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History

Aschbacher’s local CGT Theorem

Baumann/Niles Pushing Up SL>(q)

Gaubermann-Niles: A pair of characteristic
subgroups for pushing up in finite groups.

Timmesfeld: A pushing up result and some
consequences for the embedding of 2-constrained
subgroups.

Timmesfeld: Simultaneous pushing up.



p-reduced normal subgroups

H has characteristic p if Cy(O,(H)) < O,(H).

An elementary abelian normal p-subgroups V of H is
called p-reduced if O,(H/Cy(V)) = 1.

Lemma: Let H be a finite group of characteristic p
and T € Syl,(H). Then

(a) There exists a unigue maximal p-reduced normal
subgroup Y, of L.

(b) Let T < R < H and X a p-reduced normal sub-
group of R. Then (X*#) is a p-reduced normal sub-
group of H. In particular, Yr < Y.

(C) Let Ty = CT(YH) and Hr = NH(TH). Then H =
HrCu(Yn), Ty = Op(Hr) and Yy = 1Z(Th).

(d) Yr = 1Z2(T), Zy := (1Z(T)H) is p-reduced for
H and le(T) < Zyg <Yy.

(e) Let V be p-reduced normal subgroup of H and
K a subnormal subgroup of H. Then [V,OP(K)] is a
p-reduced normal subgroup of K.



Point-Stabilizers

Let T € Syl,(H). Then

Py (T) := O (Cx(21Z(T)))

is the point-stabilizer of H with respect to
T.

Lemma: Let H be a finite group of char-
acteristic p, T' € Syl,(H) and L a subnormal
subgroup of H. Then

(a) CL(21Z(T)) = C(21Z(T N L))
(b) PL(TNL)= 0P (Py(T)NL)
(c) Cr(Yr) =Cr(Yy)

(d) Suppose L = (L1, L) for some subnormal
subgroups Li,Lo of H. Then

(da) PL(TNL) = (P, (T'NLy),Pr,(TNLy)).

(db) For ¢ = 1,2 let P, be a point stabilizer of
L;. Then (P1, Py) contains a point stabilizer
of L.



Notation

For a p-group R we let PU1(R) be the class
of all finite CIC- groups L containing R such

i) L is of characteristic p,
i) R = Op(NL(R))
iii) Ny (R) contains a point stabilizer of L.

Let R be a group and > a set of groups
containing R. Then

Op(X)=(N<R|NJLVLeYX)
So Or(X) is the largest subgroup of R which
iIs normal in all the L € 3.
For example if R € Syl,(G) and R< L <G
for all L € > then

Or(X) = Op({X))



Goal

Given a finite p-group R and a subset > of
PU1(R). Suppose that Or(X) = 1.

For each L € >, determine the structure of
(B(R)L).

Here B(R) is the Baumann subgroup of R
defined as follows:

A(R) is the set of elementary abelian sub-
groups of maximal order in R.

J(S) = (A(R)) is the Thompson subgroup
of R

B(R) = Cr(€21Z(J(R))).



Example

Let G be a finite group of local characteris-
tic p, that is all p-local subgroups of G have
characteristic p.

Let S € Syl,(G), 1 #x € £21Z(S) and C =
Ca(x). Then one of the following holds:

1. C is contained in a unigue maximal p-local
subgroup of G.

2. Put R = Op(C) and let X be the set of
maximal p-locals subgroups of G containing
C. Then

> C PU.(R) and Op(X) =1



Complication

Let I be a finite set and for 2 € I let R; be a
finite p group and

2 ; C PZ/Il(RZ) with ORZ(ZZ) =1

Put
R= X R;
el
and
>={X L;| L, e Z;Viel}
iel
Then

> C PU.(R) and Op(X) =1



FF-modules

Theorem: Let H be a finite group, V a
faithful, irreducible FpH-module, L a point
stabilizer for H on V and 1 # A < Op(L).
Suppose that

) [V/Cy(A)] < [A/Ca(V)].

i) F*(H) is quasi-simple and H = (AH).
Then H = SLn(q), Sp2n(q), G2(q) or Sym(n),
where p = 2 in the last two cases and n = 2,3

(mod 4) in the last case. Moreover, V is the
corresponding natural module.



The Baumann Argument
Lemma: Let L be a finite group, R a p-
subgroup of L, V := Q1Z(0,(L)), K := (B(R)1),
V = V/Cy(OP(K)), and suppose that each of
the following holds:

) Op(L) < R and L = (J(R)*)NL(J(R)).

i) Cr(V) is p-closed.

i) |V /Cp(A)| > |A/C 4 (V)] for all elementary
abelian subgroups A of R.

iv) If U is an L/Op(L) module with V' < U and
U = Cp(B(R))V, then U = Cp(OP(K))V.

Then Op(K) < B(R).
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T he Reduction Theorem

Let PUs(R) be the class of all finite CK-groups L such
that

i) L is of characteristic p.
i) R< L and L = (R")

iii) L/Op(L) & SLu(q),Sp2n(q) or G2(q), where ¢ is a
power of p and p = 2 in the last case.

iv) Y1, /Cy, (L) is the corresponding natural module.

v) O,(L) < R and Ny (R) contains a point-stabilizer of
L.

Vi) If L/CL(YL) 7% Gz(q) then R = Op(NL(R))

Let PU4(R) be the class of all finite groups L containg
R such that L is of characteristic p and

L= (Ni(R),H|R<H<L,H & PUs(R)).

Theorem: Let R be a p-group. Then
PU1(R) C PUL(B(R)).
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The First Pushing Up Theorem

Theorem: Let T be a p-group with T =
B(T) and 3 a subset of PU3(T) with Orp(X) =
1.

Then there exists H € X such OP(H) has
one of the following structures (where ¢ is a
power of p)

q"SLn(q)";
q°"Spoy,(q)',p 0dd;

g1 2" Spo,(q),p = 2;

g1 To185ps(q),p = 2;
21+4+61,(2),p=2; or

g1 T2125L5(q),p = 3.
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On the Proof

Lemma: Let L,H e 3.

(@) If L/Op(L) Z Sp2,(q),n > 2 and Y, £ Yy,
then [Y7,R] < Z(H).

(b) If L/Op(L) = Span(q),n > 2 and [Yg, R] £
Yy, then [Y;,R,R]| < Z(H).

(c) If L/Op(L) = Spop(q),n > 2 and N is a

normal p-subgroup of H with [Y;, R, N] = 1,
then [Y;,N] < Z(H)
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Proposition Let L,H € >. Then one of
the following holds

1. Op(H) N Op(L) is normal in H and L.
2. (Ygt) is not abelian.

3. (Y7 H) is not abelian.

Proposition: There exists H,L in 2 such
that (Yz L) is not abelian.

Proof: Otherwise Nges Op(H) is normal in
each L € X.

Also ©21Z(R) < Npes Op(H) and

() Op(H) # 1.

He>
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A guess

Let R be a finite p-group, X~ C PU1(R) with Or(X) =1
and L € >. Then we guess that there exist subgroups
L;,1 € I, of L such that

(B(R)") = K Li

iel
and for ¢ € I, OP(L;) has one of the following struc-
tures:(where ¢ is a power of p)

q"SLn(q);

q*"Sp2n(q)’, p 0dd;

¢' 2" Spon(q),p = 2;

2°G2(2),p = 2;

g T8Sps(q), p = 2;

D1H4461,,(2) p = 2;

q't2*t2SLa(q),p = 3.

2L Alt(n), p=2, n=2,3 (mod 4)
21-|—2—|—1-2m—|—2-2k:SL2(2)/, p = 2

maybe a case similar to the last one with SL»(2) re-
placed by Sp2,(2).
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