Life in 4- Dimensions

~Sewe highlights of - m e 'taEGhj =

. Sl'mplg connected smoothh 4-mFds

Exs - S"‘LJ GP?'! é-[Plj ‘511%1, s.c. Cowmplex Eurﬁws
ey, K3 -surlace

What wae known cweol 1950 7

4, A\g{opniﬂ&&j = Hl ] fﬁ‘tEﬁEEEFDVl%__"M
H.;_® H:. ——% .
b, b7, sign-b'-b | e= 1Yk
rowk = b by

odd torm 3 evewn foven «— 5p.n-1

A g e v B0 0
K3+ 2E. +FH £, = ey g v
Sgr (K3) - —1, e (K3) - 24
b, (K3)= 22

2. Twndey [T I'hQ_,rww.t{;m.. eg Rohling Tt'l'w\
= for evewn Qorm' I&l Si%n §. 'I'Q kE&*/QH

Is it (}Drw\ of s, ‘f-m(.?,,(. le evewn,

5. What could be caved From o o h-cobo. 1o




(Questions

More irveducible swmoocth =<, Y- W\Qﬂl'-’a {e‘m X &PQ*CGS?
(_En.c‘h = &cxgbw?nus?)

e Howeo ve. Dilfee - Exotic smooth shructures ?

GEDSmPL“j o@ Vo . c[a.s.SEs. PJ?.. sSC E-MGO*B\ Y- MQ.'ls.

Plet e vs. 5i%v\ - Which points ave ocuwpred L"‘j
wvved  Y-wm(d?

(U%ua.'«tﬂ OO AS Used Gre X = £+ Sign

% = e 35.‘3n+1t’—;)
Qe\a.":cc’-( C-Iu.ﬁﬁ"(.lmq

. Qeo.’llzjﬂ.'t [;9'\-"\. 9? l_ﬂtE?_SE‘Cthh ermg,
(A'lg classi( : Inde’ (Hesse - Min\-c.cws'(i)
odd ~ m(4) ®@n(-41) even ~ kEeﬁﬂH

De_f.‘. - No class'ac_ 3 Bn s 5o clasges

E-“C SE;JEV\ rau ke
<5 2 of vamk (1§
o e L
G
. H/S' {:Gﬁj

For even sc y.m(d P2 1
'signt 7 g

« h- cobordiam tthm ?

. —PO t"'-"'\.(‘,ﬂ-i""{ Cbuu F’J




Swon Donaldsen

Twim A, (1952)
An t'nll‘emftlév-. QDv‘m .}\?_ o

SME}O% 5C i#mCs-l wc’u%"ﬂ
[T dehinite s N(4) on *n(-i).

Metrod - Study space of comnectiens ew principal
SUQ)-bdle P assoc, to X
Pelassificd by single # ¢, (P,
OL=: conns enw P - oflm'l afRine space
£ - Jouge qp = SUQ) -equiv autos £P
B Oty - co-dim's statiGed epace.

1dea - :’ﬁudj E?Er:ia\ kind OC conns ﬁt‘v f.*"\Cj abs
?Ur \/L‘lmng"t]-[L% C"\T— " “1':,2 H:

"’l
XA

ABD Conn's — 3&+l'5% e ek

MDC‘lu.Ll Space M - AS-D Ccmn{'ij’r/‘?j ('?J'tﬁl*f‘l%fd %Faf{\]
) . - ‘:_-;!.\f%'t_:,
dvn M = R ¢, (P) - E(Hb*)

Nele for§c,(P)=1 dwmM=5
— b*-:D L*'U“Edf!§>




.
Sttt e ation e»e M — Rrmation 6 instomtons

TOP "tFMEl.C\'\'f-nu\ gc ‘I‘ﬂﬁ'&am'tgn, . »
ASD conn on SUQ)-bdle /5 _

These camy eneqy «o> ¢, (bdie)

psv
What Cawn l-’\ﬂ-PPEV\ . G;JIQ_"E:D
&,
s : 4
kﬁl'ﬁ‘t’) o B (X% Pe, A)
SD Conn. e

G (%) = ¢, (P) - ¢ (Q)

ASsume b= 0 ’ ce,(P)=14. ) pammefﬂégeg e
mstanwmtons.

= M= 5-dim'L S';V‘\Su.lﬂh space with 9=X_
5\%9 ‘s «> ASD conns whose !/'\D[t':mc-m'j < u) CSU(?_)
e % ;71 O?, udre\ErE /!\‘3 hﬂa lﬁn‘fu“c}pﬂ
<~ ) ¢ M

Tndey Thm fﬂ'mpdfs Aivi'in i(. nonemp{g.
Shown '03 (‘_If&.T&ubﬂE_




@mn—idaﬂn)

N= # reducile ASD conns o I°.
#{aeH \ =, (P)=1}

Cu.n < Vow

See - 5;‘8ﬂx: -n A each 2 -sPﬁ'ES Q;P'In’c.%rm
- D Int form = n(-1). 1

Dmuldsm% fpﬂlﬂnownhu'k 'lV'IVCW';CLth_ p?

Tdea : View M an O ki;\d.g?_ th\glcﬁS class @
CTEt iﬁ\fr{f- b'}j \-V\'tE.T‘S.Qc,tI-Vlg w‘t'\'& gfeug)'_ hDMO(BﬁL‘ E(QSSE:S

6:) Maiﬁ':h[:lz:; 'irjl 'It:E.i
(PA)
jrokclle  , — / _____ A
6* W //Jl Hl{x)q—: Hl@)
) /@ o@a

SRR P e — — (integ, aiauj ﬂ‘\nﬂ)
X (e,(®) e HHBXX) )




Donaldsen invt : B gdd > o R= P
A M = 3k - 3(""‘-”+) & Zq_

—Dx[ &‘J“'ro{ﬁ'__) - {,(.L[dﬂ‘uu-/&{dq_\l f[Mj 7
v — .
tlasses in B X)) de@ ned I fw{,ﬁrﬁ.ec‘t[m-_:,

I_DICQBMGI'PL\-E’:W\‘ mvt of onewted '*l'-Mgl*

Donaldsons # Thwy [ XEXeX, L b >o, LDL>O
JQen _DX =0.
=k

X, K) o
o - =
‘ Stretch neck

'R

Chivn M, = 8k, -3( Hb:') dim M:_: %[‘:1‘5(”*.%&1\

3T = dimMot dimM, - gk-3 (6] ) g, -3 (145 )
2(9,* 2.) * dim M =~ %k"?’(“-l:;\

Cor

|l

MCP2 & p Gpa C 1t mgh




Ex D #0.
3

= K% ctamnot be splitasa # with b'>0 ou both sides

UE to h- b cony.

IAB#EPI od&.r mt (onm 18 QEE&E’H@(_EQ
~ 3(1) ®20(-1)

Npr\'l'v‘;\a'.-cd-i% GC = JPQ)!gLéfS ﬂ-C’bﬂ“’" HOW"L’PS

= - #0 D _ =0,
K3#CP 3cPr#20CP-
(Frczdmam@ Smani'e\ sc Y- mels class. '-ki(b'h-" LNDF“EG [93 it . GDTIM.)

(9%2)
mgms. - 1F tevus 1 el self-O# 0 Cx
Nbd = % ‘ﬁ.‘b = S‘x(S'xblﬁ cat & rfj{mz 2o that
S« Sxjob s covered ?~Cold 'htj fal om 3(XHT)‘DL)

‘HGMD%QM KE)-' Smgmsr DV\.C h-h.k?ﬂ [qs "h'ﬂMﬁGhM ﬁ-e

rel prime mult fPixEt‘t;Ef on K2, if ;xasam ‘E&J.l:mm

Fv‘\ E‘-:iw\% MOYBM ?_,'Vmw-e& M duepeud uui_n.'i'ﬁ' dl(&ﬂ o
maclt) P l luhas




Gompl - Mrowka Exawple (1990)

Tt orm f K3 - 2E; ® 3H  Each H has Tl, Seuang O

L03 brams (g on all 3 tort .
mekﬂgmim — Qo_"-tmiﬂ,h.&ui = ﬂﬂ{ 6&1%0; I{Bj st ,le)ﬁi_

= NO COMPLEX STRUCTURE

Structune & Doncldsen \wuts

KTM"’\.E:&WET & P\Kmmka. i kﬁd rta,l.mladil;um
Impartomce Gre P’L-cLo.'ss
Recahl ¢, (@) € H* (R*« X))

For ae H,X) wie) = (@) /a € H(®)

Lot xe H,QOI gew. Vs Ca(@)/x — Hq(_@)‘)

whore dim M = lﬂ]_+4'l-‘-'-

Simple type condition : D (&, x*) = 4D (&)

Holds V¥ kinown sC smosth 4-mCus b*5 3




-q -
Stﬁpler '(fkjpe_ 'hupa"‘e\ 5 E"thﬂxlmeh& Mmkn_ 'PTDWGK

 bagic classes

k. A N d
‘E;( = €Xp (/Eljz) EZ 3;, E'-_K" n HoOX) |
it feam of X @

Power sevies  When u,?Ph'ed. te a,, ey Qg , x” NL[":{
Lsole ob g+2b Terim n weyies .

Bawie clasges K. chanac teustic W LL‘,_(X)

lmportamt conseq uence of «-Fm.uc
Adijt'bn \vxe.c! uﬂ..(,dqj Quwlre 2<X 4921 4320

g2 2.2 +1K;?_\ ¢ basic classes Ks

K-MN shouwedX By Y S‘M-‘?.Cn,;_g_% &'--9. Py = bdd.j have
“er cam. daro K ag one a? baace clanies

W reps CX cuwnve Ren 'Fv-%j rePo{E - o O
2G-2 % 3.2+ KZ o cxcwwe ibsell 36.52734KZ

=5 %&\u.m W fﬂ&téei bj CX Cuwrwe.
E_)_g_ IBKB = E,.‘}'.P (_Q.IZ) (Dhlﬂ Yase clasg = 0)

DELH} = E-*P(Q!Z) 5““\”“-1((") F»-_ C.“n-er class




-10-
L%'tmﬁg‘:aﬂﬂ Q;;rmm B (F‘ %‘l‘t)l.h)

I T= eso.fowns o seuare 0 0 X, by>1 ...

Ao\ ‘1Q ')(P: resuk s? P- tD% ﬁme@rm o |
‘te\bv\ —\>)(1= -DL( simh Lt‘ﬁ

tP= MG‘Q MuL{AFIE QL}QJ"’ = 'I.F‘,I'_T-i ’ t= ET1 =Pt1‘ ;
Px&awhéheaﬁ Viee rakienal blowdowms {ntxf; tfmgj

CDMLL CGLM.k‘a\-E?t‘L cal elokion o Donaldson
iﬂ\lrts Qp E,lLI'PHc 51&1(1(25

-D e _r‘:'a.lﬁ‘/\“(g\
Eﬂd\p' 5 - (Q/l\ Sinh (%) si—«h(&)

= 5%0“8\ C.LM/HC e,e e[[f‘;‘tfc ShUlG:Lr_Ls (C\:“ﬁt dowe
lO\J Wm,ﬂmmk& bﬁ m_lada.ﬂvg Q‘rst 1‘7'05@5 5@ 'D)




_||_

Blowup Formula

Given D,

R Bxﬂﬁi
Cbr %fmple-'bjpe (KmnhEmM-Mmukﬁ§
Dy,mn = Dy exo(-%) b E)

#CPr

W gennak Dyygn (EZ) = T (B 7)
. L \ %
£ = (a”_.,)q?-‘k ) .' ﬂ[mg ™ x blw}uP 'PO'«.js

| be e
Vollup inbe power. fevies  Oxt) = 2 Boa

Shown 8 T axtewdated Boxt) in terms ff elliptic (s

related to the elliptic cunve

1 3- 3
2 = 453_4(%_1)3 _ 2 x J‘--?Qx- (¥e P‘tﬂ-ll.‘SSB

Séx\oe::ﬂ ~Witten (H:W-O“uj
N.‘ENJ '&CIM.S =, 51;“Fligeol ieaciwg {?D new fﬂ\j‘t

¥
Mx= Z-OW o siply o €6 Zu
S-W bagic classes .

Cehj. up to Jrsdnslym "

== D
X/Exp(Q/z)
s = piﬁm : 'pammetn;bag C"-“M[y °£ e,['['.'.p{";c Curyes




-12-
Le_c’tuu: 9_ e F“nu-.: Selbe’lj'wﬂt_tﬂ'\ E-V'D\_

Tasie (octs about SW ( (o, & L ‘-F-“’ICB\E)

SN)( : charelts of W,(X) —> Z

Anse Com aeﬁv{nﬁ SW - equs (er which woduli space
hao Pormak duw. (M (V) = L (- 6 sglX)+2e X))
Char WX )
Cothiitee T X b aduit ahwprl-cx st il k
15 ec[u{u'. b dwm quﬂ) gt #

HDMLOS% W:lEhtai_lO‘h Qr- X " ' 2. Ohl*e'.-\_tﬂi_fﬂg"h Ge H::(x),
ranmts each Modudd space .

= n caqe &Cme&:):O carm deQne
SW, (k) = gt of pts with sion.

W SimpleTyee : 10 omly SW invts come Grom dime =0
MO A Spates.
CJACM
’TC\-M @hﬂﬁh) x minwial Kahley Sw:.@::..t.t law U- K)l* 1

e (%) >0 thew AW, (k) =0 al\ otk k..

Gemonally Wy (k) = ﬂE%m SW, (k)




13-

. S‘NX =0 ‘IQ- X adw s +'ve scalar cuny, metvic

- boi -

caw. tlass

¢ : : +
B > SW'XEK)='£:L i Xana Sawt?ﬂ '-l'—mglb'?’h

L Cleomelvic coutent SW 1 SWi= Go. B syl X

'T-L\?_ -TC\DV\:\CDHJ Ml_nt;'ﬂnd-\_ %&,\-M NP £M Q‘Pl Q'e G

&Q%NQ A cunve & ok cunve tzelC,

v Kronwheiwmes & Mrvowka —?mvfﬂi s EU %t@{;gklv\s

Mjmc,‘riw \neﬁm,{;—tg (or W im o context that
wenles Qe OGP (b'= 1)

151Gm| 7
-D'E:V\ﬂ.."-.d%av\ had shewn ‘h'u.q_ mcase b=1 e 2 (& O)
(lev i€ even & b=4 thun Q= H
1(1 e Js-.'bq':'?_ %&a\@: H-&)l—.‘j

H/S’ i Conji&dure ('C.e. Pat B3 lé"— (o 36 i X)

FLNLU..,EQ lmecl stté'k 32 SV\] “t® Preve
b, > %m{%—n\ +2  for X sc even .

basscally , Hhe 1O/ ~Thin .




~14-
Cwﬁ.’{'yu('_tlpm T‘EC‘/\F\I‘C‘H.EB =
l. Ratiewal blowdown CF‘SH‘-“>

Suppese X convtaans EMIC\j C’? K spheres

o e . 2
“"*‘M e e
=

R i et et

P\ sphones .

(BCF = L{Pl- -p) . Thie -EGM.'; Space lods vaiiemal ball BP

Kabiewal blowdown :  Remeve & ﬁiug A —BP

(reduces & oy BT leames | uMc,haM.SEdB

x“" ( b @

)( XP = mhm\ E{ou}domh—

| ka chax v P.l()(t,]
h(’-t = C-'iM.} E € Hz(.x\] 3 Q\}(“ = k\xx

o (F-5) W, (1) = sw, (&)




_f-;_

_E__:f. ‘ L-Oa 'tVnMECOer E:ell{Ph'c Su.ngm;g_
€. neodal c\'bt‘x

¢
P
0 blow
“p
S
el ...

U\d'u'ﬁ above Qormlc\-pfwe_ log trams? (ormatu
SN’}EE*P) = S (HTpt7e e )

n-ueas.m_rof,?ﬁumzo tF}JFLLT] )

2. Knet Sunﬁex\j (F-3tern)

P\&ain 1= ess, o, : ﬁqum:cv & X,
I = kKnet wn 53‘

X, = (T 9 3% (8%~ NUQY)

ﬂlu_&a .f.wg.tmeeué-'? 9b1




- b~
XK. L Sane tﬁnww{.oﬂa»wj & mt. Q‘Jw\ as X ‘

T abo, ah=d =0 06T) 48en Xy 5o 30
> XK L\D"'Haﬂ x :

et Sunff)m—nﬂrm : S\NXKZ SWN X AK_LJ(F_\

A= sym. Alex poly off K. £ = class w ZWX) <« 1T]

Ex. X= K3 surface, WiHen = SW =4
Do kuot SWnHy om e,'l[{P{;{c_ G e XK homeo X

SWXK: S\MX. &KH_-?.) = AK({F.)

s e M’Lj Maauj 0\1::‘.171;1:{, %I'Mat'e\ Meplg If}bM.e..:; K3

o K it oW VonLC. &K(t) 5‘-‘-’?-

nonsy mELec't:::_
mCds

% A net aduact "-'sj“"lP{' st
P o knol SWigesy om —

Shew Wy, /SN saetisies C)za.ss.;wﬂ C\f\cw.%g orwanla,
;
Fo1 Alex poly,

Cﬂ‘—mi- Ic X = Sc smeotty H-Mgul wi t, {«SWX:/—'—O 1-&%
3 0ly mamy distinct smeotéy 4-mPds homeo X




_I'?_
1MP:}F'COM{ Pﬁc,t §

* Knot 51‘13% ochieved b‘_.; Sunffemj (lug {'Jfau-sc\ G
m\\homlnagm ok g .

'\/ _\/ x gl
/

A 1=
/\Tﬁnulh.ml-‘jm
SCH-MBds il =4

1

Cavellyg

Rationad sunfuce CP 4 kCP*
Al have SW=0

A r 3
xS

Ed)= CP* #QCP* elliptec s
2 o et homeo fo E@)

@, D-Dolgachev sunface - E(1) aog Boams )

Donatdson (1955 EW), , et a‘@eeo E@)
(Grst C/E tr-cob 18 i diwn 4)

Kotschinele (1988)  Raylows sunfacg heweo not d\(feo
to CPr4 £ O12

No WS until 2004
J_mﬂil. Park .




_[?_
Park mld P homeo o CP2# 7 CP2 2 ng‘:{-.

not da(keo o
tatks \dea : blow wp umtil S-ee-mﬂ G theu blow down

Veve o A constiruction SOLLqu -up with  kwvet
W}L;j ( F - %'&.‘-’l u,,) ‘,
€ on - dolewdk SO0 I-{én;g

Stont unte, EA) witl : 4

B it

Sectien, ¥

:
eyt

doulele
nede.

Knet SWnsowy whene K= twit kot

EL),
W ||
kcﬁnﬂ' N
double
Npde genu.&me’

(36 sanfuce of 1K)




= lq e
Deuble node bnck  tvades e e, 1 pmudoaecﬁw

E:h, mmers ed E—Pl‘\zrt

LN

I dlow wp c\bm'bf‘.ﬂ.p‘t

E(), o P /5(%7‘” 5 @

l vk bim

Get oo (ammdy o smocth s homeo Ob# 5P
b3 vcwj g K Lk com*Pthtﬁ SW)




- 7
& Rﬂitwl.«j blew dewn C5 - =

N
get M‘Qe-wétﬁ howeo CP*# 7CP>
(Pmbmbej n=1{ knet G:wt(;oil) 5 Farks -E‘:L.\

5-': G;J 5 an well  — p(lf_-.s dme 1w Paurt to ‘3t\{>5ic5*%50«‘=c
& Parke-Stipsicy - Szabo.

—

Orallev m Celé

Exotic CP'# 3CP* 40 to Baldridge -Kivk and to
AkWmedoy - D Park .

LAY i Kebnaiky - D.Parle (ot yet published)

2 D;(—%mnt tppreach +to Hese examples »  (F- Stewn)

i Sﬁh‘i'ﬁ‘u‘q_ Euv'gex-vj >

’:ng dau,la{-e eC_ {bmg A Tlx DL




_2'-

B CAC ™D
Tdea i Embed A whow T2xD net theve,
E}_ . CP- Eoclh compartment ¢

= compl. el HUE W
CP* # Cp™

a 004 1

: -1
Blew wp W eacia compartiment +o a_et O@j

fa) \
- 'ES‘; - w®
z z 9
@ﬁjﬁgﬂ? E \Cﬁaﬁ‘)’%‘;‘ .agm‘-";‘dw\bf 1
™ o lods disle of
g @ - Squang O in
e R e
£, 'E;mg doulole (werd)
A Glse lds disjomt
u‘;ﬂ 2-Atsles '{'DP
p=)

Compantwent




Uae 16 1o Bade handles -

M 2-hdles B Biagdowbly mend) in LR

SEwa. - - - - - - .. (M;A) on Tep,
= Add 1 hdles . Get

Get ( ‘ori

(«l\ hu,llkﬂmtmaﬁm) O

3P

Eﬂ.a%‘lrn Qnd %ﬂw%%tw oW/

& gwe T=o.

peawl,‘t Go—paw:tlﬁ hD"M.tG'ED fmzﬂ' 5@-&71 net Oqu)-eg

Sunilon ‘tec,lnvt:fibhe,% weele (o CP*# 20p2

- See notes fon, GA TP CONF ol o
‘W‘j me'tosfte,




-23-

s SO lm‘:c:rtnmf ’Rema:w{an Quqstlbu

- BMN hlne. C;L: 3¢, . CDIM we Qnd BSWLP{-EC.-*_L‘C_ but
nonex. wmlls tRone (Not s hmﬂ
« Exetic P# 'l?", e i o

o Horikawa surCaces ' 1K, - 6. Smocth C.l&ﬂ‘&'tthcfhév\?

’ EX&{:LL; mfm‘mad' U # k CTP™ CD-L k> % 7
- New construction wme tfods

® ‘C Kis a nontrivial k_ﬂn’t Luﬂ'eg AK':.":“—"L‘
'S KSK APfeo K3 ?

® Wl\a)c LmPtLr:t m[( Fl@ﬁ‘-‘“‘ hmw(o%j esp. HM*
plog in dum 47




