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Abstract

Let p be a prime, M a finite group with Op,(M) = 1 and V a faithful F,M-module. In
this paper we investigate the structure of M and V under various assumptions related to best
offenders and quadratic action.

Introduction

This paper is the last part of a series of papers ([MS1], [MS2], [MS3], [MS4]) which form together
with [GM1], [GM2], [ChL], [MeSt1] and [MeSt2] the module theoretic background for the classification
of the finite groups of local characteristic p outlined in [MSSI] and in particular, for the Structure
Theorem [MSS2].

Most of the results we present should be of independent interest since they give further insight
in the action of offenders or more generally quadratic subgroups on modules. The results we prove
come in two categories:

1) Consequences of the General FF-Module Theorem, the FF-Module Theorem and the Offender
Theorem (see [MS4, Theorems 1,2 and 3]): Like the Strong Dual FF-Module Theorem the
Strong FF-Module Theorem the General Point-Stabilizer Theorem [3.6] and the Q!FF-Module
Theorem [H.6l

2) Statements about modules with quadratically acting subgroups: Like the Quadratic L-Lemma
2.9 and the Minimal Asymmetric Module Theorem

Let H be a finite group. A p-parabolic subgroup of H is a subgroup that contains a Sylow p-
subgroup of H; and we write parabolic subgroup if it is clear which prime p is meant. In contrast,
for a genuine group of Lie type the subgroups containing a Borel subgroup are called Lie parabolic.
For the definition of a genuine group of Lie type see [MS4]. Also the definitions for the various types
of offenders can be found in [MS4].

Let T € Syl,(H) and V be an FyH-module. Then Py (V,T)) := Op,(CH(CV(T))) is called the
point-stabilizer of H on V with respect to T.



The quadratic action on modules will be in the center of the investigation. Therefore the reader
should be familiar with the basic properties of quadratic action, for example that a faithfully and
quadratically acting group on an Fp-vector space is an elementary abelian p-group (see [KS], 9.1.1]).

Several of the proofs require some knowledge of genuine groups of Lie type. So the reader should
also have some understanding of these groups; in particular of their Lie parabolic structure.

In the following GFMT stands for the General FF-Module Theorem and FMT for the FF-
Module Theorem and the Offender Theorem in [MS4]. The last two theorems we regard as one
reference, so a reference like FMT(7) refers to case (7) in the FF-Module Theorem, then the reader
is supposed to look up the properties of the offenders for this given case in the Offender Theorem.
The reader might feel the need to have the article [MS4] at hand while following the proofs.

Acknowledgment: We would like to thank the referee for his immense work, in particular for
all the comments and suggestions that helped us to bring the manuscript into a more readable form.

1 The Kieler Lemma

In this section we discuss a property of finite groups of local characteristic p that is relevant for
our investigations in Section [3] Recall that for p a prime, a finite group G has characteristic p if
Ca(0,(G)) < 0,(G); and G has local characteristic p if every p-local subgroup has characteristic p.
We start with some elementary properties of groups of (local) characteristic p.

Lemma 1.1. Let G be a finite group. Then G has characteristic p if and only if F*(G) = O,(G).

Proof. Suppose first that G has characteristic p. Put L = O,(G). Then Cg(L) < L. By [KS|

)-
6.5.7(c)], E(G) = E(L)Cg(e)(L) < L. Also Oy(G) < Ca(L) < L, nd since F(G) is nilpotent,
F(G) = 0,(F(G))0,(G) < L. Thus F*(G) = E(G) F(G) < L <F(G) <F*(G) and F*(G) = L.
Suppose next that F*(G) = 0,(G). By [KS| 6.5.8] C¢(F*(G)) < F* (G) and so G has character-
istic p. [

Lemma 1.2. Let G be a finite group of characteristic p and S € Syl,,(G). Then the following hold:
(a) Every subnormal subgroup of G has characteristic p.

(b) Every subgroup containing S has characteristic p.

(¢) G has local characteristic p.

Proof. (a): Let N << G. Then F*(N) < F*(G) by [KS| 6.5.7]. Now (@) follows from [L.1]

@: Let S < H < G. Then O,(G) < Op(H), and @ follows.

: Let P be a p-subgroup of G with Co_(¢)(P) < P, and let @ be a p’-subgroup of C¢(P). Then
Co, (@) (P) < Co, (@) (Q) and so by Thompson’s P x Q-Lemma [KS, 8.2.8], Q < C5(0,(G)) < O,(G).
Thus @ =1 and Cg(P) is a p-group.

Now let L be a p-local subgroup of G, so L = Ng(R) for some non-trivial p-subgroup R < G.
Set P := O,(L). Since R < P,

Co,(c)(P) < Co,)(R) < LNO,(G) < P.

It follows that Cg(P) is a p-group. Since Cr(P) < Cg(P) and Cr(P) < L, we get that Cr(P) <
P. O



Lemma 1.3. Let G be a finite group. Then G has characteristic p if and only if OP(G) has
characteristic p.

Proof. If G has characteristic p, then OP(G) has characteristic p by .

Suppose OF(G) has characteristic p. Note that OF(F*(G)) < OP(G) N F*(G) and so by [KS|
6.5.7] OP(F*(@)) < F*(OP(@)). Thus by OP(F*(Q)) is a p-group. Hence F*(G) is a p-group
and so G has characteristic p by O

Lemma 1.4. Let G be a finite group of local characteristic p.

(a) Let N << G and L be a p-local subgroup of G. Then N N L has characteristic p.
(b) Every subnormal subgroup of G has local characteristic p.

(¢c) Let S € Syl,(G) and N 4 G. Then SN has local characteristic p.

Proof. (a): Let 1 # P < G be a p-subgroup. Then N¢(P) has characteristic p since G is of local
characteristic p. As Ny(P) is subnormal in Ng(P) we get from [1.2)(a]) that Ny (P) has characteristic
.

(b): This follows from @

(c): Let 1 # P < S. By (a]), Ny(P) has characteristic p. Since OP(NS) < N, OP(Nyg(P)) <
Ny (P). We conclude from that OP(Nyg(P)) has characteristic p and then by[L.3|that Ny g(P)
has characteristic p. O

Lemma 1.5 (Kieler Lemma). Let G be a finite group of local characteristic p and S € Syl (G),
and let E be a subnormal subgroup of G such that p||E|. Then Cp(S1Z(S)) = C(1Z(S N E)).

Proof. If E = G, there is nothing to prove. Thus, we may assume that F # G. Put Z := Q,Z(S) and
Zy = W Z(S N E). We proceed by induction on |G/E||G|. Let M be a maximal normal subgroup
of G containing E. Then M < G, SN M < Syl,(M), and by @ M has local characteristic p, so
by induction

If E # M, then also by induction
CN[(91Z(S N M)) = CM(Z),

and the lemma follows. Thus, we may assume that £ = M. By E'S has local characteristic
p, and so by induction we may assume

1°. E is a maximal normal subgroup of G and G = ES.

Set C' := Cg(Z N E). Since p divides |E|, SN E # 1, and by S N E is normal in S,
sol # ZNE < Zyand Cg(Zy) < C. Note that |C/C N E| < |G/E| and that Ng(Z N E) has
characteristic p. Since C INg(Z N E) also C has characteristic p by [[.2|fa)). Hence, if |C| < |G,
then by induction

Cr(Z) = Ccni(Z) = Conr(Zo) = Cr(Z),
and the lemma follows. Thus, we may assume G = C5(Z N E) and so

2°. ZNE <Z(G), and G has characteristic p.



We now treat the cases Z < F and Z ﬁ FE separately.
Case 1: Z £ E.

Put V := 44 Z(0,(G)). By Z < Cg(0,(G)) < 0,(G) and so Z < V. By G=EZ
and so V = (VN E)Z. In particular, V = (VN E) x Z; for some Z; < Z. Since Z; is S-invariant,
Gaschiitz’ Theorem [KS| 3.3.2] also gives a G-invariant complement Z5 for VN E in V. But then
Zy < Z(G), and G = EZ yields

Z:ZQX(ZQE) andS:ng(SﬂE).
It follows that Zyp = Z N E and Cg(Z) = Cg(Zy), and the lemma is proved in this case.
Case 2: Z<E.

Then Z < Zy and by
3°. 7 < Z(G).

Hence Cg(Z) = E and it remains to show that E centralizes Z,. Put V := Q4Z(0,(F)). By
1.2((), £ has characteristic p, and so Zy < Cg(Op(E)) < Oy(E). Thus Z < Zy <V and so also
(Z§) < V. We now investigate the homomorphism

w4y — V with x — H zY,
UeE/SNE

where the product runs over all cosets U = (S N E)t,t € E and 2V := 2. Note that 2V is well
defined since S N E centralizes x.
The following elementary properties of 7 are easy to check:

— (zm)® = (x®)m for all z € Zp and s € S.

Z()ﬂ' < Cv(E) < Zo.
— 7|y (g is the multiplication by [E/S N E| and thus an automorphism.
- Ckerﬂ'(5> S Z S CV(E) by '

Let z € Zy. By the second property, zm € Cy (FE) and so by the third xm = y7 for some y € Cy (E).
Then y~ 'z € ker 7 and so Zy < Cy (E) ker 7. From the third property we get that ker 1NCy, (E) = 1.
and so Zy = Cy (F) x ker w . Moreover, the first property implies that ker 7 is S-invariant. Now the
last property shows that kerm =1 and Zy = Cy (FE). Hence Cg(Z) = E = Cg(Zp) and the lemma
also holds in Case 2. O

Corollary 1.6. Let H be a finite group, F << H, and V be a finite dimensional F,H-module.
Then
Cr(Cy(T)) = Ce(Cv(TNE)) =Cr(C,g(T'NE)) for T € Syl,(H).



Proof. Observe that the corollary holds for H if and only if it holds for H/Cg (V). Thus, we may
assume that V is a faithful H-module. _

Let G :=V x H be the semidirect product of V and H, E:=V x E and S :=V xT. Then G
is of characteristic p since V is faithful, so G is also of local characteristic p by . Moreover,

Cy(T) = 2 2(S) and Cy (T N E) = W Z(S N E).

Hence [L.5| implies C(Cy (7)) = Cg(Cy (T N E)). This is the first equality of [.6]
Pick R < Cy (TN E) such that [V, E]+Cy (T NE) = [V, E]® R. Then Gaschiitz’ Theorem shows
that [V, E] + R = [V, E] + Cy (E) and thus

Cv(T'NE)=Cu,ptcyvm)(TNE)=Cye(TNE)+ Cy(E).
Now also the second equality of [T.6] follows. O

Lemma 1.7. Let H be a finite group, E << H, and V' be a finite dimensional ¥\, H-module. Let
A < T € Syl,(H) such that A normalizes E and Vo < Cy(O”(E)). Put V := V/Vy. Then the
following hold:

(a) Pg(V,TNE) = Pg(|V,E|,T N E) = Pg([V,0(E)|,T N E) = O (EN Pu(V,T)).

(b) Ppa(V,TNEA) = 0" (EAN Py (V,T)).

(c) Pg(V,TNE) < Pg(V,TNE) < Py(V,T) and O,(Py(V,T)) N E < O,(Pg(V,T N E)).

Proof. Note that for any two subgroups X and Y of a finite group, Op’(X ny) = o' (Xn o’ (Y)).

In particular,
OP (Cg(Cy(T)) = 0P (En Py (V,T)).

(): By[1.6 07 (Cr(Cy (7)) = Pe(V, TN E) = Pa([V, E], T N E) and so
Pp(V,TNE) = Pg([V,E],TNE)=0"(En Py(V,T)).

From Pg(V,TNE) = Pg([V, E], TNE) and induction on ¢ we have Pg(V,TNE) = Pg([V, E,i|,TNE)
for all i € Z*, where [V, E,0] :=V and [V, E,i] := [[V, E,i—1], E] for i > 0. Since E acts nilpotently
on V/[V,0P(E)] and since E/Cg(V/[V, E,i]) is a p-group we have [V,OP(E)] = [V, E, k] for some
k € Z*'. Thus

Pu(V, T E) = Py(IV, E,k], TN E) = Py([V,07(E)],T N E).

and so @ holds.
@: We again applyto FE < FA and E << H. Then
Cra(Cy((TNE)A)) = ACE(Cy ((TNE)A)) = ACE(Cy(T'NE)) = ACg(Cy(T)) = Cga(Cy(T)),

and so

Ppa(V,(TNE)A) = O”(CpalCv((TNE)A) = O”(Cpa(Cy(T))
= OY(EANPy(V,T)).

(: By (&) Pe(V, TN E) < Py(V,T) and so O,(Py(V,T)) N E is normal in every subgroup of
Pr(V,T N E) containing T'N E. Thus, it suffices to show P := Pg(V,TNE) < Pg(V,TNE).

Clearly OP(P) centralizes Cy (TN E)+Vy/Vy and V. Hence OF (P) centralizes Cy (T'NE). From
P = OP(P)(T N E) we conclude that P < Cg(Cy(T'NE)) and P = Op/(P) < Pg(V,TNE). O



Lemma 1.8. Let G be a finite group and N an abelian normal subgroup of G with N N ®(G) = 1.
Then there exists a complement to N in G.

Proof. If |[N| = 1 lemma clearly holds. So suppose that N # 1. Then there exists a maximal
subgroup M of G with N £ M. Note that NNM is normal in G = NM. Moreover, (NNM)NP(G) <
NN®(G) =1 and so by induction there exists a complement K to NNM in G. Then G = (NNM)K
and so M = (NN M)(M NK). Thus

G=NM=NNNM)(MNK)=NMnNK)
and NN(MNK)=(NNnM)nK =1. Hence M N K is a complement to N in G. O

Lemma 1.9. Let G be a finite group and m be a set of primes. Suppose that O.(G) = 1. Then
P(G) = ¢(07(G)).

Proof. Put L := O™(G). Since L < G, ®(L) < ®(G). Since ®(G) is nilpotent and O,(G) = 1,
®(G) is a '-group and so ®(G) < L. Put G := G/®(L) and N := ®(G). Then ®(L) = 1 and
®(G) = N. Note that ®(N) < ®(L) = 1 and since N is nilpotent, we conclude that N is abelian.
Also NN®(L) =1, and so b applied to N and L in place of N and G, there exists a complement
to N in L. Since N and G/L are coprime and N is abelian, Gaschiitz’ theorem implies that there
exist a complement to N in G. Since N = ®(G) this gives N = 1 and so ®(G) = N = ®(L). O

2 Quadratic Modules

Lemma 2.1. Let H be a group and A, B,C be subgroups of H with [A, B,C] = 1.
(a) If C normalizes [B,C, A], then [C, A, B] < [B,C, A].
(b) If C normalizes [B,C, A] and [A,C, B, then [C, A, B] = [B,C, A].

Proof. Recall first that [4, B] = [B, A] and [A, B] < (A, B).

(&) Without loss H = (A, B, C). Since [4, B] < (A, B) and C centralizes [A, B] we conclude that
[A, B] < H and that (CH) centralizes [A, B]. In particular, [[A, B],[B,C]] = 1. Since B normalizes
[B, C] we get

([B,C, A]B> = [B,C, <AB>] = [[B,C], A[A, B]]] = [B,C, A].
Thus B normalizes [B, C, A]. Note that also A and C normalize [B,C, A] and so [B,C,A] < H.

Put H = H/[B,C,A]. Then [A,B,C] = 1 and [B,C,A] = 1. Thus [C, A4, B] = 1 by the Three
Subgroups Lemma. So @ holds.

@ By @ [C, A, B] < [B,C, 4], and by @ with the roles of A and B interchanged, [C, B, A] <
[A,C, B]. Since [B,C, Al = [C, B, A] and [C, B, A] = [B, C, A] this gives [A,C, B] = [C, A, B]. O

Suppose that [A, B, C] = 1 for some subgroups A, B, C of H. Then the assumption in @ holds if
A is a normal subgroup of H or if C' is an abelian normal subgroups of H. Similarly the assumption
in @ hold if A and B are normal subgroups of H or if C' is an abelian normal subgroup of H.

We remark that in (a)) [C, A, B] might be a proper subgroup of [B, C, A] (and so the conclusion in
() no longer has to hold if C does not normalize [C, A, B].) Indeed let H = Sym(4), A = ((12)(34)),
B = ((12)) and C' = ((23)). Then [A, B] = 1 and so also [A, B,C] = 1. We have [C, A] = ((23)(14)),
(C, A, B] = {(12)(34)), [B,C] = (123)) and [B, C, ] = {(12)(34), (13)(23)) = Oa(H). So [B,C, 4]
is normal in H and [C, A, B] is a proper subgroup of [B, C, A].



Lemma 2.2. Let M be a group, K a field, V an KM-module and A < M. Suppose that M is
generated by n conjugates of A in M.

(a) Suppose that dimg V/Cy (A) <r. Then dimg V/Cy (M) < nr. If, in addition V is a non-trivial
simple KM -module, then dimg V' < nr.

(b) Suppose that dimg[V, A] < r. Then dimg [V, M| < nr. If, in addition V is a non-trivial simple
KM -module, then dimg V' < nr.

Proof. (&) Let Ay,... A, be conjugates of A in M with M = (4; | 1 <i<n). Then

[ Cv(4) < Cy (M)

and dimg V/Cy (A;) <r. Thus dimg V/Cy (M) < rn. If V is a non-trivial simple KM-module, then

Cy (M) =0 and so (ja]) is proved.
(o)) follows from () applied the K-dual of V. O

Lemma 2.3. Let M be a genuine group of Lie-type in characteristic p, V' a simple F,M-module,
K :=Endp(V), S € Syl,(M) and 1 # 2z € Z(S). Suppose that one of the following holds:

(i) There exists P < M with S < P and [V, z,0,(P)OF(P)] = 0.
(i) [V,z,S5]=0.
(iii) [V, 2] is 1-dimensional over K.
Then M = SL,(q),Sp,,(¢) or SU,(q), and V is a corresponding natural module.

Proof. Suppose that holds. Then [V, z,0,(P)] = 0 and so [V, z] < Cy(O,(P)). By Smith’s
Lemma [MS4], 4.2] Cy (O, (P)) is a simple KP-module and thus [V, 2] is a simple KP-module. Hence
[V, z,OP(P)] = 0 implies that [V, z, P] = 0 and so dimg[V, z] = 1.

Suppose holds. Then [V,z] < Cy(S). By Steinberg ’s Lemma [MS4, 4.1] dimg Cy(5) is
1-dimensional. Thus dimg[V, 2] = 1. and implies . We have proved that and imply
(ii). So we may assume from now on that (iii) holds.

Without loss M is universal. Let K be the algebraic closure of K and V = K®g V. Let (M, o)

be a o-setup for M, see [GLS3, Definition 2.2.1]. So M = o (Cq7(0)) and by [GLS3, 2.8.2], V
can be extended to rational KM-module. Then S lies in maximal unipotent subgroup S of M and

1#2zeWZ(S). o o B
_ Put B = Nz7(S5). Then B is a Borel subgroup of M and since dim[V/, 2] is 1-dimensional (over
K), [V, 2,5] = 0. Since by Steinberg ’s Lemma [MS4, 4.1] Cy+(5) is 1-dimensional we conclude that

[V, 2] = C(S). Thus also [V, (27)] = Cy(S). Note that (2”) contains a root subgroup Z of M.

Then Z < 0 Z(S) and [V, Z] = Cy(S) is 1-dimensional. Observe that one of the following holds:

a) Z(S) is a long root subgroup.

—~

(b) p=3and M = Go(K), or p =2, M = Fy(K) and Z(S) is the product of a long and a short root
subgroup.

() p=2, M = B,(K) or M = C,(K) and Z(S) is the product of a long and a short root subgroup.



In case (]EI) we may apply the graph automorphism of M, if necessary, and assume that Z is a
long root subgroup. In case , since there exists an automorphism from B,,(K) to C,,(K) sending
long root groups to short root groups and vice versa, we also may assume that Z is a long root
subgroup. Thus in any case Z is a long root subgroup.

Suppose M = A,,_;(K) = SL,(K )- Then M is generated by n-conjugates of Z (see for example
[MS4] 5.3]) and so by |2.2f m := dimg V' < n. By dimension reason we conclude that m = n and the
image of image of M in GL z(V) is equal to SLg(V). So V is a natural module for M. We conclude
that for M = SL,,(q) or M =SU,(q), Visa correspondmg natural module.

Suppose that M = C,(K) = Sp,,,(K), n > 2. Let P" the minimal Lie-parabolic subgroup of
M with B< P  and Z ¢ P". Put P := O” (P"). Then P/O,(P) = SLy(K). Let K be a Levi
complement to O,(P) in P and R=SNK.

Note that R is a short root subgroup of M and so not conjugate to Z. Nevertheless we will show
that R acts quadratically on V. For this let N be the natural Sp,,, (K)-module for M and U := [N R).
Then [N, Z] is 1-dimensional, U is a 2-dimensional singular subspace of N and [N,Z] < U. Put

D= CH(UL). Then D is abelian and Z R < D < S. Thus [V, Z, D] = 0 since [V, Z] = C+(9). It

follows from [MS4, 3.4] that D = <7P> and so [V, D, D] = ([V,Z,D]") = 0. Thus D and so also R
acts quadratically on V.

By Smith’s Lemma [MS4, 4.2], W := Cy#(0,(P)) is a simple KP-module. Also [W,R] <
Ciw(RO,(P)) = Cy(S) and so [W, R] is 1 d1mens10na1 Hence W is a natural SLy(K)-module for
P. Put L=0" (N37(Z)). Then L centralizes [V, Z], and Smiths’ Lemma implies that Cy#(0, (L)) =
Cy7(L). Together with the Ronan-Smith’s Lemma [MS4) 4.3] we conclude that V' is natural Sp,,, (K)-
module for M. If M = Sp,,(¢q) we conclude that V is a natural Sp,,(¢)-module. Suppose
M =2 2By(q). Then z is not a root element in M and so [dim V, z] = 2, a contradiction.

Suppose now that M =2 G5(K) or B3(K). Let r = 2 and 3, respectively. Let ® be a root system
for M, N/H the corresponding Weyl-group and ®; the set of long root in ®. Then ®; is a root system
of type A,. Also there exists t € N\ H with tH € Z(N/H) and t induces a graph automorphism on
®; and so also on the subgroup L of M generated by long root subgroups corresponding to ®;. Let
U be a non-trivial composition factor for K L(t) on V. Since [V, Z] is 1-dimensional, U is a simple
K L-module. Hence by the A, (K)-case treated above, U is natural SL,., 1 (K) module for L. But this
contradicts the action of ¢ on L.

Suppose M = B,,(K) or D,,(K) for n > 4. Then M has subgroup isomorphic to B3(K) generated
by long root subgroups, a contradiction to the Bs(K)-case.

Suppose that M = E,.(K), 6 < r < 8. Then M has subgroups isomorphic to D,_;(K) generated
by long root subgroups, a contradiction to the D, (K)-case.

Suppose that M = F;(KK). Then the long roots form a root system of type D4(K), a contradiction
to the D,,(K)-case. O

Definition 2.4. Let L be a group and A < L. Then L is called A-minimal if L = (A") and A is
contained in a unique mazximal subgroup of L.

This definition has been motivated by the L-Lemma in [PPS], which says that in a p-minimal
group H every p-subgroup A < H with A £ O,(H) is contained in a subgroup L which is AO,(H)-
minimal.

Lemma 2.5. Let L be a finite group, A < L and suppose that L is A-minimal. Let M be the
mazximal subgroup of L containing A.

(a) Let K << L with A< K. Then K = L.



(b) M is not subnormal in L and Ny (M) = M.
(¢) L=(A, A*) for allx € L\ M.
(d) A is not subnormal in L. In particular, A £ F(L), A# 1, A# L, and L is not nilpotent.

(e) If B < L with A < B, then L is B-minimal and M is the unique mazimal subgroup containing
B .

(f) If K QL with L # KA, then K < M and L/K is AK/K-minimal with M /K being the mazimal
subgroup containing AK/K.

(g9) If K < L such that L/K is nilpotent, then L = KA and so K ¢ M.

(h) If A is a p-group, then L is p-minimal, M contains the normalizer of a Sylow p-subgroup and
0,(L) < (ML,

Proof. @): Suppose that K # L. Then there exists a proper normal subgroup H of L with K < H.
But then L = (A*) < H, a contradiction.

(]ED: By @ M is not subnormal in L. Thus M < Ny (M) < L and since M is a maximal subgroup
of L, N,(M) =M.

: By , M # M®. Since M (M?®) is the unique maximal subgroups of L containing A (A®),
we conclude that (A, A%) is not contained in any maximal subgroup of L. Thus L = (4, A%).

@: If A << L, then by @ L = A and so A is not contained in any maximal subgroup of L,
which contradicts the definition of A-minimal. Since subgroups of nilpotent groups are subnormal,
A £ F(L) and L is not nilpotent.

(E[): Since A < B < L we have B < M and M is the unique maximal subgroup of L containing
B. Also L = (AF) < (BL) and so L = (BL). Thus L is B-minimal.

({f: Put T = L/K. Since KA # L, KA < M and so (¢) shows that L is K A-minimal with
KA < M. Hence M is the unique maximal subgroup of L containing A. Since L = (A%) implies

L= (ZL>, L is A-minimal.

: By (d) L/K is not AK/K-minimal. Hence (f) implies L = K A.

(h) Let S be a Sylow p-subgroups of L containing A. Then A << S and so by @, S 4 L. Thus
Nz(S) < M and S # L. By (¢, L is S-minimal and so L is p-minimal. Also O,(L) < S < M and
hence O, (L) < MEL. O

Lemma 2.6. Let H be a finite group. Suppose H has a quasisimple normal subgroup K such that
K/Z(K) is a sporadic simple group or Us(3). Then H is not 2-minimal and so H is not A-minimal
for any 2-subgroup A of H.

Proof. Replacing H by H/Cy(K) we may assume that Cy(K) = 1. Then K is simple and H is
isomorphic to a subgroup of Aut(K) containing K. Let S € Syl,(H). Since in all cases Out(K) is
a 2-group, H = KS.

Suppose that K is a sporadic simple group. Then the list of maximal subgroups of K (for
example in the ATLAS) shows that there exist distinct S-invariant maximal parabolic subgroups
My, M5 of K. Then M;S, M>S are distinct maximal subgroups of H and H is not 2-minimal.

Suppose K 2 U4(3). Then KNS is contained in exactly three maximal subgroup Py, P, P3 of K.
Moreover, we can choose notation such that P;/Q1 = Sym(3) x Sym(3), P»/Q2 = P3/Q3 = Alt(6)
and P, N Py £ Py, where Q; = O,(F;). If S normalizes P, and Ps, then P»S and P3S are distinct
maximal subgroups of H. If S interchanges P, and P, then P;.S and (P,NPs3)S are distinct maximal
subgroups of H. So again H is not 2-minimal.



We have proved that H is not 2-minimal and thus by [2.5(fh)), H is also not A-minimal for any
2-subgroup A of H. O

The next lemma establishes some basic properties of the group L/O,(L) if L is A-minimal for
a p-subgroup A. For CK-groups L we will give the precise structure of L/Op,(L) in under the
hypothesis that L acts faithfully and A quadratically on an F,L-module V. Moreover, in we
will give the structure of such a module V' under the additional hypothesis that V is simple and one

of the cases [2.91) and holds.

Lemma 2.7. Let L be a finite group with O,(L) =1, and let 1 # A < L be a p-subgroup. Suppose
that L is A-minimal with M being the maximal subgroup of L containing A. Then the following
hold, where D := (ML and H := OP(L):

(a) H<£ M and so L =HA and H £ D.

(b) If |A| = 2, then L = D,.n, where r is an odd prime and n € Z*.

(¢) Let N < L. Then either N < D, or L=NA, H<N and N £ M.
(d) D is a p'-group, and D = ®(L) = ®(H).

(e) Cp(a) < M for1l#a€Z(A).

(f) H/D is the unique minimal normal subgroup of L/D.

(9) Suppose A is elementary abelian. Then one of the following holds:

1. H/D s simple and p||H/D|.
2. |Al =p, H is g-group, and H/D is an elementary abelian q-group for some prime q # p.

Proof. (a): L/H is a p-group and so nilpotent. Thus (@) follows from [2.5|(g)).

(]EI): By L is generated by two conjugates of A and so is a dihedral group of order 2m, and
m is the power of an odd prime since L is A-minimal.

: If N < M, then N < D since N < L. So suppose N £ M. Then L = NA, L/N is a p-group
and H = OP(L) < N.

: Let Q € Syl (D) with A < NL(Q). Then by the Frattini argument L = DN (Q). Since
D < M this implies N (Q) £ M and so L = NL(Q) Hence Q < Op(L) =1and D is ap’—group

Suppose that there exists a maximal subgroup M of L not containing D. Then L = M D, so
M contains a Sylow p-subgroup of L. Thus we may assume that A < M and so M = M and
D<M, a contradlctlon ThlS shows that D < ®(L). Conversely ®(L) < M and so D = ®(L).
Since O,(L) = 1,|1.9 - gives ®(L) = ®(OP(L)) = ®(H), and (@) is proved.

(e): Observe that A < CL( ) and Cr(a) # L.

(f): By @ D < H and by @, H/D # 1. Hence @) is a direct consequence of .

(g): Assume first that D = 1. By @ H is a minimal normal subgroup of L. So either H is an
elementary abelian ¢g-group (q a prime, g # p) or H is a direct product of non-abelian simple groups.
In the first case |A| = p since otherwise () and coprime action imply that H = (Cy(a) | 1 # a €
A) < M, a contradiction to @ Thus holds in this case.

In the second case let K be a component of H. Note that any A-invariant Sylow subgroup of H
is contained in M and so by coprime action H is not a p’-group. By @ we have L = HA. Thus
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H = (K¥) = (K4) and K is not a p’-group. In particular, if A normalizes K we are done since then
(g:1) holds. Thus we may assume that there exists a € A with K* # K. Put

E:=(]] ¥ |keK).
te(a)

Then E < Cr(a) and by @ E < M. On the other hand, by [2.5)|h)) M contains a Sylow p-subgroup
of L and since K is not a p’-group, M N K # 1. It follows that

MNK,E|=[MNK,K] =K< M.

Hence H = (K#) < M, which contradicts @ So holds if D = 1.

Assume next that H/D is a g-group for some prime ¢ (not necessarily distinct from p). Then
H = DQ for Q € Syl (H) and since D = ®(H), H = Q. So H is a g-group and since O,(L) = 1,
q # p-

In the general case we conclude that H/D is not a p-group, and since by @ H/D is the unique
minimal normal subgroup of L/D, O,(L/D) = 1. If |[AD/D| = p, then also |A| = p since by @,
AND=1. By , L := L/D is A-minimal with M being the maximal subgroup containing A.

In particular, ﬂML =1 and we can apply to L. We conclude that also holds for L. O

Notation 2.8. A finite group L is called a CK-group provided that each composition factor of L is
isomorphic to one of the known finite simple groupsﬂ

Lemma 2.9 (Quadratic L-Lemma). Let L be a CK-group and V be a faithful F,L-module.
Suppose that there exists A < L such that A acts quadratically on V' and that L is AO,(L)-minimal.
Then one of the following holds for L = L/O,(L):

1. I = SLQ(pk)

2. p=2and L = Sz(2%), k> 1.

3. p=2and L=D,x, r an odd prime.

Proof. Observe that the faithful quadratic action of A implies that A is an elementary abelian p-
subgroup of L. Since by coprime action O,(L) is the intersection of the centralizers in L of the

non-trivial factors of an L-composition series of V, we also may replace V' by the direct sum of the
non-trivial L-composition factors on V and L by L, so

1°. Op(L) =1, and V is a direct sum of non-trivial simple F, L-modules. In particular, Cy (L) =
0 and V = [V, L].

We use the following notation: M is the unique maximal subgroup of L containing A, D := (ML,
H :=0"(L), and A <T € Syl,(L). Recall from that N1(T) < M and from @ that

2°, D=%®(L)=P(H) is a p'-group.

Suppose that |A| = 2. Then 2.7(b) implies (3). Thus we may assume:
3°. JA]>2.

IThis notion is weaker than that of a K-group often used in the literature since it does not assume anything about
sections.
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By [2.5|(e) we may assume without loss that A is a maximal quadratic subgroup of L, so
4°.  A=Cr([V,A)NCL(V/[V,A]).
Next we prove:

5°. [V,a] = [V,A] = Cy(A) = Cy(a) for all 1 # a € A and |V| = |[V,b]|* for all quadratic
elements b € L*.

Let 1 # b be a quadratic element in L. Since D is a p’-group there exists g € L with b9 ¢ M.
Then L = (A,b9) and so by V =[V,L] = [V, 4] + [V,19] and Cy(4) N Cy(b9) = Cy (L) = 0.
Since [V, A] < Cy (A) and [V,b] < Cy (b) we conclude that V' = [V, A] & [V, b9], Cy(A) = [V, 4] and
Cy (b) = [V, b]. In particular,

[V,0]] = [V/Cv (b)] = [V/[V. ]| and [V| = [V, 0],
For a = b € A we also get
[Via] <[V, A] < Cy(4) < Cy(a) = [V, a].

Now follows.
6°. AN A" =1 for allh € L\ N (A).

Let he Land 1#be An A" By [V, A] = [V,b] = [V, A", and so by A=Al
7°. Cr(a) <Np(A) foralll#ac A

This follows from .
8°. ANM" =1 for everyh € L\ M.

Let h € L with B :== ANM" # 1, and let g € L such that B < T9 < M". Then Cy(T9) < Cy(B)
and so by Cy(T9) < Cy(A). Since Cy (L) =0 by we get (A,T9) # L. Thus 79 < M and
so A9 < T9 < M N M". Since A9 lies in a unique maximal subgroup of L this gives M = M" and
so by , h € M, a contradiction.

9°. If V is is not a simple F, L-module, then or (@) hold.
Suppose that V is not simple. Let W be any simple F,,L-submodule of V" and put E = Cr(W).
Since Cy (L) =0, also Cy(H) = 0 and so [W, H] # 0. Hence, H £ E and by [2.7|(c)
E<D<®(L)<0y(L).

In particular, F is a p’-group and A acts faithfully on W. By induction on dimV and by
we get that L/E = SLy(q) or Sz(q), ¢ = p¥ > 2. It follows that ®(L/E) < Z(L/E) and so
[®(L), L] < E = CL(W). Since this holds for all simple F,L-submodules of V, and the faithful
action of L on V yield [L,®(L)] = 1. Thus E < ®(L) < Z(L). By L = L'A and since E is
a p/-group, so £ < L. By [G1] the p’-part of the Schur multipliers of SLa(q) and Sz(q) is trivial.
Hence £ =1 and or holds.

10°. Suppose that p is odd. Then holds.

12



By
dim[V, A] = min{dim[V,b] | 1 #b € L,[V,b,b] = 0}

and by L is generated by two conjugates of A. Observe that A acts quadratically on V
satisfying the above minimality condition for dim[V] A]. By we may assume that V' is a simple
F,L-module. Hence [Holl, 4.3] (for |A| = 3), [Ho2l 4.2] (for p = 3 and |A| > 3) and [Ho3| 2.6] (for
p > 3) show that L = SLy(p").

We may assume from now on that p = 2.
11°. D =Z(L).
Since by D is a 2'-group, and coprime action show that

D= (Cp(a)|1+#aeA) <NL(A).

Then [D,A] < DN A =1 and thus D < Z(L) since L = (AL). Conversely, Z(L) < D, and ([11°)
follows.

12°. H is quasisimple.

By (11°) and Z(L) =D = ®(H) < H. Put K := H'. Since H/Z(L) is simple by [2.7(g])
and (3%), we conclude that H = Z(L)K and K is quasisimple. Since L/Z(L)K is a 2-group, L/K is
nilpotent and so by [2.5f) L = KA and H < K; in particular, H = K and H is quasisimple.

13°. Suppose that p = 2. Then or (@ holds.

Put L := L/Z(L). Recall that H is quasisimple by . We discuss the possibilities for H using
that H is a known simple group.

Suppose that H is a group of Lie-type over a field in characteristic 2. Put S := 7'N H and let
A be the set of minimal Lie-parabolic subgroups of H containing S. Since H j{ M, we can choose
P € A with P £ M. Then L = (P, A) and so H = (P4). Tt follows that A acts transitively on A
and |A| < 2. In particular, N7 (5) is a maximal subgroup of L containing A, and so M = Np(5).

Suppose that H = SL, (2%). If A < H, then holds. So suppose that A £ H and let a € A\ S.
Since Out(H) is cyclic and A is elementary abelian, |AH/H| = 2, k = 2l for some | € Z*t, and S is
elementary abelian with |Cg(a)| = |Cs(A)| = 2!. Thus all involutions in 7'\ S are conjugate under
S. Since S acts regularly on ST\ {S}, a Frattini argument gives M = S(M N M%) and SN M? = 1,
where z € L\ M. Thus T'= S(T'N M?®) and T N M?* has order 2. Since all involutions in 7'\ S are
conjugate under S, we can choose = such that A N M?* has order 2. But this contradicts .

Suppose next that H = Sz(2¥). Then H has no outer automorphism of order 2, so A < H and
holds.

Finally suppose that H = Us(2¥), L3(2%) or Sp,(2*). Assume that ANZ(S) # 1. Then S <
CL(Z(S)NA) < NL(A) by (7°), so [S, A] is elementary abelian. The action of 7' on S shows that
A< S < H. Hence H = L, and since A acts transitively on A, |A| = 1 and L/Z(L) = U3(2F). It
follows that A < Q4(S) = Q17Z(S), and there exists U < L with A < Q;7Z(S) < U and U = SLy(2%).
But then U ¢« M = N (S) and U = L, a contradiction.

We have shown that A NZ(S) = 1. Suppose that ANH # 1 and let 1 £ a € AN H. Since
all involutions of H are 2-central, Cy(a) contains a Sylow 2-subgroup Sy of H. Now implies
So = S since M = N(5), and so a € ANZ(S) = 1, a contradiction. Hence ANH = 1. On the other
hand |A| > 4 by , and so, since the Sylow 2-subgroups of Out(Us(2¥)) are cyclic, H = L3(2") or
Sp,(2F) and Ag := Ca(A) # 1.
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Let R be a root subgroup of H contained in Z(S). Then X := Cgr(Ap) # 1 and again by
(™), [X,A] < HN'A = 1. Thus A < Cr(X) < N.(R). This rules out the Spy(q)-case, so
H/Z(H) = Ls(q). It follows that R = Z(S5) and |[A/C4(R)| = 2. But then again by (7°), 1 #
[R,A] < [Cu(C4a(R)),A] < AN H =1 a contradiction.

Suppose now that H is not a group of Lie-Type over a field in characteristic 2. Since L is
A-minimal, shows that H is not a sporadic group. If H is a group of Lie Type over a field
of odd characterlstlc, then by [MeStl] H = Uy(3). But then L is not 2-minimal by [2.6] again a
contradiction.

It remains to consider the case H = Alt(n), n > 7. Since L is 2-minimal, n = 2k 1+ 1, with

k>3 and Mﬂ H = Alt(2F). Let X be a non-trivial orbit for A on {1,...,n}. If | X| # 2*, then
A < Np(X) £ M, a contradiction. So \X | = 2%, Since A is elementary abelian we conclude that
A acts regularly on X, so |[A| = 2¥ and A < H. Moreover, A is uniquely determined in H up to
conjugation under Sym( ). It follows that A is contained in a subgroup Hy of H isomorphic to
Lo(2%). But Hy £ M. This final contradiction completes the proof of O

Lemma 2.10. Let L = SLs(q) or Sz(q), ¢ = p*, where p = 2 in the latter case, and let V be a
non-trivial simple Fp,L-module. Suppose that L is A-minimal for some A < L with [V, A, A] = 0.
Then V is a corresponding natural module.

Proof. Put K := End (V). Then K is (isomorphic to) a subfield of Fy. Put W :=F, ®x V. Then
W is a simple F,L-module and [W, A, A] = 0. Let N be the natural F,L-module. Then N is
the only non-trivial basic module for L and so by Steinberg’s Tensor Product Theorem [St] 1.31],
W = Q,cx, N7, where ¥ is a subset of Aut(F,). Since V' is non-trivial, ¥ # 0.

Suppose for a contradiction that |¥| > 2. Then ¢ > 2 and since L is A-minimal, |A| > 3. Then
by [MS3l 6.5] |¥| = 2. Let ¥ = {u,0}. Replacing W by wr we may assume that p = idp,. By
IMS3| 4.9] A acts A-dependent on N# = N and on N7, where A is a homomorphism from A to
(Fy,+). Since A acts A-dependent on N, A acts A o o-dependent on N. Thus A = Ao o. Let F,
be the fixed-field of o. It follows that A is contained in a subgroup of L isomorphic to SLs(go) and
Sz(qo), respectively, which contradicts the assumption that L is A-minimal.

Thus ¥ = {0} for some o in Aut(F). Since N is a simple F,L-module we conclude that W, N,
N and V all are isomorphic as IF, L-modules. O

Lemma 2.11. Let H be a finite group, L<H and M a parabolic subgroup of H with H = LM . LetV
be a finite FpH-module and W an F, M -submodule of V. Suppose that [X/Y, L] = 0 whenever XY
is a simple F,,H-section of V with X NW £ Y. Then [W,0P(L)] =0, and W is an H-submodule of
V.

Proof. Note that L = (M N L)OP(L) since H = LM and M is parabolic. Hence [W,0P(L)] = 0
implies that W is an H-module. Thus it suffices to show that [W,OP(L)] = 0. We do this using
induction on dim V.

We may assume V' # 0 and so V has a minimal (non-zero) H-submodule U. Then W + U/U
and V/U in place of W and V satisfy the hypothesis. Thus by induction W + U is a H-submodule
of V and [W,0P(L)] < U.

Suppose first that WNU # 0. As U is a simple F,, H-section of V', we conclude that [U, OP(L)] = 0.
Thus [V, 0°(L)] = [W, 07(L), 0% (L)] < [U,0°(L)] = 0.

Suppose next that WNU = 0. Again since M is parabolic, Gaschiitz’ Theorem shows that there
exists an H-submodule D in W + U with W+ U = D@ U. Since [W + U,OP(L)] < U we get that
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[D,0P(L)] < DNU = 0. On the other hand W + U/D is a simple F, H-section with W £ D, so by
our hypothesis [W,OP(L)] < D. Now similarly as above
(W, OF(L)] = [W, OF(L), O”(L)] < [D, O”(L)] = 0.
O

The next two results describes situations in which dual offenders arise in a natural way. Compare
this, for example, with the case ¢ =1 in the gre-Lemma [MS5] 4.6].

Lemma 2.12. Let H be a finite group, T € Syl (H) and R := [O,(H),O"(H)], and let V be an
F,H-module and Y be a T-submodule of V with V.= (YH) £ Y. Then one of the following holds:
2. R is a non-trivial strong dual offender on'Y .

3. There exist Op(H)OP(H)-submodules Z; < X1 < Zy < Xy such that for i = 1,2, X;/Z; is a
non-trivial simple OF (H)-module and X; NY % Z;.

Proof. Suppose first that [V, R] = 0. Since R is normal in H and V = (YH) we get [V, R] = 0.
Moreover, [Co (m)(Y),0°(H)] < R < Co, (my(Y) and so H = TOP(H) normalizes Co (m)(Y).
Thus holds in this case. Hence, we may assume now:

1°.  [V,R] #0.

Let W be an O,(H)OP(H)-submodule of V. We want to apply with Hy := O,(H)O"(H),
OP(H) and TNO,(H)OP(H) in place of H, L and M. If [V, OP(H)] £ W, then also [Y,OP(H)] £« W
since V. = (Y). Hence applied to V/W and Y + W/W in the roles of V and Y, gives
an Ho-chieffactor X5/Z> with W < Z, such that [Xo,OP(H)] & Z and Y N Xy & Z,. If also
[Y N W,OP(H)] # 0, then applied to W and Y N W in the roles of Y, gives an H-chieffactor
X1/Zy of W such that [X1,0P(H)| £ Z; and Y N Xy £ Z;. Hence holds. Thus we may assume:

2°. [V,OP(H)] < W or [Y NW,0P(H)] =0 for every O,(H)O?(H)-submodule W .

For Wy := [V, O,(H)] this either gives [V, O (H)] < Wy or [WoNY,OP(H)] = 0. In the first case
Y + Wy =V since V= (YY) = (YO'UD) "and so V/Y = [V/Y,0,(H)]. The nilpotent action of
Op(H) on V/Y gives V =Y, a contradiction. Hence

3°.  [WonY,OP(H)| =0.

In particular, [Y,0,(H)] < Cy(OP(H)) < Cy(R). By we can pick y € Y\ Cy (R). Tt follows
that

4°.  [y,0,(H)] < Cy(OP(H)) < Cy(R).
Put U := (y™°). Then [Y N U, OP(H)] # 0 and thus by (2°):
5°. [V,OP(H)| < U. In particular, V=Y + U and [V,R] <Y + [U, R].
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By (4°) [y, R] = [(y°»"), R] = ([y, R]%*!)) and [y, R] < Cy(O”(H)). Thus

ly. R] = (ly. R)""°) = [(y""), R] = [U, R].

Hence by (5°), [[V,OP(H)],R] < [U,R] = [y, R] <Y, and again by (5%), [V, R] <Y and so [V, R] <
WoNY. Now implies [V, R, OP(H)] = 0, and 2.1] gives [OP(H), R, V] = [V, OP(H), R]. Since by
coprime action R = [R, OP(H)],

[R> V] = [OP(H)’Rv V] = [Vv Op(H>7R] < [y7R]
But then
ly, R] < [V, R] < [y, R].

We have shown that [Y, R] = [y, R] for all y € Y \ Cy(R), so R is a strong dual offender on Y, and
holds. 0

Corollary 2.13. Let H be a finite group, V' a Fp,H-module, M a mazimal parabolic subgroup of H,
Y an M-submodule of V, and R := [O,(H),OP(H)]. Suppose that there exists a p-subgroup A < M
such that

(i) A acts quadratically on V.,
(i1) H is AO,(H)-minimal, and
(iii) V = (YY) and Y # V.
Then one of the following holds:
1. [V,R] =0 and Co,m(Y) < H.
2. R is a non-trivial dual offender on 'Y .

3. Let g € H\ M and Ay be an elementary abelian p-subgroup of H/O,(H) of mazimal order. Then
Y'9/Cyo(A)| > [Ao|? > [AO,(H)/Op(H)|*.

Proof. Since M is parabolic, M contains a Sylow p-subgroup 7" of H. In particular, Y is a T-
submodule and O,(H) < M. Hence M is the unique maximal subgroup of H containing AO,(H),

and we can apply If or (2) holds, then (1)) or (2) holds. So we may assume that [2.12)(3))
holds. Choose X;, Z;,1 < i < 2, with the properties given in [2.12|[3), and pick g € H \ M.

Case 1. |Ag| = p.

Then |A/ANO,(H)| < |Ap| = p by the maximality of Ay, so |[A/ANO,(H)| = psince A £ O,(H)
by . Put B := A9 ' and let Hj be minimal in H with B < Hy and H = O,(H)H,. Replacing A
by a conjugate under O,(H) we may assume that A € Bfo. Pick a € A\ O,(H). Then

(a. B)O,(H) = (A, A7)0, (H) = H,
so Hy = {(a, B) by the minimality of Hy.
If |Y/Cy (B)| > p?, then (3)) holds. So we may assume that |Y/Cy(B)| < p. Put D := Cy(Hy),

and let E be maximal in Y with [E,a] < D. Then Hy = (a, B) normalizes Cg(B). Since A and B
are conjugate in Hy we conclude that A centralizes Cg(B) and so Cg(B) = D. From |E/Cg(B)| <
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|Y/Cy (B)| = p we conclude |E/D| < p. Since E/D = Cy/p(a) and a acts quadratically on Y/D,
we get [Y,a] < F and
Y/D| = |Cy/p(a)||[Y/D.a]| < |E/DJ* < p*.

Put L := O,(H)OP(H) and note that L = O,(L)(L N Hp). Thus X;/Z; is a non-trivial simple
L N Hy-module. It follows that X; N D < Z; for i = 1,2. Since X; NY jé Z1, this gives

1°.  X,NY £D.

Moreover, if XoNY < (Z2NY)+ D then XoNY = (Z2NY) + (X2 N D) < Z, a contradiction.
Thus

2°, Y #£(Z3NY)+ D,

and D< D+ (X1NY)< D+ (Z2NY)<Y. Hence |Y/D|=p? |E/D|=p,and E=[Y,A]+ D =
Cy (A). In particular, there are p+ 1 hyperplanes of Y containing D, one of which is Cy (A). Hence
A is transitive on the other p hyperplanes, one of which is Cy (B). Therefore,

3°. Y =Cy(A)UUCy(B)* =Upeam Cy(F).
Set U := () Zi. By and there exists F' € AHo with [(ZaNY) + D, F] = 0. Hence

Zony <25 =25 =2 =U < 2,
and so
4°, ZoNY =UNY; in particular Zo NY is M -invariant.

Assume that [Z3NY, B] = 0. Then by (4°), Z2NY is invariant under H = (M, B). So ZoNY < D,
a contradiction to X; NY < Z;NY and

Thus [Z2NY, B] # 0. Since ZoNY =UNY and |Y/Cy (B)| = p this gives Y = (UNY) +Cy (B).
It follows that Y + U = Cy(B) + U is invariant under (M, B) = H, and (BH) centralizes Y + U/U.
Thus

[XoNY,O(H)] < [Y,0°(H)] < U < 25,
a contradiction since XoNY ﬁ Zy and X5 /Z5 is a non-trivial simple OP (H)-module. This completes

the analysis of (Case 1)).

Case 2.  |Ag| > p.

Put g := |Ag|. Then by H/O,(H) = SLa(q) or Sz(g), and M is the normalizer of a Sylow
p-subgroup of H. In particular H = O,(H)OP(H) and by Xi/Z; is a natural module. Set
D; := Ciynx,)+2:/2:(0p(M)). Then D; has order q. Since H = (O,(M), B) we have Cp,(B) = 0.
Thus Y N X;/(Y N Z;) + Cynx,(B) has order at least q and |Y/Cy (B)| > ¢2, so holds. This
treats (Case 2|) and the lemma is proved. O
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3 Applications of the FF-Module Theorem

The purpose of this section is to derive some useful corollaries from GFMT and FMT. One idea
is to eliminate some or most of the cases of FMT assuming that the offenders or the modules have
particular properties. The properties we come up with play an important role in the classification
program of the finite simple groups of characteristic p, but are also of independent interest. A typical
example is the Strong Dual Offender Theorem below which can be applied in the situation described
in [2.12]

As already mentioned in the introduction, we assume the reader to familiar with the notation
used in GFMT and FMT.

Theorem 3.1 (Strong Dual FF-Module Theorem). Let M be a finite CK-group such that
K :=F*(M) is quasisimple, and let V' be a faithful simple F,M-module. Suppose that A < M is a
strong dual offender on V and M = (AM). Then one of the following holds, where q is a power of
p:

1. M = SL,(q) or Sps,(q), and V is a corresponding natural module.

2.p =2 M = Alt(6) or Alt(7), V is a spin-module of order 2* and A = ((12)(34), (13)(24)).
(Note that in the Alt(6) case, V might also be viewed as an natural Alt(6)-module with A =

((12)(34), (34)(56))).-

3. p=2, M =05,(2) or Sym(n), V is the corresponding natural module, and |A| = 2.
Proof. By [MS4l, 1.5(c)] A is a quadratic best offender on V. Hence M = Jp (V) and K is a J-
component of M, so M satisfies the hypothesis of FMT. Let V* be the dual of V. By [MS4, 1.5
(c)], A is also an offender on V*. By [MS4], 1.8(a) -(c)] [V*/Cy~(A)| = |[V, 4]| and so
(%) [V Al < A

We now discuss the cases given in FMT.
Case FMT (1),(2): M = SL,(q) or Sp,,(¢), and V is a natural module.

Then holds.

Case FMT (3): M = SU,(q), and V a is natural module.

Let f be the unitary form on V (with corresponding field automorphism «) left invariant by M.
Pick 0 # u € [V, A] and choose v € V such that f(u,v) # 0 and f(u,v)+ f(u,v)a # 0. Observe that
by [MS4, 3.2(c)] Cy(A4) = [V, A]*, so v & Cy(A). Since A is a strong dual offender, there exists
a € A such that [v,a] = u. Hence

f(v,0) = fva,va) = f(v+u,v+u) = f(v,0) + f(u,u) + f(0,u) + f(v, u)a.

It follows that f(u,u) # 0. On the other hand, by [MS4, 3.2(e)] [V, 4] is isotropic and thus f(u,u) =
0, a contradiction.

Case FMT (4): M = Q,(¢)¢ or p=2 and M = 05,,(¢), and V is a natural module.
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Let h be the quadratic form on V left invariant by M and s be the corresponding symmetric
form. Suppose there exists a singular 0 # u € [V, A]. Choose v € V such that s(u,v) # 0. As in the
previous case there exists a € A such that [v,a] = u. Hence

h(v) = h(va) = h(v+u) = h(v) + h(u) + s(v,u) = h(v) + s(v,u),

so s(v,u) = 0, a contradiction.

We have shown that [V, A] is totally non-singular. On the other hand, by [MS4] 3.2(e)] [V, 4] is
isotropic. Hence [MS4] 3.1] shows that dimg[V, A] = 1, and by [MS4, 3.4(e)] |A| = 2. As A is an
offender, also ¢ = 2, and holds.

Case FMT (5): p =2, M = Ga(g) and V is a natural module.

Let A < T € Syly(M). We have |A] = [V/Cy(A)] = [Cv(A)] = ¢, Cv(A) = [V, A], and
Z(T) < Cg(A) < A. Note that Nps(A) and Nps(Z(T)) are distinct maximal Lie parabolic subgroups
of M containing T'. Thus Nj/(Z(T")) does not normalize Cy (A) and so Cy (Z(T)) # Cv(A). Hence
A is not a strong offender. On the other hand, A is a strong dual offender with |[V, A]| = |Cy (A)| =
q® = |A| and so by [MS4, 1.5(d)], A is a strong offender, a contradiction.

Case FMT (6): M = SL,(q), n > 5, and V is the exterior square of a natural module.

)

q" 1

n—1

:q( 2) and so

In this case [V, A] = Cy(A) and |V/Cy(A)| = |A| = ¢"~ L. Thus |[V, A]| =

by (%), q( 2 < ¢"~ !, a contradiction to n > 5.
Case FMT (7): M = Spin,(q), and V is a spin module.

Then |A| > ¢* and there exists an M-invariant quadratic form on V. By the orthogonal case
treated above |A| = 2, a contradiction.

Case FMT (8): M = Spinj;(q), and V is a half-spin module.
A similar argument as in the Go(g)-case gives a contradiction.
Case FMT (9): M =2 3-Alt(6) and |V| = 26.
We have |V/Cy(A)| = |A| = 4 and |[V, 4]| = 16, a contradiction to (x).
Case FMT (10): M = Alt(7) and |V| = 2%
In this case holds.
Case FMT (11),(12): M = Alt(n) or Sym(n), and V is a natural module.

Let W be the permutation module with basis (v1,vs,...,v,), W = W/Cw (M) and Wy :=
[W, M]. Then V = W;. So A is a strong dual offender on Wy.

Suppose first that n # 2k. Then [v] + vy, A] = (v +v) and so [Wy, A] = [0 + Uy, A] = (0 +102).
Thus k = 1 and (3)) holds.
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Suppose next that n = 2k. Then we are in one of the cases (12) (1) — (4) of FMT. In case (12)
(3) A does not act quadratically on V', so this case is not possible.

Assume case (12)(4). Then n = 8 = |A]. So M = QF(2) or Of (2) and V is the corresponding
natural module, so the Case FMT (4) treated above gives a contradiction.

Thus, we are in case (12)(1) or (12)(2). In both cases all orbits of A on {1,2,...,n} have length 1
or 2. Say the non-trivial orbits of A are {1,2},{3,4},...,{2k—1,2k}. Then [Wy, A] = [0, + 3, A] <
(01 + Vo, U3 + Ug). It follows that k =3 and n = 6. If A < M’ then M = Alt(6) and holds; and
if A £ M’ then M = Sym(6) = Sp,(2) and (1) holds. O

Theorem 3.2 (Strong FF-Module Theorem). Let M be a finite CK-group such that K := F*(M)
is quasisimple, and let V' be a faithful simple Fp,K-module. Suppose that A < M is a strong offender
onV and M = (AM). Then one of the following holds, where q is a power of p:

1. M = SL,(q) or Sps,(q) and V is a corresponding natural module.
2. p=2, M = Alt(6), 3-Alt(6) or Alt(7), |V| = 2%, 26 or 2%, respectively, and |A| = 4.
3. p=2, M =05,(2) or Sym(n), V is a corresponding natural module, and |A| = 2.

Proof. By [MS4l 1.6] A is a best offender on V' and so we can apply FMT again.

Assume first that V' and V* are isomorphic as F,M-modules. By [MS4l 1.7] A is a strong dual
offender on V' and we are done by

So we may assume that V' is not a selfdual F,M-module. In particular, (see for example [MS4]
3.2(a)]) there does not exists a non-degenerated M-invariant symplectic, symmetric or unitary form
on V. This excludes all cases but FMT (1),(6),(8),(9) and (10). The first and the last two of these
remaining cases appear in the theorem.

Suppose V is the exterior square of a natural SLy,(¢)-module W for n > 5. Then A = Cp(U)
for some hyperplane U of W. Let 1 #t,s € A, x € W\ U, y := [z,¢] and z := [z, s]. Since n > 2 we
can choose s such that F,y # F,z. Note that y € U < Cy(A) and so

[xAy,tl=yAy=0and [z Ay,s] =2zAy#0.

Thus Cy (t) # Cy(A), a contradiction.

Suppose that M = Spin],(¢) and V is the half-spin module. Let T < A be a long root subgroup.
Then Np(T) and Ny (A) are distinct maximal Lie-parabolic subgroups of M and so Cy (T') #
Cy (A), a contradiction. O

Definition 3.3. Let M be a finite group and V' faithful F,M-module. Then AP (V) is the set of
non-trivial best offenders A of M on V such that A < Op,(P) for some point-stabilizer P of M on
V.

The next lemma will be used in Theorem to show that there are no over-offenders in the
radical of a point-stabilizer. This fact can be used nicely. For example, in pushing up problems for
the radical of a point stabilizer.

Lemma 3.4. Let V be an FA-module and suppose that [V, A] is 1-dimensional over F. If A is
an offender on V', then |V/Cy(A)| = |A/Ca(V)| and the canonical commutator map A/Ca(V) —
Homp(V/Cy (A), [V, A]) is an isomorphism.

Proof. Clearly the commutator map is an injective homomorphism. Since [V, A] is 1-dimensional
[Homp(V/Cv (A), [V, A)| = [V/Cv (A)].
Hence if A is an offender on V, then |V/Cy (A)| < |A/C4(V)| and the lemma holds. O
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Theorem 3.5 (Point-Stabilizer Theorem). Let M be a finite CK-group with Op(M) =1 and
let V be a faithful F,M-module. Suppose that M = (AP (V)) and that there exists a Jar(V)-
component K with V = [V, K| and Cy(K) = 0. Let A € APy (V) and let P be a point-stabilizer
for M on V with A < O,(P). Then the following hold:

(a) M = SL,,(q), Sps,,(q), Ga(q) or Sym(n), g a power of p, where p = 2 in the last two cases, and
n = 2,3 (mod 4) in the last case.

(b) V is a corresponding natural module.

(¢) PutF :=Endpy(V), ¢:=|F| and Z := Cy(P). Then Z is 1-dimensional over F, and one of the
following holds:

1. M =2SL,(q), [V,;Al=Z, and A=Cpn(Cv(A)NCy(V/Z).

2. M = Sp,,(q), Z < [V Al < Z%, and A= Cpy(Cy(A)NCy(Z1)2).
5. M= Gala), [V, A] = Cy(4), [V/Cy(A)| = || = ¢*, and A< P,

4. M = Sym(n), n=2,3 (mod 4), n > 6, |[A] =2, and A< P.

(d) |V/Cy(A)| = |A|, and V is a simple F,K-module.

Proof. By [MS4] 2.2] either K =2 C3 (and p = 2) or Qg (and p = 3) and |V| = p?, or K is quasisimple.
In the first two cases M is isomorphic to SLa(2) and SLa(3), respectively, and the theorem follows
easily. Thus, we may assume that K is quasisimple. Since V = [V, K|, GFMT implies that K is
the unique J-component of V and V' is a semisimple I, M-module. Let T' € Syl,(P) and note that
A< O0,(P) <T € Syl,(M).

Let V4 be simple M-submodule of V. Then by GFMT(h) V is either a direct sum of copies of
Vi, or M 2 SL,(q), n >4, and V is a direct sum of copies of V7 and copies of V}*.

Suppose for a contradiction that V' is not a direct sum of copies of V1. So M = SL,,(¢), n >4, 1}
is a natural SL,,(¢)-module, and there exists a simple F, M submodule V5 of V' with V, = V}*. Let
{1,2} = {i,5}, U; = Cy,(T) and H; = [V;,T]. Note that H; is the hyperplane of V; corresponding
the 1-space U; in V; = V;*. Then

P=Py(Vi®VWT)= Op/(CM(Uﬁ NCy(Uz)) =Crp(Uy) NCprr(Vi/Hy) = Cpy(Uz) N Cpy (Vo /Ha).

It follows that H, /U, is a simple P-module, and so [H;, O,(P)] = U;, i = 1, 2. Recall that A < O,(P).

Let D < A be a non-trivial minimal offender on V. Assume that [H;, D] # 0. Then [H;, D] = U,,
and U; is 1-dimensional over Endg (V;). By D is not an over-offender on H;, so by [MS4, 1.3]
Cp(H;) =1 and V = H; + Cy (D). But this is absurd since V; £ V; + Cy (D).

Thus [H; + He,D] = 0, so D centralizes a hyperplane in V; and Vi*. Hence |D| < ¢ and
|V/Cy(D)| > ¢2, and D is not an offender, a contradiction.

We have shown that V' is the direct direct sum of copies of V;. It follows that Py (V4,T) = P.
So (M, Vi, A) satisfies the hypothesis of Theorem If the theorem holds for (M, Vi, A), then
[V1/Cv, (A)] = |A| and V = V1 Cy (A). Hence [V, K] < [V, (AM)] < V; and V = V4, and we are done.

Thus, it suffices to provefor (M, V7, A), in other words we are allowed to assume that V = V7,
so V is a simple M-module.

We now discuss the different possibilities for V and M as listed in FMT. Put U := Cy(T) and
F := End (V).

FMT (1) Suppose that V is a natural SL, (¢)-module. Then dimpU =1 and U = [V, O,(P)].
Hence [3.4] gives (lc:1) and @
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FMT (2)-(4): Suppose that V is a natural Sp,,, (q)-, 25, (q)-,05,(q)- or SU, (¢)-module for M (with
p = 2 in the Of,(q)-case). Then |F| = ¢ in the first two cases and |F| = ¢? in the last. Moreover, from
the structure of these modules we get the following elementary facts: U is a 1-dimensional singular
F-subspace, [U+,0,(P)] < U, and Cop(p)(UJ-) has order ¢, 1, 1, and ¢, respectively. Moreover,
Cy(a) <U* for all a € O,(P)*. Thus

|CA(UH)| < q < |F),

and
|A] > [V/Cv(A)| = [V/UH||US/Cy (A)] = [FI|U*/Cyr(A)].

Now by with U+ in place of V,
U+/Cur(A)] > [A/Ca(UH)] = ¢ Al

We conclude that equality holds in the three preceding equations. Hence |C4(U~)| = |F|, which
excludes the natural Q5 (q)-, O5,(¢)-, and SU,,(¢g)-module. Thus (c:2) and (d] hold.

FMT (5): Suppose that V is a natural Gz(g)-module for M. Then ¢* =
Cm(A) = A and A is quadratic on V. Put D = Z(O,(P)), then D C

| )| = 14],
M
|Cy (D)| = ¢ we conclude that Cy(A) = Cy (D) and then A = Cp(Cy (D P.

V/Cy(A

(A) < A. Since
So . holds.
th

Then

Sl
FMT (6): Suppose V is the exterior square of a natural SL,(¢)-module W with n > 5.
) and [W,0,(P)] is

[W, A] is a hyperplane of W. On the other hand, P/O,(P) = SLa(g) x SL,—2(q
2-dimensional. Since A < O,(P) and n > 5 we have a contradiction.

FMT (7),(8): Suppose that V is a spin module for Spin,(q) or a half-spin module for Spinj,(q).
Let W be the natural Q7(q)- and Qf,(g)-module, respectively, so [W*| = ¢ if ¢ is even in the
Spin,(g)-case, and W+ = 0 in all other cases.

We will show that |Cyy (A)/W=| < ¢?. For this let A* < M be a maximal best offender with
A < A*. Then by FMT |A*/A| < q and o' (Nar(A))/A* = Sp,(q) and Sping (q), respectively. Thus
Nar(A) = Ny (U) for some 1-dimensional singular subspace U of W, and A < A* < O,(Nps(4)).
Hence [U+, A] < U and Cy (A) <UL, Byuapphed with V = U+,

U /Cus(A)] 2 |A/Ca(U)].

Suppose that M = Spin;(q) and p is odd. Then |C4(UL)| =1, |[U*| = ¢°, |A] > ¢* and W+ = 0.
Thus
¢ <|A| < |UH/Cyi(A)] and ¢'|Cy o (A)] < (U] = ¢°,
so |Cw (A)/WH| = [Cw (4)| = [Cy(4)] < ¢*
Suppose that M = Spin.(q) and p = 2. Then |[Co(UL)| < ¢, |UL| = ¢° and |A| > ¢* and
|[W+| = ¢q. Thus
¢* <|A/Ca(UH)| < U /Cpi(A)] and ¢*|Cpa(A)] < [UH| = ¢°,

so [Cw (A4)/WH] = |Cyw (A)/WH] < ¢°.
Suppose that M = Spinj;(q). Then |C4(UL)| = 1, |U*| = ¢°, |A| = |A*| = ¢® and W+ = 0.
Thus

¢¥|Cyo (A)] = |Al|Cye (A)] < U] = ¢,
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and [Cy (4)/W+| = [Cw(A4)| = [Cy= (A)] < g < ¢*.
We prove that |Cy (A)/W| < ¢? in all cases. On the other hand Cy (O, (P)) contains maximal
singular subspace of W and A < O,(P), so |Cw (A)/W+| > ¢3 a contradiction.

FMT (9): Suppose that p = 2 and M = 3-Alt(6). Then |[V,0,(P)]| = 4 and |[V, A]| = 16, which
contradicts A < O,(P).

FMT (10): Suppose that M = Alt(7),p = 2 and |V| = 2%, Then P = SL3(2) and O,(P) = 1,
which contradicts A < O,(P).

FMT (11),(12): Suppose that p = 2 and V is a natural Alt(n)-module for K. Assume first that
n=5or 8. Then K = Q(2) and QF (2), respectively, and M = Oy (2) or Of (2) if K # M. Thus,
these cases have been treated earlier in case FMT(2) — (4).

Hence, we may assume that n > 6 and n # 8. Let (Q4,...,€;) be the orbits of T on Q =
{1,...,n}. Note that [Q;| # |Q;| for ¢ # j, so we may assume that [Qq] < --- <[]

Suppose first that [ = 1. Then P = (Sym(%) 2 Cg) N M, and since n # 8 and n > 6, O,(P) =1,
which contradicts A < O,(P).

Suppose now that [ # 1. Then P = ( Xé:1 Sym(£;)) N M. Observe that O(Sym(f;)) = 1
unless [€2;] = 2 or 4. Thus |A| < 8.

If A is generated by transpositions, then A = Sym(€;) for some j € {1,2} and |A| = 2. Thus
either j =1l and n =2 mod 4, or || =1, j =2, and n =3 mod 4. Hence holds in this case,
and since |A| = 2 obviously also (d]) holds.

If A is not generated by transpositions, then we are in case (12)(2) or (12)(3) of FMT. In both
cases |V/Cy (A)| = |4], so @) holds. In the first case |A| = 2371 < 8, and so n = 6, since n is even
and n # 8. Hence |A| =4, and A is conjugate to ((12),(34)(56)). Then M = Sym(6) = Sp,(2) and

(Ic:2)) holds.
In the second case we get |[A] = 2% < 8 and so n = 6 and |A| = 8. But then A is conjugate to
((12),(34)(56), (35)(46)), and again (c:2]) holds. O

Theorem 3.6 (General Point-Stabilizer Theorem). Let M be a finite CKC-group with O,(M) =
1 and let V' be a faithful F,M-module. Put AP := AP (V) and suppose that AP # (0. Then there
exists an M -invariant set N of subnormal subgroups of M such that the following hold:

(a) (AP)= X N, and N=(A€ AP | A< N) for all N € N,

(b) For all Ny # Ny € N, [V, Ny, Na] = 0.

(c) Put V. =V/Cy(N)). Then [V, N]=@ycplV,N]

(d) Let N € N'. Then (N, [V, N]) satisfies the hypothesis of[3.3 in place of (M, V).
(e) For all N € N, Cy(N) = Cy(OP(N)) and [V,0P(N)] = [V, N].

(f) Let A€ AP. Then

(a) [V/Cv(A)] = [4],
(8) A= X ey ANN,
(c) ANN € AP for all N € N with ANN # 1.
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Proof. Let A € AP and let P be a point stabilizer of M on V' with A < O,(P). Choose T' € Syl,,(P
with A < T. Then P = Py (V,T). Put My := (AP) and Ty := T N My. Then by [L.7f) Py =
P, (V,Tp) < P and so A < Op(Fy). Thus replacing M by My we may assume that M = (AP). In
particular M = Jp; (V).
Put
T = Tu(V), V1= VICy(T) and W = [V, ] + Cv (7)/Cr (),

and for K € J, .
WK = [W,K} and M := M/CM(WK)

Note that A normalizes K and thus also Wx. An application of GFMT gives:
1°. OP(M) =F*(M) =(T), and W is a faithful semisimple F,M-module.
2°. W:@KEJWK and so CW(A):@KEJCWK(A).

3°.  F*(M)=K =O0"(M).

4°, A is a best offender on W.

By and [MS4, 1.2] A is also a best offender on Wx. Put P := Py (V,T). By (with
H=F:=M) we have P, < P and A < O,(P;). Put Py := Pgp(V,T). Then clearly P, < P; and
so A < Op(P,). Since K = OP(KT), @ (with F := KT) gives P, = Pxp(Wgk,T). Since by
K = OP(M) we have M = KT and so P, = PM(WK,f). So either A=1or A € AP (Wk).
Moreover, the semisimplicity of W given in yields Wx = [Wk, K], Cyw,. (K) = 0 and 0, (M) =1.
Thus:

5°. Ifﬁ #1, then (M, Wk, E) satisfies the hypothesis of.

In particular, by [3.5|(d]):
6°.  |Wk/Cwi(A)] =|A| = |A/Ca(Wk)|.

Note that also holds if A = 1.We now use the following additional notation for K € J:

Kt:= [ E Ax:=Ca(W,K")).
EeI\{K}

From and [MS4, 1.1] applied with W = {Wx | K € J} we conclude

7°. [W/Ca(W)| =[A/Ca(W)| and A= X jc 7 Ax = Ax x Ca(Wk).

Recall that A is a best offender on Wi. Since A = A x Co(Wg) and W = Wi + C4(Ak) we
have

8°. Ay is a best offender on W and on W.

Since by (7°) |[W/Cw (A)| = |A| and also |V/Cy (A)| < |A], we conclude that Cy (J) < Cy(A)
and C[V,j] (A) = Cw(A), and
9°. Cv(J) £ Cy(A) and Cy,71(A) = Cw(A), and |V/Cy(A)| = |A].

Let D be an offender in M on V such that D < O,(P). Let B < D with |B||Cy (B)| maximal.
Then B is a best offender on V. We claim that |B||Cy(B)| = |V|. If B = 1, this is obvious and if
B # 1 this follows from applied to B instead of A. Since D is an offender, |V| < |D||Cy (D)]
and so |B||Cy (B)| = |V| < |D||Cy(D)]|. Thus
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10°. All offenders in Op(P) are best offenders on V

From (%) and M = (AP), we have Cy(7) = Cy (M) and [V, K]+Cy(4)/Cy(4)] = [IW/Cyr(4)] =
|Al, so V = [V, K]+ Cy(A) since A is an offender on V.
Put
Mg = Cp (W, K*)), and N := {My | K € J},

so Axg < Mg and by also K < Mg . We will now show the statements of the conclusion for N.

Since K+ acts faithfully on [W, K], [Mg, K*] = 1. Thus the Three Subgroups Lemma implies
V,K+,Mg] = 1 and so V = [V,K] + [V,K*] + Cy(4) = [V,K] + Cy(Ak). It follows that
[V,K] = [V,Mg] and Cy(K) = Cy(Mg). This gives (b)), and (g). Moreover, and
follow from and (9%, respectively. Note that C, (Ax) = Cw,(A). So implies that
IV, K]/Cv,x)(Ak)| = Wk /Cwy (Ak)|. Since V = [V, K] + Cy (Ak) and A is an offender on Wi
we conclude that Ax an offender on V. Note that Ax < A < O,(P) and so by Ay is a best
offender on V. Thus holds.

In particular, My is generated by best offenders, so the second part of @ holds. The first part
of @ follows from (@ and the fact that M acts faithfully on W.

Note that Mg Cp(Wk) = M. Hence @ follows from , and all parts of the conclusion are
proved. O

Corollary 3.7. Let M be a finite CIC-group with Op(M) =1 and V be a faithful F,M-module. Let
A be an offender in M on V' such that A < O,(P) for some point stabilizer P for M on V. Then
A is a best offender.

Proof. This is Step in O

Corollary 3.8. Let L = SL,(q), ¢ = p*, X be a natural F,SL,,(q)-module for L, and P be a point
stabilizer of L on X. Put X* = Homg,(X,F,), the dual of X. Suppose that V is a F,L-module
with 0 # V = [V, L] and that there exists 1 # A < O,(P) with |V/Cy(A)| < |A|. Then one of the
following holds:

1.V=Vi®...®oV,, where Vq,...,V,, are isomorphic to X* and 1 < m < n.

2. V 1s isomorphic X.

3. A=0,(P),n=3,q=2,V|=2% and V/Cy(L) = X.

4. A=0,(P),n=2,q=2F V/Cy(L)= X, and V is a quotient of the natural Q3(q)-module.

5. A = 0,(P), n >4, and V is isomorphic to the exterior square of X* over F,. Moreover,
Cy(A) = [V, A], and as an F,P-module A is a natural F,SL,_1(q)-module dual to X/Cx(A),
V/Cv (A)) is isomorphic to A, and Cy (A) is isomorphic to the exterior square of A over F,.

Proof. Observe that O,(P) is elementary abelian, so A is an offender on V. Put V := V/Cy (O?(L)).
Let 1 # B < A such that |B||Cy (B)| is maximal. Then B is a best offender on A. Note that either
L is quasisimple or n = 2 and ¢ = p < 3. In any case we conclude that L = (BL) and so L = J. (V).
Thus we can apply GFMT to L and V. In particular, since V = [V, L], V is a semisimple F,L-
module. Let Y be a simple F, L-submodule of V. By GFMT(d) B is a best offender on V and so
by [MS4], 1.2] B is a best offender on Y. Thus we can apply FMT also to (L,Y). Ounly the cases
FMT(1), (4) (with n =3 and € = +) and (6) apply to our situation, since ¢ (q) = Ly(q).

Suppose first that n > 5 and Y is the exterior square of a natural SL,,(¢)-module Z. Then by
GFMT(g), Y =V, and B is the centralizer of an F,-hyperplane in Z. Since B < A < O,(P) this
shows that Z is dual to X and A = B = O,(P). By [MS4], 6.1], Cy/(L) = 0 and so (b)) holds.

25



Suppose next that n = 4 and Y is a natural Qf (¢)-module for L. Note that Cy(O,(P)) =
[Y,0,(P)] is a 3-dimensional singular subspace of Y. Thus also [Y, B] is singular. Since Y is an
offender we conclude from [MS4] 3.4] that [Y, B] is 3-dimensional, A = B = O,(P), and |Y/Cy (B)| =
|B| = ¢®. Thus Y = V. Suppose that Cy (L) # 0. Then by [MS4, 6.1], ¢ = 2, and V is isomorphic
to a submodule of the permutation module for SLy(2) 2 Alt(8). But B acts transitively on the eight
points permuted by Alt(8), and so Cy(B) = Cy (L) and |Y/Cy(B)| = 2% > |B|, a contradiction.
Thus Cy (L) = 0 and holds.

Suppose that Y is isomorphic to X. Since A < O,(P) the Point Stabilizer Theorem shows
that |Y/Cy(B)| = |B|. Thus V =Y. If Cy(L) = 0, (2) holds. So suppose Cy (L) # 0. Then by
IMS4l, 8.4] p =2, |Cy(L)| < ¢, and either n = 2, or n = 3 and ¢ = 2. In the first case holds. So
suppose n = 3 and ¢ = 2. Then by [MS4, 8.4] |B| =4 and A = B = Oy(L). Hence (3) holds.

It remains to treat the case where Y (and every other simple L-submodule of V) is isomorphic
to the dual of X, so V is the direct sum of m natural modules dual to X, and by GFMT(g) n > 2.
Then ¢™ = |V /Cy(B)| < |B| < |0,(P)| = ¢" ! and so m < n — 1. If Cy/(L) = 0, then holds.
So suppose Cy (L) # 0. Since V' = [V, L] there exists an F,L-submodule U of V with U = [U, L],
Cy(L) # 0, and U simple. Then [MS4, 6.1] shows n = 3 and ¢ = 2. Since B is an offender on U,
[MS4, 8.4] shows that |B| = 4 and |[U, B]| = 2. But this is impossible, since B < Oz(P) and U is
dual to X. O

Theorem 3.9 (Rank 1 Theorem). Let M be a finite CK group with O,(M) =1 and V be a
faithful finite dimensional FpM-module, and let K be Jp(V)-component. Suppose that the point
stabilizers of K on V' are p-groups. Then K = SLa(q)’, q a power of p, and [V, K|/Cy, k) (K) is a
natural SLa(q)’-module.

Proof. Let T' € Syl (K) and P = Pg(V,T). By [L.7|[a), P is also a point stabilizer of K on [V, K]
and so by [L.7(lc) (applied with V' := [V, K] and V; := Cjy,](K)), P contains a point stabilizer P*
of Kon X = ‘/,K]/C[V)K](K)

Suppose first that X is a homogeneous K-module, that is, X = Y™ for some simple F, K-module
Y. Then P* is the point stabilizer of K on Y. Since P* is a p-group we conclude from GFMT that
K = SLy(q), Y is a natural SLa(¢q) module and X 2 Y. So the theorem holds in this case.

Suppose next that X is not an homogeneous K-module. Then by GFMT K 2 SL,(q), n > 4,
and X = Y" @ Y**, where Y is a natural SL,(q) and r,s € Z*. Then P* = O” (Cx(Cy(T)) N
Ck(Y/[Y,T]) and so P*/O,(P*) = SL,_2(q), a contradiction since P* is p-group and n > 4. O

4 (@'!-Modules

The results of this section are important for the investigation of finite groups G which possess a
large subgroup. Here a p-subgroup @ < G is called large if

(+) Ca(Q) < Q and Ng(4) < Ng(Q) for all 1 £ A < Z(Q).

Observe that most of the simple groups of Lie type in characteristic p possess a large subgroup,
namely O,(N¢(Z)), where Z is a long root subgroup. The exceptions are the groups F4(2"), Sp,(2™)
and 2G2 (3”)

For the investigation of p-local subgroups containing a large subgroup by means of their action
on elementary abelian p-subgroups the above property (x) can be easily transformed into a property
of modules, so-called Q!-modules. We recall the definition here from [MS4l 6.2):
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Definition 4.1. Let H be a finite group, V an F,H module, and Q a p-subgroup of H. Then V is
called a Q'-module for H if Q is not normal in H and

QY Q INp(A) for all1# A < Cy(Q).

In this section H is a finite group with O,(H) = 1, @ is a p-subgroup of H, and V a faithful
Q'-module for F,H. Put H® := (QH).

Recall that a p-subgroup A < H is a weakly closed subgroup of H if A is the only conjugate of
Ain T for some T' € Syl (H).

Lemma 4.2. (a) Q is a weakly closed subgroup of H.
(b) H° =(Q" | h € H?).
(¢) Cu(H°/Z(H?)) = Cu(H®).

(d) Let H® < L < H and W be a non-zero L-submodule of V. Then C,(W) < Cr(H®). In
particular, Cgo (W) is a p’-group.

(e) Cy(H®) =0.
(f) Let Q < L < H with Q 4 L. ThenV is Q!-module for F,L.
(9) Let L << H with [L,Q] # 1. Then Cy ({L9)) = 0.

Proof. @: Let @ <T € Syl,(H) and A := Cy(T). By Q!, @ < Ng(A), in particular Q@ < Ny (7).
Thus, if Q" < T then also Q" < Ng(T). By Burnside’s Theorem [Gol 7.2.1] any two normal
subgroups of T' are conjugate in H if and only if they are conjugate in Ny (7). Hence Q = Q".

(b): Let Ho:= (Q" | h € H°). Then @ shows that Q7 = QH° and so Hy = H°.

(c): Set D := Cy(H®°/Z(H®)). Note that Z(H®) is a p’-group since O,(H) = 1 and that Z(H°)
centralizes ). Hence @ = O,(QZ(H®)). Since [D,QZ(H®)] < Z(H®) < QZ(H°) we conclude that
D normalizes QZ(H®) and Q. So [D,Q] < QNZ(H®°) =1 and thus [D, H°] = 1.

(d): Since Cw (Q) # 0, Q! implies that Cpo (W) < Ny (Cw (Q)) < Ny(Q). Thus

[Cae (W), Q] < QN Crre (W) < 0,(Cpe(W)) < O, (H) < O,(H) = 1.

Now (b)) implies Cpo (W) < Z(H®). This shows the additional claim since Z(H®) is a p’-group.
Moreover, [Cr(W), H°] < Cye (W) < Z(H®) and so by (d), CL(W) < CL(H®).

@: Since Q@ ¢ H, @ # 1 and so Cyo(Cy(H®)) = H° is not a p’-group. Thus @ implies
Cy(H®) =0.

(f): This follows immediately from the definition of a @Q!-module.

(e): Put L* = (L9). Since L is subnormal in H, so is L*. Thus O,(L*) < O,(H) = 1. If
Q < QL* we get 1 # [Q,L] < [Q,L*] < QNL* <O,(L*) =1, a contradiction. Thus @ ¢4 L*Q
and by @)7 V is a Q!-module for L*Q. By applied to L*Q@, Cy((QY"?)) = 0. In particular,
Cy(L*Q) = 0 and so also Cy (L*) = 0. O

Recall from [MS2] that an F,H-module U is called quasisimple if U = [U, H|, U/Cy(H) is a
simple H-module, and O,(H/Cy(U)) = 1.

Lemma 4.3. Let K be a Ju(V)-component such that [V, K] is a quasisimple K-module. Then
K < [K,H°] < H°.
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Proof. Otherwise [MS4, 2.10] implies [K, H°] = 1. Put W = ([V, K] + Cy(K))/Cy(K). Then W
is a simple K-module. Since [K,Q] = 1, Cw(Q) is a non-trivial K-submodule and so [W, Q] = 0.
By H° = (Q"°) and thus [W, H°] = 0 since H° normalizes W. Thus [V, K, H°, K] = 0.
Since [H®, K| = 1 the Three Subgroups Lemma gives [V, K, K, H°] = 1. By Cy(H®) =0, thus
[V, K, K] = 0, a contradiction since [V, K] is quasisimple. O

Lemma 4.4. LetY be a p-subgroup of H with Cy ([V,Y]) # 1 and [H°,Y] # 1. Then Cy (H°) = 1.

Proof. Put X := Cy (H®) and Z := Cy ([V,Y])NZ(Y). Note that Z # 1. Suppose that X # 1. Then
[V, X] is a non-zero H°Z-submodule of V. Since Z centralizes [V, X] we conclude from [£.2)(d), that
Z centralizes H®. Since [V,Y, Z] = 0 and [Z,Y] = 0 the Three Subgroups Lemma gives [V, Z,Y] = 0.
Thus [V, Z] is a non-zero H°Y submodule centralized by Y and another application of @ gives
[H°,Y] =1, a contradiction. O

Lemma 4.5. Suppose that one the following holds.
(1) F*(H) = Alt(n), n > 5, and [V, H| is a natural F,Alt(n)-module for F*(H), or
(i) H = Alt(7) and |[V, H]| = 24.

Then (1) holds, and either n = p or (n,p) is one of (5,2),(6,2),(8,2), (6,3).

Proof. Clearly every F, H-submodule of V' is also a Q!-module, so we may assume that V = [V, H].
Since @ is not normal in H, @ # 1. Moreover, replacing H by H® we may assume that H = H°
and so H = OPI(H).

If (ii)) holds, then Cg(v) = L3(2) and so O2(Cy(v)) = 1 for every 0 # v € V. For 0 # v € Cy (Q)
this gives Q@ < O2(Cp(v)) =1, a contradiction. Thus (i) holds.

Put K := F*(H) = Alt(n). Note that either Aut(K) = Sym(n), or n = 6, |Aut(K)/Inn(K)| = 4.
For p # 2 this implies H = Op,(H) = Alt(n). For p = 2 and n = 6, Sym(6) is the largest subgroup
of Aut(K) acting on the natural FoAlt(6)-module. So for p = 2, H = Alt(6) or H = Sym(n). In any
case we may assume that H < Sym(n). Let Q := {1,2,...,n} and W be the permutation module
with basis (w; | i € Q); and for U C Q let wy := >,y w;. Set Wy := [W, H] and W := W/Cy (H).
Then Wy = V.

Assume first that @) does not act transitively on . Let ¥ be any Q-invariant subset of Q such
that U # Q, @ acts non-trivially on ¥, and p‘|\I/| Then wy € Wy and wy # 0. Note that Alt(¥)
centralizes Wy , so Q! implies that Alt(¥) normalizes the image of @ in Sym(¥). It follows that
either p = 2 and |¥| =2 or 4, or p = 3 and |¥| = 3. In all cases ¥ is a non-trivial Q-orbit. Since
this holds for all possible choices of ¥ and n > 5, 2 is the union of two non-trivial Q-orbits or of one
non-trivial Q-orbit and at most p — 1 fixed points of (). This gives one of the following possibilities:

n=24+4n=4+4 n=4+1for p=2,

n=34+3,n=3+2forp=3.

Suppose p = 3 and n = 5. Say Q = ((1,2,3)). Then Q centralizes w := wya34 — ws. Observe
that w € Wy, W # 0 and Cy(w) = Alt(4), a contradiction to Q!. So (n,p) # (5,3) and the lemma
holds in the intransitive case.

Assume next that @ acts transitively on Q. Let (X;);er, be a Q-invariant partition of Q into p
sets of size 2. Pick g € Q with X§ # Xo and choose notation such that X! = X, for all i € F),.

Define wy = ),y iwx,. Then
g p
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wl =Y dwig =Y (f-Dwy =Y jw;— Yy w; =wo —wo

IS J€EFp J€EF, J€Fp

Thus @ centralizes wy and wy # 0. Note that Alt(Xy) centralizes Wy and so by Q!, Alt(Xy)
normalizes Q. Thus [Alt(X)), Q] is a p-group. Since Alt(Xo)9 = Alt(X) this implies that Alt(Xo)
is p-group. Hence one of the following holds: |Xo| = 1 and n = p; |Xo| = 2 = p and n = 4;
or |Xo| =3 =pand n=29. In the first case the lemma holds. Since n > 5, the second case is
impossible. So suppose |Xg| = 3 = p. Put D = (Sym(Xp) x Sym(X;) x Sym(X3)) N Alt(n) and
E = Alt(Xo) x Alt(X;) x Alt(X2). Then D/E = Cy x Cy and @ acts non-trivially on D/E. Thus
[D, Q] is a not 3-group, a contradiction to Q! and D < Cg(wy). O

Theorem 4.6 (Q!FF-Module Theorem). Let H be a finite group with O,(H) = 1 and Q be
a p-subgroup of H, and let V be a faithful Q'-module for H. Put H° := (Q™) and J := Jy (V).
Suppose that there exists an offender Y in H such that [H°)Y] # 1 and that one of the following
holds:

(i) Y is quadratic on V.
(i) Y is a best offender on V.
(iii) Cy ([V,Y]) # 1.
(iv) Cy(H®)=1.
Then one of the following holds, where q is a power of p:
1. There exists an H-invariant set KC of subgroups of H such that:

(a) For all K € K, K 2 SLy(q) and [V, K] is a natural module for K,
(b) J = XKelCK andv:EBKeIC[VvK]’
(c) Q acts transitively on KC,
(d) H° = O"(J)Q.
2. Put R:=F*(J). Then

(a) R is quasisimple, R < H°, and either J = R or p =2 and J = 0%, (q), Sp4(2) or G2(2).
(b) Cy(R) =0, [V, R] is a semisimple J-module, and H acts faithfully on [V, R].
(c) Put J°:=JNH°. Then one of the following holds:
1. (a) R=J°=SL,(q), n >3, Spy,(q), n >3, SU,(q), n > 8, or U (q), n > 10.
(b) [V, R] is the direct sum of at least two isomorphic natural modules for R.
(¢) H° = RCyo(R).
(d) If V # [V, R] then R = Sp,,,(q), p =2, and n > 4.
2. (a) [V, R] is a simple R-module.
(b) Either H° = R = J° or H° = Sp,(2), 3:Sym(6), SU4(q).2 (¢ Og (q) and [V, R] the
natural SU4(q)-module), or G2(2).
(c) One of the cases FMT (1) - (9), (12) applies to (J,[V, R]), where n =6 in case (12).

3. p=2,J =R =SL4(q), H°/R has order two and induces a graph automorphism on R,
and V is the direct sum of two non-isomorphic natural modules.
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Proof. Note that (i) implies (iii), and by Timmesfeld’s Replacement Theorem [KS| 9.2.3], also
implies . By |4.4 implies . So in any case:
1. Cy(H®)=1.

Let J be the set of J-components of H, and let X be a minimal offender in Y. By [MS4, 1.3] X
is a quadratic best offender and so X < .J. Now implies

2°. [H°, X] # 1. In particular, [H®, J] # 1.

According to and [MS4, 2.2(b)] there exists R € J with R < H°. Next we prove:
3°.  [RH|#1.

Suppose that [R, H°] = 1. Since R < H° it follows that R is abelian. So [MS4], 2.2(d)] implies that
p=2, R~ Cjand |[V, R]| = 4. Thus [V, R] is a simple R-module. Hence [£.3|gives R < [R, H°] =1,
a contradiction.

According to we may choose R such that [R,Q] # 1. Put R* := (R®).
4°. Cy(R*) =0.

As a J-component, R is subnormal in H. Thus follows from .
5°. J =R%, so R* =(J).

Otherwise there exists R € J \ R2. Put U := [V, (R?)]. Since R® N R? = (), [MS4, 2.2(f)] gives
[U, (RP)] = 0, which contradicts (4°).

6°. W= [V, R*] is a semisimple, faithful J-module, and R* = X o, K =F*(J) < H°.

By Cy(R*) =0. Hence follows from and [MS4, 8.3].
7°. H acts faithfully on W.

Set D := Cy([V, R*]). Since W is a faithful J-module, R* N D < JN D = 1. Thus [R*,D] =1,
and the Three Subgroups Lemma shows that [V, D, R*] = 0. Now follows from .

Let S be a Sylow p-subgroup of H with Q < S. Since R and R* are subnormal in H, RN S and
R* N S are Sylow p-subgroups of R and R*, respectively. Since @ < S, also R*Q N S is a Sylow
p-subgroup of R*Q.

8°. Let Wy be an R*Q-submodule of W and Zy := Cpyw,, z)(S N R). Then Cr(Zy) < Ng(Q).

From[1.6] applied to E = R, H = R*Q, T = SN R* and Wy, we get that Cr(Zy) = Cr(Cw, (SN
R*)). Since Cy, (S N R*) < Cy(Q), the Ql-property gives Cr(Cw, (S N R*)) < Ny (Q). So (8°)
holds.

Put Z := Cpr|(SNR), P := Cr(Z) and Q := {v | 0 # v € Cy(Q"),h € H}. Note that
SNR <P and by P < Ny (Q); in particular [P, Q] < Op,(R*).
9°. Suppose that R* acts transitively on Q. Then H° = R*Q.

Let v € Q such that [v,Q] = 0. By the Frattini argument H = R*Cg(v) and by Q!, Cx(v) <
Ny (Q). Thus H = R*Ng(Q), R*Q is normal in H, and R*Q < H° < R*Q.
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Case 1. Suppose that J # {R}. Then holds.

By R* is the direct product of at least two @-conjugates of R. On the other hand by
[Cr(Z),Q] < Q. We conclude from the direct product that P is a p-group. By , C,r(R)=0
and so the Rank 1 Theorem [3.9|shows that R = SLy(¢)’" and [V, R] is a natural module for R.

Then plies and (|L:c). Moreover, GEFMT gives the first part of . To show the sec-
ond part of (1:b]) it suffices to show that V' = [V, R]+Cy (R). Let A be a minimal offender on V. Since
@ acts transitively on J we may assume [R, A] # 1. Since A is not an over-offender on [V, R] and A
is minimal we conclude from [MS4] 1.2] that C4([V, R]) =1, |A| = ¢ = |[V/Cv(4)], [Cv(R),A] =0
and RA = SLy(q). Thus RA is generated by two conjugates of A and so |V/Cy(RA)| < ¢. Hence
V =[V,R] 4+ Cy(R) and holds.

To prove let Q* be the set of elements in V' such that [v, E} #0 for all R € J. Since R
acts transitively on [V, R] and Cy (R*) = 0, and since we have already proved that V = [V, R*], R*
acts transitively on 2*. Since @ acts transitively on J we conclude that 2 = Q*. Thus by ,
H° = R*Q and holds.

According to (Case 1)) we may assume from now on that J = {R}. In particular, W = [V, R]
and Cy (R) = 0.

Case 2. Suppose that R is solvable. Then holds.

By [MS4], 2.2(d)]) (or FMT) p = 2 or 3, R = SLs(p)’ and [V, R] is a natural SLqa(p)’-module.
Since Cy(R) = 0, [MS4, 8.4] (or coprime action) gives V = [V, R] and so (1)) holds.

According to (Case 1|) and (Case 2|) we may assume from now on that R is quasisimple. We will
show that holds.

Case 3. Suppose that W is not a homogeneous R-module. Then @ and hold.

By GFMT we have R = SL,(¢) and [V, R] 2 N" @ N**, where N and N* are simple natural
R-submodule in W dual to each other. Moreover, ;s > 1 and n > 4.

Set U := Cny(RNS) and U* = Cn+(RNS). Then U and U* are 1-dimensional over F, and
P =Cgr(Z) =Cgr(U)NCr(U*). From we get [P,Q] < PNQ < 0,(P).

Assume first that @ acts trivially on the Dynkin diagram of R. Put Wy := (N®). Then
Wo = N for some ¢ < r, and by Cr(U) < Ng(Q). By symmetry also Cr(U*) < Ng(Q).
Thus R = (Cr(U),Cr(U*)) < Np(Q). But then [R,Q] < @N R < O,(R) = 1, which contradicts
B)-

Assume now that @ acts non-trivially on the Dynkin diagram of R. Then clearly p = 2. Also
[P,Q] < O2(P) implies that n = 4 and that @ does not induce a non-trivial field or field graph
automorphism on R. By GFMT /r ++/s < V4=2andsor =s=1. Thus W = N @& N*. An
application of [MS4] 8.4] also gives W = V.

Let f : N x N* — F, be a surjective R-invariant F,-bilinear map. Then R acts transitively on
Q*={n+n*| f(n,n*) =0} and Q = Q*. Thus by , H° = RQ and so is proved.
Case 4. Suppose that W is a homogeneous but not simple R-module. Then @ and hold.

GFMT shows that R is a genuine group of Lie-type of type A,, (n > 2), B,, (n > 5), C,, (n > 3),
D, (n > 5), 2A,, (n > 4), or 2D,, (n > 5), and W = N” for some natural module N and some
r>2. Put U =Cpn(SNR). Then P = Cgr(U), Ng(U) is a maximal parabolic subgroup of R, and
P/O,(P) is a group of Lie-type A,_1, Bp_1, Cp—1, Dp_1, 2A,_2 or 2D,,_o, respectively. Note that
[P,Q] < O,(P) . If R is of type A,,, P is not invariant under any graph automorphism of R, and if
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R is type D,,, any graph automorphism also induces a graph automorphism on P/Q. Thus @ does
not induce graph automorphisms on R. Also if R has roots of more than one length, so does P/Q.
Thus @ does not induces any field automorphism on R. Since @ is a p-group, ) does not induces
any diagonal automorphism on R and so @ < RCg(R). Thus H° = RCpo(R).

Suppose that V' # [V, R]. We apply [MS4, 8.4]. Since Cy(R) = 0 and [V, K] is not simple, we
are in case (f) of [MS4, 8.4], and R 2 Sp,,,(q), p =2, and n > 4.

Case 5. Suppose that W is a simple R-module.

Clearly we can apply FMT to (J, W). In the cases (10) — (12) of FMT shows that one of
the following holds:

J = Sym(5) = 04 (2), J=Alt(8)
J = Alt(6) = Sp,(2)', J = Sym(6)

IR

Qf(2),  J=Sym(8) = 04 (2),
Sp4(2)7

and W is the corresponding natural orthogonal or symplectic module. Thus, one of the cases (1) —
(9) of FMT holds or J = Alt(6). In particular, holds. It remains to determine H°. Observe
first that in all cases Ng(P) acts transitively on Cy (P). Also H = RNy (P) and so the Frattini
argument gives H = RCpy(v) < RNpy(Q), where 0 # v € Cy(PQ). Thus H° = RQ and so
0,(RQ) < O,(H) =1.

IfQ <R, holds. So suppose @ £ R. Then some element of @ induces an outer automor-
phism on R. If R = G2(2)’, then H® = G2(2). If R 2 Sp,(2)’ then R = Sp,(2) and if R = 3-Alt(6),
then H = 3-Sym(6) since H° acts on W. Thus again holds.

In all the remaining case R is genuine group of Lie-type in characteristic p. If R has Lie-rank
1, R = SLa(q). Hence either W is a natural SLa(g)-module and holds, or W is a natural
Q5 (2)-module. In the latter case P = Alt(4), so [P, Q] < O2(P) implies @ < R, which is not the
case.

Suppose now that R has rank at least two. Note that Nz(P) is a maximal parabolic subgroup
of R and P = O (Ng(P)). Since [P,Q] < O,(P) and Q@ £ R we can argue as in (Case 4) and
conclude that @ induces non-trivial field automorphisms on R. Moreover, R must have root g'roups
defined over two different fields (and so FMT implies R = SU,(q),n > 4, or R = Q5. (q), 2n > 6),
and @ can only centralize root groups defined over the smaller field. Since @) centralizes P/O,(P),
this shows that all roots groups in P/O,(P) must have order ¢ .

The last condition rules out the natural 05, (¢)-module and shows that n = 4 if W is a natural
SU,.(¢)-module. Also @ induces a field automorphism of order 2 and so p = 2. Thus (2:c:2)
follows. O

1

The next result is inspired by a situation that arises in applications of the quadratic L-lemma
Let L be a finite group, V be an elementary abelian normal p-subgroup with [V, OP(L)] =V,
and A be an elementary abelian p-subgroup with A < AO,(L). Then Y and V normalize each other,
so V acts quadratically on Y, and vice versa.

Suppose that H := L/CL(V) and A := Y C(V)/CL(V) satisfy the hypothesis of 2.9 and that
V/Cy(OP(L)) is a simple L-module. Then H = SL(q), Sz(q) or Da,, and by 2.10] V/Cy (OP(L)) is
a natural module for H. The structure of these modules shows that V' is a strong offender on Y and

(%) [V, V] =[Y, X] for all X <V with | XCy(Y)/Cy(Y)| > 4.

In other words, the module Y possesses a non-trivial strong offender V' with the additional property
(*). Such modules are investigated in the next result, where as usual the module is called V' rather
than Y.
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Theorem 4.7. Let H be a finite group with O,(H) =1, and let V' be a faithful Q!-module. Suppose
that there exists 1 # W < H such that

(i) W is a strong offender on V; and
(i) [ X, W] =[V,W] for all X <V with | X/Cx(W)| > 2.
Put H® := (Q"), K* := (WH), K .= (WX") and K := K. Then

K*= X K and [V,K*] = @[V, R].
ReK

Moreover, one of the following holds:

1. (a) K <H, H° = OP(K)Q, and Cy(K) =0.
(b) K =2 SL,(q), n > 3, Sps,(q), Sps(2), O5,,(2) or 3-Alt(6); ¢ a power of p , p =2 in the last
three cases; and [V, K] is a corresponding natural module.
(¢) Fither H° < K or K = Sp,(2) and H° = Sp,(2) or K = 3-Alt(6) and H° = 3:Sym(6).
(d) If K = 05,,(2), then |W| = 2.

2. (a) Q acts transitively on K, H® = OP(K*)Q, and V = [V, K*].
(b) K = 8SLs(q), and [V, K] is a corresponding natural module.

3. (a) p=2, K2 SL,(2), n >3,V = [V, K] is the direct sum of two isomorphic natural modules
for K, and |V/Cy(W)| = 4.

(b) K<H, K < H°, and H° = SLy,(2) or SL,(2) x SLy(2).

4. (a) p=2, K=8SL,(2),n >3,V =Cy(K*)®[V,K*], [V, K] is the direct sum of two isomorphic
natural modules for K, and |V/Cy (W)| = 4.

(b) K*<H, [K* H°| =1 and H° 2= SLy(2).

Proof. Set V :=V/Cy(K). Since W is a strong offender, [MS4, 1.6] implies that W is a quadratic
best offender on V and so K* = Jg«(V). Set J = Tx+(V) and Jw = {J € J | [J,W] # 1}.
GFMT implies that (7) = X J, J = [J,W] for all J € Jw, and K*/(J) is an elementary abelian
p-group. The latter fact shows that K = (Jw )W and (Jw) = OF(K) = [OP(K), W]. Pick J € Jw,
and let Y be a minimal non-trivial J-submodule of V. By [MS4] 2.11] Y is a quasisimple and so
perfect as an K-module. Then [Y, W] # 0, and by [MS4] 1.9] Y is K*-invariant.

Case 1.  Suppose [V,OP(K)] £ Y.

Since OP(K) = [OP(K), W] we conclude that [V, W] £ Y and [Y, W] # [V, W]. Now implies
that p = 2 and |Y/Cy (W)| = 2. Moreover |V/Cy(W)| > 4 and since W is an offender, |W| >
4. Since W is a strong offender and [Y,W] # 0, Cy(Y) = Cw(V) = 1. Thus 1 = Cy(Y) =
Cw(J) = Cw(Y) by [MS4, 2.4], and W acts faithfully on Y. Since |Y/Cy(W)| = 2, this gives
[[Y,W]| = |W| > 4. In particular, Y is not a selfdual JW-module since (for example by [MS4, 1.8]),
Y /CH+(W)| = I[Y", W]. We now apply FMT. Then the properties |Y/C+(W)| =2 < |[Y,W]| and
Y being not self-dual eliminates all cases apart from the case where K/Cg(Y) = SL,(2), n > 3,
|Y/Cy (W)| = 2. Now an application of [MS4] 8.4] yields Cy (K) = 0 and so:

1°. K/Cg(Y)=SL,(2),n >3, |Y/Cy(W)| =2, and Y is a natural SL,(2)-module.
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Assume that 02(K ) # J. Then there exist J; € Jw with J; # J and a simple J;-submodule
Y7 in V satisfying in place of J and Y. Then |Y + Y;/Cyyy, (W)| > 4, and (ii) implies that
[V,W] <Y +Y:. Hence [V,K*| =Y +Y;,Y = [V,J] and Y1 = [V, J;]. By[£.3 JJ; < H° and so
[H°, W] # 1. Thus we can apply [£.6] But the only case in[4.6| with more than one Jz (V))-component
is , where there J (V)-components are isomorphic to SLy(q). This contradicts .

We have shown that O?(K) = J, so K = JW. Moreover, by W induces inner automorphisms
in J. Since O3(K) < O2(H) = 1, we conclude that

K=J[V,J]£Y and C,([V, J]) = 1,

in particular by J = SL,(2), n > 3. Moreover, [MS4] 8.4] shows that V = Cy(K) @ [V, K].
Now
K = XK, [V.K]=@DV.J]and V = Cy(K*)& [V, K"].
JeK

follow from [MS4, 2.2].

By GFMT, [V, J] is semisimple J-module and so there exists a minimal non-trivial J-submodule
Y1 with Y # V7. Put Yo :=Y. Then applies to (Y3, J) for i = 1,2. In particular, |Y;/Cy,(W)| =
2 and |[Y;, W]| = [W| > 2 for i = 1,2. Hence, Y; is not isomorphic to the dual of Y5 and so Y7 and
Y5 are isomorphic natural modules. As above, (i) implies [V, W] <Y; + Y5 and [V, J] =Y; @ Ya.

If [H°,W] # 1, we can apply By (T°), Case [1] of [4.6] does not hold. Hence by
F*((K)) is quasisimple and so K = {J} and J < H. If [H°,W] = 1, we have [J,H°] = 1. In
any case H° normalizes J and so also [V, J]. Since [V, J] = Y7 @ Y2, the normalizer of the image
of J in Aut([V, J]) is isomorphic to SL,(2) x SLs(2). Since O2(H°) = 1 and H® is generated by
2-elements we conclude that H®/Cpge([V, J]) is isomorphic to SL,(2), SLy(2) or SL,(2) x SL2(2).
By [.2|{d), Cr-([V, J]) < Z(H®), and by [G1] the Schur multipliers of the above groups are 2-groups,
so Cpo ([V,J]) < O2(H®) = 1.

Suppose J < H°. Then K = J < H°, [J,H°] # 1 and by [l.2|[g) Cv(K) = Cy/(J) = 0. Hence
V = [V, K] and (3)) holds.

Suppose that J £ H°. Then [J,H°] =1, J = SL,(2) and H° = SLy(2). It follows that also
[K*,H°] =1, and holds.

Case 2. [V,OP(K)]=Y.

In this case clearly OP(K) = J and so K = JW. By[£.3] J < H°. Thus [H°, W] # 1, and we

are allowed to apply IfJ 4 H, shows that (2)) holds. So suppose J < H and so also K < H.
Comparing with we see that (1) holds if K 2 SLa(g). In the latter case we are in case ({2

with K = K*. O

Lemma 4.8. Let 1 # A < H be a strong dual offender on V. Put K* := (A"), K := (AX") and
K := KH. Then one of the following holds.
1. (o) K <H, H° = (Q¥) and Cy(K) = 0.

(b) K = SL,(q), n >3, Spy,(q), Alt(6), or O5,,(2), ¢ a power of p , p =2 in the last two cases;
and [V, K] is a corresponding natural module.

(c) Either H° < K or K = Sp,(2)" and H° = Sp,(2).
(d) If K = 05,,(2), then |[W| = 2.
2. (a) Q acts transitively on K and H® < (K)Q
(b) V. =@BrexlV: R], K = 8La(q), and [V, K] is a natural SLy(q)-module for K.
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Proof. By [MS4 1.5] A is a quadratic best offender on V. Let J be a Jy(V)-component with
[J, A] # 1 and W a quasisimple J-submodule of V. Then 1 # [W, A] < W by [MS4l, 2.6], and since A
is a strong dual offender, [V, A] = [W, A]. Thus J is the unique J(V')-component of H not centralized
by A and K = JA. Moreover, W = [V, J] = [W, K] and so by [£.3] J < H°. Hence [H°, A] # 1, and
the lemma follows from [£.6] and B11 O

5 Minimal asymmetric modules

In this section H is a finite group and V is an F, H-module.

Definition 5.1. Let A and B be p-subgroups of H with A < B. Then V is a minimal asymmetric
F,H-module (with respect to A < B) provided that

(i) ANy (B), and B is a weakly closed subgroup of H,
(”) [V,A,B] = [Va B,A] =0,
(iii) (A™) does not act nilpotently on V,

(iv) (AF) acts quadratically on V for every proper subgroup F of H with B < F.

Note that conditions () and (ii) imply that A is non-trivial normal subgroup of B.

As many definitions in the previous section, the above definition is motivated be the investigation
of the p-local structure of finite groups of local characteristic p. Consider the following situation:

G is a finite group of characteristic p, S € Syl,(G), and A is an abelian normal subgroup of S
with A £ O,(G). Put B := Cg(A). Then A < B since A is abelian. Suppose that B is weakly closed
in G and that [A, A9] = 1 for all g € G such that (A, A9) is p-group. Then for every A < L < G
with A < O,(L), X := (AC»(G)LY s pgroup and so abelian. In particular, X acts quadratically on
0,(G) and (ANe(B)) is abelian. So replacing A by (AV¢(B)) we may assume that A < Ng(B). Now
let H be a subgroup of G minimal with B < H and A £ O,(H), and let V be elementary abelian H-
invariant section of O,(G) not centralized by (OP((Af)). Then V is a minimal asymmetric module
for H.

Lemma 5.2. Let V' be a minimal asymmetric F, H-module with respect to the subgroups A < B.
Suppose that Cy (H) = 0. Then the following hold:

(a) AAY acts quadratically on V' for every g € H with [A, A9 < AN AY.
(b) (AP acts quadratically on V' for every P < H with A < O,(P) < Ny (A).

Proof. @ By jb.1] m ) A acts quadratically on V. Put F := (B, BY9). Suppose first that FF = H.
Then [V, A, A9] < [V, A] N[V, A9 < Cy({(B,BY)) = Cy(H) = 0. By symmetry, [V, A9, A] = 0 and
so AAY is quadratic.

Suppose next that F' # H. By , (ATY acts quadratically on V. Since B is a weakly closed
subgroup of H there exists f € F with B9 = B. Since A < Ng(B), this gives 497 = A. Thus
A9 ¢ AP and AAY is quadratic.

(b): Note that A9 < O,(P) for every g € P. Hence (b)) follows from (). O

Lemma 5.3. Let G be a group, T < G, and g € G with [I,T9] =1. Then T' < [T, {(g)].
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Proof. Note that T' < TY[T, (g)] and so
T' = [T, T] < [T, TT, (9)l] = [T, [T, (9)]] < [T, (9)]-
O

Lemma 5.4. Let V be a faithful simple minimal asymmetric FpH-module with respect to A < B.
Put L == (A") and K := F*(H). Then H = KB, K = [K,A] < L, L = KA, and one of the
following holds:

1. |B| =2 and H = L = Ds,., 7 an odd prime.
2. |Al =2, L= SU3(2), B Cy4 or Qg, and V is a natural SU3(2)"-module for L.
3. |B| =3, H=L=SLy3), and V is a natural SLy(3)-module for L.

4. K is quasisimple and not a p'-group, H = KB, V is a simple F, K-module, and H acts K-linearly
on V, where K = Endg (V).

Proof. Let B < T € Syl,(Ng(B)). From [5.1f{ii) and the Three Subgroups Lemma we get that
[B,A,V] = 0. Hence the faithful action of H and the quadratic action of A give A < 4Z(B).
Moreover, T' € Syl,(H) since B is weakly closed in H. Thus we have:

1°. A<MZ(B), ALT, and T € Syl,(H).

Next we show:
2°. Let R be a B-invariant subgroup of H with [R, A] £ O,(R). Then H = RB and K < R. In
particular, H= KB, K = [K, A], and L = KA.

Note that A £ O,(RB); in particular (A"5) does not act quadratically on V. Thus by [5.1{(iv),
RB = H and therefore OP(H) < R. Since V is a faithful simple H-module, O,(H) = 1 and so
K = OP(K) < OP(H) < R.

Again since O,(H) = O,(K) =1, [K, A, 4] # 1 = O,([K, A]) and A £ O,([K, A]B). Hence for
R=[K,A] we get H=[K,A|B and K = [K, A]. Since KA I KB = H also L = K A follows.

According to the initial statements in the conclusion hold, so it remains to establish one of

o @

Suppose that |B| = 2. By Baer’s Theorem there exists ¢ € H such that (B, BY) is not a 2-
group. Choose (B, BY) minimal with that property. Then (B, B9) = Dy,, r a prime, and by
(B,BY9) = H, so holds. Hence, we may assume from now on:

3°.  |B|>2.

Let W be a simple F,L-submodule of V' with [W, A] # 0. Then [W,A] < Cw(B). Since B
normalizes L, B also normalizes W, and since H = KB = LB, we get W = V. So:

4°, V' is a simple F,L-module.
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Now let W be a Wedderburn component for K on VE| and suppose that V # W. Since L = K A,
implies V = (W4). Hence A acts transitively on the set of Wedderburn components for K on
V and therefore W4 = WEB. By [MS3] 2.11] |[W4| = 2 and since |B| > 2 we get Ng(W) # 1. But
[W,Ng(W)] < Cw(A) =0, and by (1°) Ng(W) centralizes A. So Ng(W) < Cg((W4)) = Cp(V) =
1, a contradiction.

Thus W = V, and V a is homogeneous F,K-module. It follows that the number of simple
F, K-submodules in V is not divisible by p, see for example [Go, 3.5.6]. Hence A normalizes a simple
F,K-submodule. Since L = KA, implies that V is a simple F, K-module.

Put K = Endg (V). Observe that by Schur’s Lemma and Wedderburn’s Theorem K is a finite
field. Moreover, H acts K-semilinearly on V. Suppose that A does not act K-linearly on V. Then
by [MS3] 2.14] El, |A] = 2, and since the non-trivial element in A inverts an element in K\ {0},
Cy(A) = [V, A]. Thus [V,B] < Cy(A4) = [V, A] < Cy(B), and B acts quadratically on V. So using
IMS3|, 2.14] one more time, |B| = 2, a contradiction. Thus A acts K-linearly on V and [V, 4] is a
non-trivial K-subspace of V' centralized by B. So also B acts K-linearly on V. Since H = KB, H
acts K-linearly on V. We have proved:

5°. V' is a simple Fp K-module, K is a field, and H acts K-linearly on V.

Since the image of Cy(K) in End(V) is contained in K, implies that Cy(K) is a cyclic
p'-group and Cy(K) = Z(H). Clearly Z(H) < F*(H) = K and so Z(H) < Z(K). Thus

6°. Z(K)=Cg(K)=7Z(H) is a cyclic p'-group. In particular, Cp(K) =1, and K is not abelian.
Case 1. Suppose that K is a p’-group.

By , A centralizes every proper B-invariant subgroup of K, and by K is not abelian.
Hence [Gol 5.3.7] shows that K is special and that K/®(K) is a simple F, B-module. By K is
extraspecial. Moreover, by coprime action Cg(K/Z(K)) < Cp(K) =1, and so K/Z(K) is a faithful
simple F,. B-module. Hence Z(B) is cyclic and since A < Q1Z(B), |A| = p.

Suppose first that p is odd. Since A is quadratic and K = [K, A] we can apply [MS4, 7.1]. Hence
K = Qg, KA SLy(3) and p = 3. As V is a simple F3 K-module, it has dimension 2, and holds.

Suppose next that p = 2. Then r is odd, and by [Gdl, 5.3.9(i) and 5.3.10] K has exponent r. Let
Y be a maximal abelian subgroup of K and put X = {X <Y | Y = X x Z(K)}. Then K acts
transitively on X. Moreover Cy (Z(K)) = 0, and coprime action shows that

(%) V=P cv(x)

Xex

Note that Ng(X) =Y = XZ(K) for X € X. Hence Ng(X) acts as K-scalar multiplication on
Cw(X). Then (%) and the simplicity of W as an F,K-module yield dimg Cy (X) = 1 for each
XeXx.

Let 1 #t¢ € A and put X; := [Y,t] and V; := Cy(X;). Since ¢ inverts K/Z(K) and centralizes
Z(K), X; € X, sodimg V; = 1 and V; < Cy (t). Moreover, t does not fix any other element in X', and
(x) shows that Cy (t) = V; @[V, t]. In particular, dimg Cy (¢)/[V,t] = 1 and [Cy (¢), B] < [V, t]. Since
[V, A, B] = 0, B acts quadratically on V/[V,¢] and Cy(t); so B/Cp(V/[V,t]) and B/Cp(Cy(t)) are
elementary abelian. Thus

[V, ®(B), B] < [V,t, B] = 0 and [V, B, ®(B)] < [Cy (t), ®(B)] = 0.

?i.e., a maximal homogeneous K-submodule of V'

3Note the misprint in [MS3, 2.14]: Instead of ’|K| is a cubic EA-module’ it should read 'V is a cubic EA-module’
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Since B acts faithfully on V', the Three Subgroups Lemma yields ®(B) < Z(B), and the quadratic
action of ®(B) on V shows that ®(B) is elementary abelian. Since Z(B) is cyclic, this gives ®(B) =
A. In particular, there exists f € B with f2 =t.

On the other hand, f centralizes [V,t], so [V,t] < Cy(f). Put Vo := {v € V | [v, f] € [V, ]}
Then f acts quadratically on Vg and so Vj < Cv( ). Moreover, the map given by v — [v, f] + [V, ]
shows that V/Vy 2 [V, f]/[V,t]. From [V, f] < Cy (t) = V; @ [V, t] and dimg V; = 1 we conclude that

So dim V/Cy () = 1 = dimg[V, ] and dimg V = 3. In particular, |X| = 3 and |K| = 3%. Thus
holds in this case.

Case 2. K is not a p’-group.

By . =1land K = [K, A], so Oy (K) < Z(K) and by (6°) O, (K) < Z(H). Since
K = F"(K) and O ( ) = 1 we conclude that there exists a component E of K Wlth p||E/Z(E)|.
Since K = [K, A] we have [E, A] # 1 and by (2°) K = (EB). Put F := Cy(A) N Cx([V, A]). Note

that B < F and by the Three Subgroups Lemma, [V, F, A] = 0. Since Z(F) < Z(K), Z(E) acts as
K-scalar multiplication on V', and so FNZ(E) = 1.

Suppose that ENF # 1. Then ENF £ Z(E) and so A < Cy(ENF) < Ny(E). Let U be
a simple F,E-submodule of V. Since £ < K and V is a simple K-module, Cy (E) = 0 and thus
[U,E] # 0. As E is quasisimple this gives Cy(E) < Z(E). Then 0 # [U,FN E] < Cy(A) and so A
normalizes U. Hence A normalizes all simple F, E-submodules of V and since L = (AX), the same
is true for L. Thus U is L-invariant, and shows that V' = U. It follows that Cg (FE) is abelian,
so K = F and holds.

Suppose next that ENF =1. Then ENB =1. If B< Ngx(F . holds. So we may assume
that B « Ny (E). Pick b € B with E # E°. Thenby. EnTY [EﬂT (b)] < [T, B] < B. Since
ENnB=1we conclude that ENT is abelian. By Burnside’s Transfer Theorem,

() ENT £ Z(Ng(TNE)),

and so Ng(T N E) is not a p-group. Put D = (AN#(T0K)) " Since B < Ny(T N K) < H, [5.1{(iv)
shows that D acts quadratically on V. Hence D is an elementary abelian p-group and D < F.
Since Ng(T' N E) < Ng(T' N K) we conclude that [Ng(T N E), 4] is p-group. Since Ng(T' N E)
is not a p-group this gives A < Ny (F) and so [Ng(TNE),A] < DNE < FNE = 1. Thus
Ng(TNE) <Ng(A). Since B < F and Ny (A) normalizes F, this implies [Ng(T N E), B] < F. By
(Ng(TNE)) <[Ng(T'NE),()] <F,and so ENF =1 implies that Ng(T'N E) is abelian, a
contradiction to (k). O

Theorem 5.5 (Minimal Asymmetric Module Theorem). Let H be a CK-group, A< B< H
and V' be a faithful simple F, H-module. Suppose that V' is a minimal asymmetric F,M-module with
respect to A and B and that F*(H) is quasisimple with p||F* (H)|. Then one of the following holds
for L := (AH):

1. L = SL,(q),Sp2,(q),SU.(q),3D4(q), Spin,(q), Sping (¢), G2(q)’ or Sz(q), where q is a power of
p, V is the corresponding natural module for L, and A is a long root subgroup of L.

2. L= Sym(2F +2), k >3, |A| =2, A is generated by a transposition, and V is the corresponding
natural module.

3. L3 Alt(6), |A| =2 and |V| = 25.
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Proof. Observe that O,(H) = 1 since V' is simple and faithful. Put K := F*(H) and let S € Syl,(H)
with B < S.

1°. B<dS and AJLS.

The first statement follows since B is a weakly closed subgroup of H. The second then follows
from the fact that A < Ny (B).

2°. A< OL(U) for every B<U < H.
Observe that (AY) is quadratic on V, so (AY) is an elementary abelian normal p-subgroup of U.
3°. K=K A, H=KB and L =KA = (A}).
See 5.4l
4°. V' is a simple Fp K -module.
See B4
5°. There exists g € H such that AA9 acts quadratically on V' and |AA9| > 2.

If |[A] > 2 we can choose g = 1. So suppose that |A| = 2. Then p = 2 and so by assumption | K|
has even order. Since K < [H, A] we conclude from Glauberman’s Z*-theorem [GI] that there exists
g € H with [A, A9 =1 and A # AY. Now [5.2|[a]) shows that AAY is quadratic.

6°. Suppose that A is a mazimal quadratic subgroup of H. Then |A| > 2, and Nps(A) is the
unique maximal subgroup of H containing B. In particular, H is B-minimal.

Since A is a maximal quadratic subgroup, (5°) shows that |A| > 2.

Let B<U < H. Then (AY) is quadratic and so by the maximality of A, A = (AY) and A <
Hence Ny (A) is the unique maximal subgroup of H containing B. By H=KB=(A")B
(B and so H is B-minimal.

U.

Put H := H/Z(K).

Case 1. Suppose that p is odd and K is not a group of Lie type defined over a field of characteristic

.

By [Chl Theorem A] p = 3 and the maximal quadratic subgroups of H have order 3. In particular
|A| = p =3, and A is a maximal quadratic subgroup of H. Moreover, L = PGU,,(2), Alt(n),n # 6,
D4(2), Ga(4), Spg(2), Co1, Sz, or Jo. Observe that L has no outer automorphism of order 3, unless
L = Dy(2). In the Dy(2)-case, Cx(A) = C3 x Uy(2) and so the conjugacy class of A under L is not
invariant under the outer automorphism of order three. Hence in any case H = L.

According to [ATLAS] we can choose a subgroup U of H as in the following chart:

H PGU,(2) Alt(n),3tn  Alt(3m),3m > 9 D4(2) G2(4)
U CyiSym(n)/C3  Alt(n—1) 0% (Sym(3)1Sym(m)) O (Sym(3)2Sym(4)) Us(3)
H Sp6<2) COl Sz Jg
U Sym(3):Sym(3) 35.2.Matis 3°Mat Us(3)

In each case U contains a Sylow 3-subgroup of H and Z(O?’/(U)) = 1. So we may assume that
B <U. Then by (6°), A < T and so 4 < Z(0® (U)) = 1, a contradiction.
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Case 2. Suppose that p = 2 and K is not a group of Lie type defined over a field of characteristic
2.

By , [MeSt1l, Theorem] and [MeSt2, Theorem 1] we have K = Alt(n),n = 7 or n > 8, Uy(3),
Matlg, Matgg, Mat24, J27 SZ7 COQ or COl.

Suppose first that K = Alt(n), n = 7 or n > 8. Then H = Alt(n) or Sym(n). If B acts
transitively on © = {1,...,n}, then n > 8 and there exists B < U < H with U = (Sym(%)1C2)NH.
But then O5(U) = 1, which contradicts .

Hence there exists a B-invariant proper subset ¥ of 2. Put U := Ny (¥). Then B < U < H and
U = (Sym(¥) x Sym(2\ ¥)) N H. Since A < O2(U) by , we conclude that one of ¥ and Q\ 0,
say W, has size 2 or 4. Since n is none of 4,6 and 8, Ox(Sym(Q2\ ¥)) =1 and so A < Cyx(Q\ ).

Assume |¥| = 2. Then A = O,(U), and A is generated by a transposition. In particular,
A £ O3(Ng(A)) for any A C 2\ ¥, so B acts transitively on Q \ ¥. Hence holds in this case.

So we may assume that B has no orbit of length less than 4. Then |¥| = 4, n > 8, and
<ZU) = 02(U). Since n > 8 and Z(K) is a 2'-group, [G1] shows that Z(K) = 1. Hence O2(U) acts
quadratically on V. This shows that V is not the natural module and so by [MeSt2, Theorem 4] V
is a spinmodule.

Note that there exists g € H with ¥ N W9 = () since n > 8. Hence A < Cy(¥9) and [A, A9] = 1.
Now [5.2|(a)) shows that AAY acts quadratically on V. But AAY does not act quadratically on the
spinmodule by [MS4, 7.5].

Suppose that K = Uy (3). By [MS4, 7.7-7.9] there exists an elementary abelian subgroup Q
of order 2* in K such that Ny (Q) contains a Sylow 2-subgroup of H, @ is not quadratic on V/,
Ny (Q)/QZ(K) = Alt(6) or Sym(6) and @ is the corresponding natural module for Ny (Q). In
particular, @ is the unique non-trivial normal 2-subgroup of Ny (Q). Since Ny (Q) is contains a
Sylow 2-subgroup of H, we may assume that B < Ny (Q). Hence by A < 03(Ng(Q)) and so
Q = (AN#(@)) But then Q acts quadratically on V, a contradiction.

Suppose now that K is a sporadic group and so K = Mat,o, Matos, Matoy, J2, Sz, Cos or Coy.
Then by H is not B-minimal, so by A is not a maximal quadratic subgroup of H.

Assume that |A| > 4. Then H possesses a quadratic subgroup of order at least eight. Thus, by
[MeSt2, Theorem 2] L = K = 3'Matge. Hence there exists S < U < H with U/O2(U) = Sym(5).
As O3(U) N K is the unique minimal normal subgroup of U, we get that (AY) = O2(U) N K, so
0-2(U) N K is quadratic on V by But this contradicts [MeSt2, Theorem 3].

Thus |A| = 2 and so A < Z(S). In all the seven cases for K given above C5(SNK) =Z(SNK)
and |Z(SN K)| = 2. Hence A = Z(SNK) and L = K. Put U := Cg(A4). Then in all cases
there exists g € K with A9 < U but A9 £ O2(U). Now implies that AAY is quadratic and so
Cu([V, A]) £ O2(U). But this contradicts the action of U on V, see [MeSt2, Theorem 3].

Case 3. Suppose that K is a group of Lie-type defined over a field of characteristic p.

Let A be the set of minimal Lie-parabolic subgroups of K containing S N K and K := Endy, (V).
By , Schur’s Lemma and Wedderburn’s Theorem, K is a finite field.

7°. Either L = K or L = Sp,(2), G2(2) or Ga(3).

Let My, Ms,...,M; be the maximal subgroups of H containing S. Then A < O,(M;). In
particular, [Ng (SNK), A] < SNK. Hence no element of A induces a non-trivial field automorphism
on K.

Suppose for a contradiction that A acts non-trivially on A. Then |A] > 1 and there exists a
minimal Lie-parabolic P of K containing SN K with A £ Ny (P). Put Mp = (P, B). Suppose that
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A < 0,(Mp). Then [P,A] < O,(Mp)NK < SNK < P, a contradiction to A £ Ny (P). Thus
A £ O,(Mp) and the definition of a minimal asymmetric module implies that Mp = H and so B
acts transitively on A. It follows that p = 2, |A| = 2, and K = L3(q) or Sp,(¢)’. Then SN K
has exactly two maximal elementary abelian normal subgroups @7 and (2. Moreover, since A acts
non-trivially on A, A does not normalize Q;, i = 1,2. It follows that [Q1Q2, A] is not elementary
abelian, a contradiction to [Q1Q2, 4] < [S, 4] < A.

We have shown that A acts trivially on A and that no element of A induces a non-trivial field
automorphism. Hence either L = K or L 2 Sp,(2), G2(2), 2F4(2) or ZG2(3). But in the 2F,(2)-case,
all involutions of L are contained in K, a contradiction since L = K A.

8°. Suppose that B acts non-trivially on A. Then A <Z(SNL).

Suppose first that p = 2 and L = L3(q) or Sp,(q)’. As above let Q; and Q2 be the two maximal
elementary abelian normal subgroups of S N L. Recall from the structure of L that

(i) all involutions of S N L are contained in Q1 U Q2,
(11) Ql N Qg = Z(S N L), and
(iii) B is transitive on {Q1, Q2}.

The first property shows that there exists i, say ¢ = 1, such that A < @);. Since B normalizes A,
shows that A < Q; N Q2 Now (i) gives A < Z(SNL).

Suppose next that p = 2 and L = Fy(q). Set U := Cr(Z(SN L)). Then U/O5(U) = Sp,(q)
and Oy(U) < O*(U). Since B acts non-trivially on A, B acts non-trivially on U/Ox(U). Thus
0,(U) < O*(U) = [0*(U), B] < (BY). Since [V,ANZ(SNL),B] =0 we conclude that

0# [V, ANZ(SN L) < Cy(0*(U)) < Cy(0s(T)).

Now [2:3] gives a contradiction.

Suppose finally that p = 2 and L = L, (q),n > 4, D,,(¢), n > 4 or Eg(q), or p = 3 and L = Dy(q).
Put Z :=7Z(SNL),U :=Ng(Z) and Q := O,(UNL). Then Z is a long root subgroup and &(Q) = Z.
Note also that A; := (AY) is an elementary abelian normal subgroup of U.

Assume that L % Ls(q). Then U acts simply on Q/Z. It follows that all abelian normal p-
subgroups of U in @ are contained in Z and so A < A; < Z.

So assume that L =2 Ly(q). Let P be the maximal subgroup of L with S < P and P # U.
Then A < Oy(P) and P acts simply on Oz(P). Thus Og(P) = (AF) acts quadratically on V. Since
SNL < (0y(P)Y) we conclude that [V, Z,S N L] = 0. It follows from that V' is a natural
SL,(g)-module for L, a contradiction, since B interchanges the two isomorphism classes of natural
SL,,(g)-modules for L.

9°. Suppose that there exists a long root subgroup R in K such that A < R, [V, Al = [V, R] and
Cy(A) =Cy(R). Then A= R.

Note that [V, R, B] = [V, A,B] = 0 and [V, B] <
Lemma gives [R, B, V] = 0, so since V is faithful, B
H, a Frattini argument yields

Cy(R). Hence the Three Subgroup

) =
R). As B is a weakly closed subgroup of

Cy (4
< Cp(

Since Ny (R) acts simply on R, we get R = A.
Case 4. Suppose that |A] = 1.
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Then K = Lo(q), Us(q), Sz(q) or 2Ga(q)’. As %G2(q)" has abelian Sylow 2-subgroups, this group
does not have any non-trivial quadratic module, see for example [Gol 3.8.4]. Hence this case is
excluded. Since K is not solvable we have ¢ > 2, s0 L = K and A < SN K by .

Put P:=Ng(LNS) and Z :=Z(SNK). Then L has the following properties:

(i) P acts simply on Z.

)
(ii) Either SN K =Z, or Z = ®(SN K) and P acts simply on (SN K)/Z.
(iii) If L =2 Us(q), then Cp(Z) acts simply on (SN K)/Z.

(iv) SN K is a TI-subgroup and |Z]| = q.

Since (AF) is abelian we conclude from (i) and (ii) that Z = (A”), so Z acts quadratically V.

Let Z < U < K such that U is minimal with respect to Z £ O,(U). By , 0,(U) =1 and
Z A Ny(T) for Z < T € Syl (U). Thus|2.9[implies U = SLy(q) or Sz(q) since [Z| =q¢>2. f L=U
then by V is a natural module, and (9°) implies case of the theorem.

So suppose L # U. Since 31 |Sz(q)|, SLa(g) is not involved in Sz(q) and so L = Us(q). Since
A< 0,(U) and U # H, we have B £ U. From we conclude that SN K < (B€7(4)). Hence
[V,A,SN K] =1, and Z = (A") gives [V, Z,S N K] = 1. So by 2.3V is the natural module. Now
implies case of the theorem.

We assume from now on that |A] > 1. Let L;,1 < i < |A| be the maximal subgroups of L
containing L N S. Put A; := (A%) and E; := OP (L;).

10°. A; acts quadratically on V'; in particular A; is an elementary abelian normal p-subgroup of
L;.

Suppose first that B acts trivially on A. Then L; is B-invariant. Since L; B is a proper subgroup,
the definition of a minimal asymmetric modules shows that A; acts quadratically on V.

Suppose next that B acts non-trivially on A. Then by A <Z(SNL) < O,(L;). Since
Op(L;) < SNL<Ng(B) <Npg(A),[5.2(b) shows that A; acts quadratically on V.

Case 5. Suppose that |A| = 2.

Then K is isomorphic to one of the following groups:

Ls(q), PSp4(q)’, Ua(q), Us(q), Ga(q)', *Falq)’, *Dal(q).

Suppose that K 22 Sp,(2)" = Alt(6). If Z(K) # 1, then [MS4, 7.4] shows that |V| = 26 and
A < K. Since A < Op,(L1) N Op(L2) we have |A| = 2 and so case holds. If Z(K) = 1, then
[MeSt2l Theorem 4] shows that V' is a natural Sp,(2)-module for K. Choose notation such that
L; is a point stabilizer for L on V. Then [V, A;] is a singular subspace of V invariant under L,
and so |[V, A1]| = 2. Thus |4;] =2, L = Sp,(2), A = Ay, and A is a long root subgroup of L. So
case (|1 of the theorem holds. Suppose that K = Go(2)’. Then [MS4, 7.6] implies that V is natural
G2(g)'-module for K. Choose notation such that Z := Z(L;) # 1. Then Z is a long root subgroup
of K, |Z| =2, Z < K, and Z is the unique non-trivial elementary abelian normal subgroup of L;.
Thus Z = Ay = A, L = (ZM) = K 2 G5(2)’, and case of the theorem holds.

Therefore, we may assume from now on that ¢ > 2 in the PSp4(q)’- and Gy(q)’-case. Hence by

@) L=K.
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If Z(E;) < Z(K) for some i, we choose our notation such that Z(F3) < Z(K). Otherwise we
choose our notation such that [A, E5] # 1. Then in any case A £ Z(E»). Put

Zy = [L(0p(Ey)), Es], Vi := Cy (Op(Ey)),

and let Z be the root subgroup with Z <Z(SNL) and [Z, Es] # 1.
We use the following properties of the groups given above:

(i) Z, is the unique normal subgroup of Es minimal with respect to [Za, Ea] # 1.

)

(i) Z < Zs.

(iii) Either L = L3(q) or [Z, Ey] = 1.

(iv) If L = IES)p4(q), Uy(g) or Us(q), then O,(E1)OP(F;) < (Z3"). Indeed E; < (Z3), except for
L = Us5(2).

All these properties can be found in [DS] by first going to the table on page 98 to get the value of
the parameter b and then to look up the properties in those chapters where this value of b is treated.

By (i) and 7 < Zy < Ay. Suppose that L = Ls(q). Then A; = O,(E;), A< A;NAy < Z,
and AjA; = SN L. Thus [V, A,SN L] =0. Hence by V is a natural SL3(q)-module and by
case of the theorem holds.

Suppose now that L 2 Lz(q). Then Z < E; by . Put W, = (ZF"). Since [V, Z, Z,] <
[V, As, As] and by [V, Ag, As] = 0, we get

11°. [V, Z,Wy] = 0.

Suppose that L = PSp,(q), Us(q) or Us(g). Then by (iv) O,(E;)OP(F;) < W; and thus
[V, Z,0,(E1)OP(E1)] = 0. So by[2.3]V is a natural module. The action of E; on the natural module
reveals that any quadratic normal subgroup of E; is contained in Z. Thus A < A; < Z and by
again case of the theorem holds.

For the remaining cases

L = Ga(q), ¢ > 2,°Fa(q)’,*Dal(q)

let T be the coset graph of L with respect to Ly and Ly. All the properties of the action of L on T’
we use here can be found in [DS], in Section 10 for Ga(q) and >D4(q), in Section 12 for 2F4(q)’. In
particular the value of b in these cases is 2, 2 and 3, respectively.

Choose a path (o, s, ...a4) of minimal length d — 1 such that g = Lj,as = Ly and Z ﬁ
O,(Lg), where L; is the stabilizer of a; in L. Then d — 1 = b+ 1. Note that for ¢ = 1,2 this is
compatible with our earlier notation since L1 = oy and Ls = a. Let A(a;) be the set of neighbors
of a;. Put

E; := 0" (L;), Vi := Cy (O,(Ly)), J; := (V"

1<k <d, ay € Alay)),

and, for ¢ even, Z; := [Z(0,(E;)), E;]. Observe that Z < O,(L4—1) < Ly and by Va, Z,W1] =
0, so [V, Z] is centralized by R := (O,(Lg), W1).

Suppose that L = Ga(g), ¢ > 2, or 3D4(g). Then d = 4, Zy < O,(L1), Z> £ Z(0,(E1))
d Z(0,(E1))/®(0p(E1)) is the unique maximal Lq-submodule of O,(E1))/®(O,(E1)); in fact
®(0,(E1)) = Z(0y(E1)) and O,(E1)/®(0p(E1)) is a simple Ej-module unless L = Ga(g) and
p=3orq=4. Since Ly = (L; N Ly)Es, L1 normalizes W;. It follows that Wi = O,(E;) and
R = (F2,E3) = L. So Cy(R) = 0 and [Vy,Z] = 0. Thus [V, E4] = 0 and so also [Va, F5] = 0.
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Now Steinberg’s Lemma shows that V5 is 1-dimensional over K and Vo = Cy (S N K). Moreover,
Wi = O,(E1) and (11°) imply that [V, Z] < V4.

Since Zy < O,(E1), Zy centralizes Vi and so [J2, Z2] = 0. Since by definition of I', ciu and ao
are conjugate under L we conclude that [J4, Z4] = 0. Then also [Z, Z4, Jy] = 0 since Z < Ly and
Zy 4 Ly. Hence the Three Subgroup Lemma gives [J4, Z, Z4] = 0. Since also O,(E1) centralizes
[Z, J4], we conclude that Ey = (O,(E1), Z4) centralizes [Jy, Z]. Thus [Jy, Z] < Vs, so also [J4, Z] is
1-dimensional.

Let 1 # z € Z and a5 be a neighbor of ay in I different from as. Then 0 # [Vs, 2] < [J4, Z] < V3,
so [Vs, z] and thus also V5/Cy, (2) are 1-dimensional over K. Observe that

Cy;(2) < V5N V5 < Cy((Op(Es), Op(E5)*) = Cy (E4) = V.

Thus V5/Vy is 1-dimensional. So also V;/Vs is 1-dimensional. Since V5 is 1-dimensional, we get
that V; is 2-dimensional over K. Hence V; is a natural SLy(¢¢)-module for E;, where ¢ = 1 in the
Ga(g)-case and € = 3 in 3Dy(q)-case. Note also that Ey centralizes V5. By Ronan-Smith’s Lemma
IMS4], 4.3] this determines V up to isomorphism and it follows that V' is the natural module for L.
According to , in order to establish that holds, it remains to show in these cases that A < Z.

If L = Ga(q), g not a power of 3 or L 22 3Dy4(q), then Z is the unique maximal elementary abelian
normal subgroup of E; and so A < A; < Z. Suppose K =2 G2(3¥) and A £ Z. Then also [A, E;] # 1
and the set-up is symmetric in 1 and 2. As we have seen above, Vo = Cy (SN K) = Cy(Es>), so by
symmetry also V; = Cy (SN K) = Cy(E1) and Vi = V3, a contradiction.

Suppose finally that L = 2Fy(q)’. Then W; is abelian, Wi < O,(E2) and d = 5. Let X; =
ﬂaeA(al) 0,(Ly), so W7 < Xj. Observe that X; centralizes Ji, so X7 centralizes J; since oy and
a7 are conjugate. Thus by , Es = (Wy, X7) centralizes [J7, Z]. Tt follows that [J7,Z] = Vs,
[Vs, E5] = 1 and [J7, Z] is 1-dimensional over K. Observe that OP(L7) does not centralize J7 and so
there exists a composition factor W for KLz on J; not centralized by OF(E7). But E7/O,(Er) =
Sz(q). Thus by dimg[W, Z] > 1, a contradiction.

Case 6. Suppose that |A] =t > 2.

According to L = K. We divide the groups under consideration into two classes:

(I) K =PSp,,(q), ¢ odd and n > 3, PSU,(q),n > 6,
Fu(q), q odd, *Es(q), Ee(q), E7(q), Es(q)-
(II) K=L,(q),n>4,PQ:(q),n>7, Fa(q), q even.

We first discuss the groups in (I). They all have the following properties in common:
(i) Z:=7Z(SNK) is a long root subgroup of L.
(ii) N(Z) is a maximal subgroup of L (and we choose L; = N (Z)).
(iii) ®(0,(Ly1)) = Z.
(iv) Op(L¢)/Z is a simple Ey-module.
)

(v) E/O,(E,;) is quasisimple.
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Since N7 (S N K) acts simply on Z we have Z < A; for i = 1,...,t. Observe that by and (iv),
Ay =Z,and so A < Z. Put L; := L;/O,(L;)Z(K) and R := (AF). If K = PSp,, (¢q) or PSU, ()
choose L; to be the normalizer of a maximal singular subspace (of the natural module). Then
Ay £ O,(E;) and by R = E,. In the other cases of (I) except K = Ez(q), choose L; such that
E1/0,(E1) 2 Q5. (q), (E1NE)/Op(E1NE:) 2 Q5. _5(q), and Zy := (ZF1) is a natural QF, (¢)-module.
For K = E;(q) choose Ly such that F;/0,(E;) = Eg¢(q) and so (Ey N Ey)/O,(E; N E;) = Spinjy(q),
and Z; := (ZF1) is a simple Ej-module of order ¢%7. Since Z < Aj, we get Z; < A; and thus
[A1,0,(E})] £ Z since [Z1,0,(E})] £« Z. Hence shows that A; £ O,(E;) and so by R=E,.
We have shown E; = R. Hence and imply

As Z < A; and A; is quadratic on V', we get that [V, Z, R] = 0. Hence (%) implies that [V, Z, E;] = 0.
So by K = Sp,,,(q) or SU,(q), and V is the natural module. Hence implies case of the
theorem.

We now discuss the groups in (II). Suppose K = L,,(q), n > 3. Let P; and P, be the p-minimal
subgroups of H with SN K < P, and Z := Z(SN K) not normal in P;. Asn > 3, P, and Py
commute. Put P = PP, and D = (AP). Then Z < D and [V,Z,D] = 0, so D < N;(Z) but
D & 0,(N4(Z)), and (DNe(2)) = OF (NL,(Z)). Hence [V, Z,0” (N.(Z))] = 0 and by 2.3 V is a
natural module. Let L; and Lo be the normalizers of a 1-dimensional subspace and hyperplane,
respectively. Then A < O,(L1) NO,(Le) = Z, and implies case (1)) of the theorem holds.

Suppose K = P Q¢ (q), n > 7. Let d be the dimension of a maximal singular subspace (of the
natural module) and for i = 1,2, d choose notation such that L; normalizes a singular i-subspace.
Set Zy := Z(Fs), By := (Z&%) and, if p = 2 and n is odd, Z; := Z(E;). We will use the following
properties:

(i) If p is odd or n is even, then Z(SN K) = Z,, and if p = 2 and n is odd, then Z; and Z,
are non-conjugate root subgroups with Z(S N K) = Z1Z,. Moreover, Zy = BgNZ(SNK) =
By NZ(0,(L2)).

ii) By is the unique minimal normal subgroup of Lg in O,(Ly).
iii) Bq = O,(Lg) or O,(Lg)/By is a simple Lg-module.
(iv) If Bg # O,(Lg) and O,(Ly) is abelian, then p = 2 and n is odd.
(v) Bi = 0p(L1)

(vi) If d > 4 and K 2 QF (¢) then Ly = ((B1Ba)*?).

(vii) If K =2 Qf (q), then L3 normalizes a singular 4-space and Ly = ((B; B3 By)’?).
(viii) Lo acts simply on O,(L2)/Z(0,(La)).

Suppose first that Ay # Bg. Then By # Op(Lg), Aq = Op(Lg), and Op(Lg) is elementary
abelian. Thus p = 2 and n is odd. Then Z; is a root subgroup and Z; < Ay j(_ Oq2(Fy), By = (A(?l),
and [V, Z1, E1] = 0. Hence by V is a natural Sp,,_;(¢)-module. In particular, Z; is the unique
maximal quadratic normal subgroup of Ly and so A < A; < Z;. Now implies that case of
the theorem holds.
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Suppose that Ag = Bg. Then A < Bgandso 1 # ANZ(SNK) < ByNZ(SNK) = Zs. Since
Ng (SN K) acts simply on Zo, Zo = (AN Z(S N K))N&<(STK)) and therefore Zo < Ay N Ay. Since
0,(L1) = By = (Z£") we get Ay = O,(Ly). Thus [MS4} 7.11] implies that V is a (half-)spin-module.
If d > 4 and K 2 QF (q) then Ly = ((B1Ba)*?) = ((A144)%2) and so [V, Za, Ls] = 0, a contradiction
to If K = Qf (q), then As = Bs, Ly = ((B1B3By) 1) = ((A1A3A4)%?), and we obtain the
same contradiction. Thus d = 3. Suppose that A £ Z,. Since A3 NZ(0,(L2)) = Z» we conclude
that A £ Z(0O,(L2)). Since Ly acts simply on Op,(L2)/Z(0p(L2)) we get Op(La) = A2Z(0p(L2)), a
contradiction since A, is abelian. Hence A < Z, and yields case of the theorem.

Suppose finally that K = Fy(q) and p = 2. Let Z; and Z3 be the two root subgroups with
Z(SNK) = Z1Z5. Fori=1,21et L; := Np(Z;). Since Z1 N Z3 = 1 we can choose notation such that
ANZ(SNK) £ Zy. Then Y7 := QZ(02(E1)) < (ANZ(SNK))Fr) < Ay, and so Y is quadratic on
V. Note that Zs <Y1, Y1 £ O2(Es) and E»/O4(E>) is quasisimple. We conclude that Ey < (Y1E2>
and [V, Zs, F»] = 0, which contradicts O
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