temperature
of the object 10 minutes later?

Here we have Θ0 = 40, T = 20. Then, letting t = 1, we have

Θ(t) = Θ(1) = 20 + (40− 20)ek

36 = 20 + 20ek

16

20
= ek

k = ln
4

5

Now, plugging in T = 11 gives

Θ = 20 + 20e11(ln 4
5
)


