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Abstract—The known families of binary sequences having
asymptotic merit factor 6.0 are modifications to the families of
Legendre sequences and Jacobi sequences. In this paper, we show
that at N = pq, there are many suitable modifications other than
the Jacobi or Modified Jacobi sequences. Furthermore, we will
give three new modifications to the character sequences of length
N = pq. Based on these new modifications, for any pair of large
p and ¢, we can construct a binary sequence of length 2pq so
that such families of sequences have asymptotic merit factor 6.0
without cyclic shifting of the base sequences.

Index Terms—aperiodic correlation, character sequences,
merit factor, primitive characters.

I. INTRODUCTION

Let x = (ZEO;:EIa cee 7xN—l) and Yy = (yanh cee 7yN—1)
be sequences of length N. The aperiodic crosscorrelation
function between x and y at shift ¢ is defined to be

N—i—1
Apy(@) = Y wjyjpi, i=1..N-1. (D
7=0

When = = y, denote

N—i—1
Ap(i) = Ap 2 (i) = Z TiTjyi, t=1,..,N—1, (2
=0

the aperiodic autocorrelation function of x at shift i.
The periodic crosscorrelation function between = and y at
shift ¢ is defined to be

N-1
Poy(i) =Y xjyjri i=0,.,N—1, (3)
7=0

where all the subscripts are taken modulo N. Similarly, when
xr =y, put

N-1
Po(i) =Y wjajyi, i=0,.,N—1, 4)
7=0

the periodic autocorrelation function of x at shift ¢ where all
the subscripts are taken modulo N.

If the sequence x is binary, which means that all the x;’s
are +1 or —1, the merit factor of the sequence z, introduced
by Golay [1], is defined as

N2

b= ——.
23 A2 (i)

(&)
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Moreover, for a family of sequences
_ 1 2 n
S={x",2%...,2", ... },

where for each i > 1, 2° is a binary sequence of increasing
length N, if the limit of F: exists as ¢ approaches the infinity,
we call

F = lim F,: ,

11— 00

the asymptotic merit factor of the sequence family .S.

Since Golay proposed the merit factor concept, finding
binary sequences with high merit factor has become a very
active research area. Specifically, there are many important
results on the asymptotic behavior of Legendre sequences and
Jacobi sequences.

For p an odd prime, a Legendre sequence of length p is
defined by the Legendre symbols

a; = (j),jzo,...,p—l,
p
Where<j) :{
p

In 1988, Hgholdt and Jensen [2] proved the following
theorem:

1, if j is a square modulo p;
—1, otherwise.

(6)

Theorem 1.1: The asymptotic merit factor F' of Legendre
sequences of length p offset by the factor f is

1/F=2/3-4lf[+8f%  |fl<1/2. @)

O

By Theorem 1.1, offset Legendre sequences have an asymp-
totic merit factor 6.0 at the fraction |f| = ;. In [3], JM.
Jensen, and H.E. Jensen and Hgholdt proved that the formula
(7) is also correct for Jacobi sequences and Modified Jacobi
sequences of length pq provided p and ¢ satisfy

5. 4
p+¢q)°log® N
%HO, for N — 0. (8)

We use (i, V) to represent the greatest common divisor of
integers ¢ and N. Given an odd prime p, the real primitive
character modulo p takes the form

J 1 3 —1-

wor{ @) Em=
0 , otherwise.

where (%) is the Legendre symbol as defined in expression

(6). More generally, for an odd number N, where N =

Pip2 ... pr With p1 < po < --- < p,. distinct odd primes,

the real primitive character modulo N takes the form

xv() =xpr () xp.(G) - xp_ (J) - xp.(5) - (10)



Results such as Theorem 1.1 are proved using Gauss Sums,
(see, for instance, [12] page 233).

Theorem 1.2: (Gauss Sum) For any j € Z, let §; = e,
The Gauss sum x y[{;] associated to the primitive character
x mod N of (10) is defined to be the complex number

Xn (&) = mZo xv (m)gr .

Then VN
a N, if (j,N)=1;
‘XNEJH = { 0, otherwise . (11
O
TABLE 1

PRIMITIVE CHARACTERS AND SEQUENCES OF LEGENDRE FAMILIES

Ty, (k,N) =1 plk qlk
Legendre sequence xn (k) +1 —
Jacobi sequence v (®) | xa®/p) | xo(k/9)
Modified Jacobi sequence xn (k) +1 -1

The Legendre sequences, Jacobi and Modified Jacobi se-
quences just redefine the value at the i-th position where
(i, N) > 1. In this sense, all of the Legendre sequences, Jacobi
and Modified Jacobi sequences are modifications of character
sequences. TABLE I shows the close connection between the
two categories.

So far, all the known families of sequences with high
asymptotic merit factor are highly related to the primitive char-
acter sequences as defined in (10). For instance, performing
calculations on the character forms ( which are actually triple-
valued ), Borwein and Choi [4] proved that (7) is correct for all
the sequences defined as in (10) under an improved restriction

on p;’s
€

— — oo for any € small enough .
p1

Particularly, when N = pq for p < ¢ distinct odd primes,
according to condition (8), we can give an upper bound of €
in (12) as

12)

——>oof0rany0<e<g.

P 5
This statement will be used frequently in later sections.

Recently, inspired by Parker’s work, an extension technique

has been used to construct sequences with high asymptotic
merit factor 6.0 of families of length 2p([13]), 4p ([14]),
2pq([13]), though there was some restriction to the values of
p,q (mod 4)) and as both p and ¢ approach oco. Specifically,
for the families of length 2p and 4p, the merit factor values
for all the rotations of the above two constructions are
computed in [15].

From the discussion above, we see that research on binary
sequences with high asymptotic merit factor has been focused
on the modification of Legendre sequences and Jacobi
sequences. However, Legendre sequences, Jacobi or modified
Jacobi sequences are just modifications of character sequences
by putting new definitions at positions 4, with (¢, N) > 1.
When N = pq, since the number of those positions is greater
than /N, people have been hesitant to change the values
at those positions ([15], Proposition 1, page 138). However,

surprisingly, we show in the following theorem that we
are free to put any new values at those position ¢’s with
(i, N) > 1. The following theorem is the first result of this
paper.

Theorem 1.3: Let N = pq, where p < ¢ are distinct
odd primes. Then for each N, let the binary sequences

ul = (ug,uy,...,un_1) satisfy
v = { +1, otherwise . (3)

where the sequence X is as defined in expression (10). Now
construct any infinite sequence of such sequences

w={uN a2, Y

where IN; = p;q; for p; < q; distinct odd primes. Then « has
the same asymptotic merit factor value F' form as character
sequence x, given by

1 2
—=Z_4 2 <1/2
F 3 |f|+8f7, If1<1/2,

whenever
€

— — 0 when N; — oo,
bi

(14)

where f is the fraction of shifting and € is any positive number
satisfying 0 < € < %

We first give a proof of Theorem 1.3 in Section 2.
In Section 3, we will give three constructions of binary
sequences of length N = pq. Meanwhile, some results from
[13] will be reviewed. In Section 4, we will give an upper
bound for periodic autocorrelations of all the sequences
constructed in Section 3. In Section 5, we will prove that
all the sequences constructed in Section 3 can be doubled to
obtain new sequences of length 2NV with the high asymptotic
merit factor 6.0 provided the condition (14) is satisfied.

II. PROOF TO THEOREM 1.3

Given a sequence x = (zo,Z1,...,2n—1) of length N, we
have the Discrete Fourier Transform (DFT) of the sequence,
that is,

N-1
z[¢] = wRéf, j=0,1,...,N—1, (15)
k=0
where & = ¢ N1,
Furthermore, for 0 < ¢t < N, let 2t =
(wt,xt+1,...,:L‘N,l,:xo,ajl,...,xt,1) be the offset =

sequence arising from ¢ cyclic left shifts of sequence x. The
Discrete Fourier Transform (DFT) of z! is then

N—-1
2 &)= mul, j=0,1,...,.N-1, (16)
k=0

where all the subscripts are taken modulo N.



Property 2.1: Let x = (xo,xl, ..., xN_1) be a real-valued
sequence of length N, £, = ¢ i For x[¢;] the DFT of x as
defined above,

N —

Ju

|2[&11* = Nll=)|* ,
=0

<.

where ||z||? = kN:_Ol 3.

Proof. This is a well-known application of Parseval’s Theorem
in the form of the Discrete Fourier Transform (DFT). Readers
can find the proof in many references, for instance, [6], page

33 and page 53. O
Property 2.2: Suppose we have sequences

a = (ao,al,...,am_l), and b = (bo,bl,...,bn_l)
. : N—-1

with (m,n) = 1. Let N = mn and consider > _," a;b;,

where the subscripts are taken modulo m and n respectively.

Then
N-1 m—1 n—1
ajbj = (Z ak> . (Z bs> .
§=0 k=0 s=0
Proof.
N—-1 m—1n—1
Z ajbj = Z Zakn-i-sbs
§=0 k=0 s=0
m—1 m—1 n—1
S S = (La) (50),
s=0
where the last equality follows from (m,n) = 1. O

Proof of Theorem 1.3

For each N, write uN = XN + vV, where the sequence
xn is the character sequence of (10) and u” is as defined
in (13). In the following proof, in order to simplify the
notation, we write u, x and v instead of u", yx and v".
Then for each N, 0 < t < N, put ut! = x' + o', where
ut = (ug, Ugi1,-- -, UN_1,Ug,UL,--.,Us—1 ) and similarly
for x! and .

For &; = % where 0 < j < N —1, for a fixed t, from
the Discrete Fourier Transform as shown in (16),

u'lg] = x'[&] +0'[g] =
u'[=¢] = x'[=&] + v’ [=&] =X

where a; = v'[¢;] and b; = v*[—¢&;].

X&)+ a5, (17)

(&1 +0; . (18)

Let FN be the merit factor of x*. Then by Theorem 1.2 of
[4] (page 35), when condition (14) is satisfied,

N-1

- 1 tre 114 t 4
dim = gy 2 (o 1) -
2
=3 Al +8f7,
3
where f = [+ is the offset fraction.

Let FtN be the merit factor of u’. Then from ([3], (5.4) page
624),

&IIF+ ' =411 ) -

N-
N 2N3 Zo

t

Put 1/FN —1/FN = G/2N3. Our goal is to prove that the
limit of FN takes exactly the same form as F}¥. In other

words, ) 5
1 _— = — 2
ngréo FN 3 A1 +817,

provided condition (14) is satisfied, where f = | %] is the
offset fraction. So it suffices to prove that

G/2N® -0 as N — cc.
Again, using the form ([3], (5.10), page 624),

N—-1 N—-1
G <Y S+ > T
§=0 j=0

19)

where
= Ja [ +61x" (€511 |a; P +4C X511 +lag[* )-lag]-[x 451
and
= |b;|* + 6]x" &1 - [b; 7
HACIX =GP+ 10517 ) - 1651 - X[

Now we look at the values of a; and b;, where 0 < j < N—1.

-1
o I P 2mmj ki ;
a; =v [gj] = gj Umg€ * ‘+ kape 4 )
m=0
2mmj ; 2nkj
bj =v'[— §l=¢& vaq P +kap a ,

(20)

where vmq,vkp,vinq,v;p e {+1,-1},for1 <m < q, 1 <
k < p. Denote
_t p=! 2mmj . ¢ a1 27k .
gj vaqe P = |’U£7|a Ej ka;ﬂe K = |Ué|7
m=0 k=1
—t - y 2mmig ~j —t - ;) ki ~j
5]‘ Z Umqe P = |Up|7 gj Uk'pe 4 = |vq|'
m=0 k=1
For any j,
eZTrmz()jer)i _ eZW;nji and 627rk(qj+q) _ eQqu7i7
so we have for any j,
wg| = [V P, (5] = [03*7; 1)
lw3| = [vg ™9, [3] = [93%9).
From Property 2.1, we have
EZMHQ XJWF=p% (22)



and
q—1 q—1
w31 =[PP = q(g—1). (23)
=0 =0

Now we estimate the upper bound of Z;\:Ol S; in expres-
sion (19).

Note that |a;| < \vg\ + |vg|, b <
1<s<4,

Z Jaj|” <

[vJ] + [0}]. Then for

N-1

> (gl +lodl)’

j=0

s N-1 s
() egim o=
m j=0

o
<.

N—-1 N-1

> (@) + 1wy

i—=0 =0

s N-1 s
> () e

m=0 j=0

<.

The following calculatlons are the upper estimates to the
values of > 7 _ OZ oL lwam vl for 1< s < 4
Suppose r is either p or q. Applying the result from (21),
(22) and (23), we have

r—1
Z [v]? = -Z [0k 2 < N7 (24)
j=0 k=0
N-1 r—1 r—1
: N N
ol = ST < S (k) < N
j=0 k=0 k=0
N—-1

N r—1 N r—1
ol = = ST < [ kR < NVE
k=0 k=0

N-1 ,

AR (25)
j=0

r—1 N/r—1
-S| 3

k=0 m=0

N/r—1

N
Z |UK’L/7’|2 S N% :
m=0

Furthermore, since (r, N/r) = 1, from (21), Property 2.2
and the estimate shown in (24) and (25), we obtain

1

_N S k|3

_7 : Z|U’I”|
k=0

N r—1 r—1
ST-<val2>'<Z|Uf|> < Nr2;
k=0 k=0

N-1

> Il

Jj=0

njon

2
L

CAR
j=0
r—1 N/T_l
3
:( vfl3>- S gl | < b
k=0 m=0
N—-1 )
A
j=0
r—1 N/r—1
=( vf|2>- S gl | <Nt
k=0 m=0
N—-1 )
CARRIe
j=0
r—1 N/r—1
(vaﬁ)- SRl | <NEEL 6
k=0 m=0

Combine all the results above, noting that we assume p < gq.
Then when p and ¢ are large enough, we have

N—-1 N—-1 4
D at <> (gl +10dl) 27)
=0 =0
N—-1
= ([l + il* + 402 - [vl] )
7=0
N—1
+ (4jvl| - [l 2+ 6wl - V1)
j=0

< Np® + N@® + AN2 (p> + ¢%) + 6N2 < 10N>,
Similarly, under the same conditions for p and ¢, we get
N-1 N-1

Z Jaj* < Z jog| + [vj] )* < BNg? ;

<.
o

=

-1

Pl

|a]| <

(]

(o] + Jvg] )* < 4Ng;

™

.

2
| =)
2

lajl < 37 (Jod| + vi] ) < 2Ng= . (28)

I
<
I
o

J J

In the calculation above, if we replace v} with o7, and
v; with vJ then for 0 < m < s < 4, the upper bounds
for ZN f |1ﬂ|m |v]\g ™ as in (24) and (26) are also the

upper bounds for Z |11J |- [23]57™. As a result, the upper

bounds for 2]20 la; |S are also upper bounds for ijo 1651,
for each 1 < s < 4. By Theorem 1.2,
X[ = 1&g xn gl = ew[gl < VN - 29)

Using the interpolation formula ([2], (2.5), page 162)

2N

]




and the inequality (for instance, [3], page 625),

NoL
k
< NlogN ,
,;) §r+ &

combined with the result in (29), we have

\Xt[—fj]\g%/NlogN, for 0<j<N-1. (30

Combining the results from (29) and (30), we can write

IX'[£E]| <2V Nlog N, for 0<j<N—-1. (31

Now we give an upper bound to Z;y:_ol S; and Z;V:_Ol T;
of form (19) simultaneously. We use symbol ¢; to represent
either a; or b;. Using (27), (28) and (31), we have that there
exists a positive constant C' independent of NN, such that

N-1
Z lej|* < ONg* ;
§=0
N-1 N-1

61X (£&)[7 - |¢;* < 24N log? N - lej?
§=0 j=0

< CN?qlog? N ;
N-1 N-1
3
4X" (£ - |ej] < 32N= log” N - =1

~

Il
=)
<.

I
=)

< CN%q% log® N ;

N—

=

N—-1
A ()] - Jej* < 8VNTog N - | D eyl
=0 =0

<CNzgilogN . (32)

Thus equation (19) becomes

N-1 N—-1
Gl <Y S+ > Ty =o(N?),
j=0 j=0

provided the condition (14) is satisfied. This finishes the
proof of Theorem 1.3. O

The proof for Theorem 1.3 uses similar notation and
technique to the proof of Theorem 5.1 of [3], but Theorem
1.3 is a more general result since in the sequence u, u;’s are
randomly defined when (j, N) > 1.

III. CONSTRUCTION

In this section, starting from Theorem 1.3, we will give
three new and specific modifications at the positions j, with
(j,N) > 1, based on the character sequence xn as defined
in equation (10). These will be used in the construction of
sequences of sequences with asymptotic merit factor 6.0.

Definition 3.1: Suppose r is an integer. For any 1 <1¢ < r,
if (i,r) = 1, then there exists a unique i,, with 1 < 7, <
r, such that i - i, = 1 (mod 7). Put 4, = k,, where k =
min{i,r —i}.

For instance, when 7 = 5, i = 3, then 7, = 35 = 2, because
3 x2 =1 (mod5). While 4, = 35 = 25 = 3, because
2 = min{3,5 — 3}.

As (r —i)(r —i,) =1 (mod) r, we have

Lemma 3.2: Suppose r is a positive integer. For any integer
i, if (i,7) =1, then (r — @), = r — iy. 0

For example, if r = 5, i = 3, then (r — i), = (5 —3)5 =
25 =5—35 =3.

Definition 3.3: A sequence o = (ag, a1, ...,an—1) of odd
length N is symmetric if a; = ay—;, for 1 <i < N —1, and
antisymmetric if o; = —an_;, for 1 <¢ < N — 1.

Lemma 3.4: Suppose N is an odd integer. We define a
sequence s = (Sg, 81,-..,8ny—1) of length N by

{ (=1~ if (,N) =1;
Sj = 0

33
otherwise . (33)

Then the sequence s is antisymmetric.

Proof. For 1 < j < N — 1, via Lemma 3.2 and 3.4,
sy—j = (-1)N" = (=1)N=J = —(=1) = —s; since N is
odd. Therefore, s is antisymmetric. 0

Let the character sequence yn be as defined in expression
(10). Then we have the following lemma:

Lemma 3.5: xn is symmetric if N = 1 (mod 4), and
antisymmetric if N = 3 (mod 4). In particular, xn(—1) =
(=1)"= is 1if N =1 (mod 4) and —1 if N =3 (mod 4).
Proof. First of all, we assume N = p, so r = 1. But in Z;,
—1 is a square if and only if p =1 (mod 4), as desired.

Now suppose N = pips...p, with r > 2. Without loss of
generality, suppose p1 = p2 = -+ = pr, = 3 (mod 4), and
Dkt1l = Pk+2 = -+ = pr = 1 (mod 4). Then by the r = 1
case,

XN(=1) = Xpy (=2) -+ Xpu (=) Xpuya (=2) -+ -+ Xp,. (1)
= (_1)kXP1 (Z) """ Xpr (2) * Xpr41 (Z) E Xpr(i)
— (1)

Therefore, if k is even, then N = 1 (mod 4), xn(—i) =
X~ (%), and xn is symmetric; while if &k is odd, then N = 3
(mod 4), xn(—i) = —xn (i), and x is antisymmetric.

Property 3.6: Suppose N is odd. For the sequence a =
(ag,01,...,an—1) of length N, let the sequence 8 =
(ﬁo,ﬁl, . ,ﬁNfl) with ﬁ] = (—l)jO(j. If a is symmetric,
then ( is antisymmetric, while if « is antisymmetric, then §
is symmetric.

Proof. If o is symmetric, then o; = an—_;, for 1 <
j < N — 1. Therefore, 8; = (—1)/a; = (-1)an_; =
—(-1)Nay_; = —fNn_; since N is odd. So 3 is anti-
symmetric. Interchanging the roles of o and ( gives the other
case. 0
We define the triple-valued sequence V' of length N to be

j ji=1,...,.N—1;

‘/j _ { XNl(]) y J ) ) )

j=0. 34



From Lemma 3.5, the sequence V' is symmetric when N =
1 (mod 4) and antisymmetric when N = 3 (mod 4). Our
goal is to construct specific families of binary sequences based
on the triple-valued sequence V. These new sequences have
the same symmetric type as the sequence V', depending upon
the values of N modulo 4.

Definition 3.7: Suppose N = pq, where p and ¢ are distinct
odd primes. Let the sequence V' of length IV be as defined in
(34). Then we define the binary sequences x, y and z of length
N with
for j=0 and (j,N)=1.

Otherwise, for {r,d} = {p,q} and 1<k <r—1, put

rj=yj =2 =Vj

(=1)F | if N= 3 (mod 4);
LTkd = ~

(=) if N=1 (mod 4).

{ xr (k)

Ykd =

Xd(fl) : Xr(k)
2ka = (xa(=1)" - xr (k).

To better understand the definitions of sequences z, y, and
z, we will study a concrete example.

—

cif k<5

Cif k> =L

—

]

Example 1: Suppose N = 3 x 5 = 15, the sequence V
of length 15 is as defined in expression (34), and the Jacobi
sequence J of length 15 is as shown in TABLE I. Then we
put values of V;’s and J;’s in TABLE II:

TABLE II
V', AND J OF LENGTH N = 15.

position j 0 1 2 3 4 5 6 7
V; +1  +1  +1 0 +1 0 0 -1
Jj +1 +1 +1 +1 +1 41 -1 —1
T T
x5(1) x5(2)

position j 8 9 10 11 12 13 14

V; +1 0 0o -1 0 -1 -1

Jj +1 -1 -1 -1 +1 -1 -1

T T
x5(3) x5(4)

Here V' is antisymmetric because 15 = 3 (mod 4). But the
Jacobi sequence J is neither symmetric nor antisymmetric;
indeed, the positions 0, 3, 6, 9, and 12 give a subsequence
(1, x5(1), x5(2), x5(3), x5(4)) which is symmetric since 5 =
1 (mod 4). The new sequences x, y, and z as defined in
Definition 3.7 give new values on positions j, with (j,15) > 1
as shown in TABLE III.

Therefore, we have the sequences x, y and z as shown in
TABLE IV.

Note that in Example 1, z, y and z only differ at
positions j, where (j, N) > 1, and all are antisymmetric, as is
V. This is a concrete example of the following general result.

Lemma 3.8: Suppose N = pq, where p and ¢ are distinct
odd primes. Let the three binary sequences x, y and z of

TABLE III
COMPARISON AMONG J;, Z;, y;, AND z; FOR (J,N) > 1.

position j 3 5 6
Jj xs(1) =1 x3(1) =1 x5(2) = —1
z; (-1 = —1 (-1l =—1 (-1)% = —1
Yj xs(1) =1 x3(1) =1 x5(2) = —1
Zj (-Dlxs(1) = -1 x3(1) =1 (-1)%xs(2) = -1
position j 9 10 12
Jj x5(3) = —1 x3(2) = -1 x5(4) =1
zj (-D¥=1 ()P =1 (DB =1
Yj —x5(3) =1 x3(2)=-1 —x5(4)=-1
zj D%*x(3) =1 x3(2)=-1 (-1)*'xs(4)=1

TABLE IV
x, Yy, AND z FOR LENGTH N = 15.

position j 0 1 2 3 4 5 6 7 8

Vi +1 41 41 0 41 0 0 -1 +1
Jj +1 41 41 4+ 41+ -1 -1 41
Tj +1 41 41 -1 +1 -1 -1 -1 +1
Yi +1 41 41 4+ 41+ -l -1 1
z +1 41 41 -1 41 o+ -1 -1 1

position j 9 10 11 12 13 14

V; 0 o -1 0 -1 -1
Jj - -1 -1+ -1 -1
zj + + -1 + -1 -1
Yj +# -1 -1 -1 -1 -1
25 + -1 -1 +1 -1 -1

length N be as defined in Definition 3.7. Then z, y and z
are symmetric if N = 1( mod 4), and antisymmetric if N =
3( mod 4).
Proof. To shorten the proof, we use the notation u; to represent
one of x;,y;, or z;.

If (j,N) =1, u; =V}, thus by Lemma 3.5, we have

u; =un—j, if N =1 (mod 4) ;
uj = —un—j, if N =3 (mod 4) .

We wish to prove this for all j’s with 1 < 7 < N — 1.

By Lemma 3.5, for m € {p,q, N}, we have x,,(—1) =
(-1) “5.In particular, the two equalities above are equivalent
to the single equality

uj - un—j = Xn(=1).

Let {r,d} = {p,q},sothat N = rd and N—kd = (r—k)-d.
Therefore to complete the proof of the lemma, it is enough to
verify

Ukd * U(r—k)d = XN (—1).
for all 1 < k < “51. We do this in cases.

First,

Ykd * Y(r—k)d = Xr (k) - xa(=1) - xr(r — k)
= Xa(=1) - xr (k) - xr(—k)



Next,

Zhd * Ar-tyd = (Xa(=1)* - xr (k) - (xa(=1))" 7% xo(r — k)
= (xa(=1))" - xr(k) - xr(=F)

= xa(=1) xr(=1) - (xr(K))* = xnv(-1),
since when 7 is odd, (xq(—1))" = xa(—1).
Finally, if N =1 (mod 4),

Combing all the results above, we have that x, y and z are
symmetric when N = 1( mod 4), and antisymmetric when
N = 3( mod 4). In other words, x, y and z have the same
symmetric type as the sequence V. 0

Definition 3.9: Given two sequences u =
(up,u1,...,un—1) and e = (eg, €1,...,en-1), we define the
product sequence b = uxe by b; = u;e;, fori =0,1,..., N—1.

Definition 3.10: For § = 0,1, let the four sequences +eld)
be given by
(@“)
5
el = (~1) .

In [13], certain sequences b = (u,u) * (£e(®)) give rise
to sequences with asymptotic merit factor 4 x F' once the
following are demonstrated:

(35)

(a) w is symmetric or antisymmetric ;

(b) the sequences u have asymptotic merit factor F’;

(c) the periodic autocorrelations have Zf\/:—ll P2(i) =
o(N?).

Here Lemma 3.8 provides (a), and Theorem 1.3 gives (b)
with F' = 1.5. Therefore we will be able to prove the following
theorem, the second main result of this paper, once we have
studied autocorrelations in the next section.

Theorem 3.11: For each N = pyqn, where py < gy are
distinct odd primes, let u”V be any one of the binary sequences
x, y and z as in Definition 3.7. Let the sequence eV of length
2N be one of the four sequences +e(®) from the Definition
3.10. Let by = {u™V,u™N'} x eV, be a sequence of length 2.
Then the sequence of sequences {by} has asymptotic merit
factor 6.0 provided

— — 0 when N — o0,
PN

(36)

where € satisfies 0 < € < %
Note that condition (36) in Theorem 3.11 is the same as
condition (14) in Theorem 1.3.

IV. PERIODIC AUTOCORRELATION OF SEQUENCES X, Y
AND Z

The following well known number theoretic result can be
found in many references, for instance, Lemma 2 in [7].

Lemma 4.1: Suppose X, is as defined in form (9), then the
periodic autocorrelations of x, are

S L if plk
— ) P y L DIR;
Py, (k) = Z%Xp(n)xp(n k) = { —1 , otherwise.
OJ
Let N = pq, where p < ¢ are odd primes. For 1 <
7 < N — 1, by Property 2.2 and Lemma 4.1, the periodic
autocorrelations of yy are

l—p ,ifply;
PXN(j):Pxp(j)XPXq(j): 1—g¢q 7ifQ|j§
+1 , otherwise .

Therefore, the periodic autocorrelations of the sequence V'
of (34) satisfy

I+p ,ifpli;
1Py <q 1+a ,ifqli; (37)
+ 3 , otherwise .

Property 4.2: For p an odd prime, let x,, be the primitive
character modulo p as defined in form (9). Then for any k,
we have

p—1

Z(_l)nXp(n)Xp(n + k)

n=0

_ 36pzlogp +1, if ptk;
- 0, if plk.

Proof. The result is obviously correct when plk. So now
suppose p t k.

From Lemma 4.1,

1> (1) "xp(n)xp(n + k)|

n=0
p—1

X;D(2j - 1)Xp(2j —1+k)]

p—1

1> @) (@i 4 )

Jj=1

N‘

<.
I
—

p—1
2
<D X (20)xp (2 + K))|
j=1
pT—l
1D xp(25 = Dxp(2) — 1+ K)|
=1
p—1
2
<21 xp(20)xp (27 + F)| + 1
j=1
p—1

— oS GG 2 k) 41
j=1

Weil [9] proved that the Riemann Hypothesis is true for the
zeta-function of an algebraic function field over a finite field.



A specifically useful consequence is that, for any integers u
and v with v > 0,

Y e (fG))] < 9mp? logp

u<j<u+tv

(38)

where f(z) € Fp[z] is a polynomial of degree m not of the
form b(g(z))? with b € F,, g(z) € F,[z]. (The readers can
find a detailed proof for equation (38) in [8] Corollary 1.)
When p t k, the polynomial z(x + 27 1k) is not the square of
any polynomial over F,[x], so

p—1

| ZXp(j(j +27'k))| < 18pz logp,
j=1
hence

| Z

n)xp(n + k)| < 36p2 logp+1.

For the triple-valued sequence V' defined in (34), write u; =
Vj + vy, where u could be any one of the binary sequences x,
y or z of length N as defined in Definition 3.7. For instance,
for {r,d} = {p,q} and 1 <k <r —1, when u = z,

(L)%, if j=kd, and N= 3 (mod4);
vi =9 (=1)% ,ifj=kd, and N= 1 (mod4);
0 , otherwise;
and if ©u = z,
(xa(=1)" xa (k)  if j =kd;
vj = (39)
0 , otherwise.
In all three cases, we have
N-1
> ¥ <pr—(p-1(g-1)=p+q—1<2q. (40)
3=0

as p < q. As remarked in the previous section, we wish to
prove that ZN ' P2(i) = o(N?). The most important part
of that is the following technical lemma.

Lemma 4.3: Suppose N = pq, where p, ¢ are distinct odd
primes with p < q. Let the sequence V' be as defined in form
(34), and write u; =V —l—v;%, where u could be any one of the
binary sequences x, y or z of length N as defined in Definition
3.7. Then when p and q are large enough, for {r,d} = {p, ¢},
we have

2,
P, (i) <
o ()] { 4r3 log®(r),
N-1

Proof. Forany 1 <i < N—1, P,u(i) = Zj:o vivit,,;, while
from the definition

J j+z 7&0@(]7]\0
We break the proof into cases:

Case 1 mj #mg, and (i, N) = 1.
Case 2 (i, N) =d, with {r,d} = {p,q}.

if (i, N) =1
if (i, N) = d.

=mq >1, and (j+i,N)=mg >1.

mip =mo =

We first note that this handles all situations in which nonzero
coefficients occur. Clearly if m; = meo, then (i, N) = m; =
mo. If m; # mg, there must be 0 < k < gand 0 < s < p
with

kpti=sq (mod N).
As pts we have p {4, and similarly ¢ 1 ¢ as ¢ 1 k. Therefore
my # mqy implies (i, N) = 1.

Case 1 my # mgo and (i, N) = 1.

First suppose p = mi, ¢ = mg. Then as above there exist
0 < k< qgand 0 < s < p, such that

kp+i=j+i=sq (mod N), 41)
Such a pair k£ and s is unique. Indeed if there exists another
pair 0 < k' < g and 0 < s’ < p, such that

K'p+i=sq (modN),
then (k—k")p = (s—s')q (mod N). As p|N and p|(k—K)p,
we find p|(s — ') with 0 < s, 8" < p. Therefore, s = ¢, and
similarly, k = k'.

In addition, if expression (41) is satisfied, then kp +1¢ = sq
(mod N) implies (p—s)g+i = (¢—k)p (mod N), and this
must give the unique solution pair when ¢ = m; and p = ma.
Therefore, when (i, N) = 1,

|P;L(Z)| < |U}:p11:q + ngpvzsq| < 2.

Case 2 my = mg = (i, N) = d with {r,d} = {p, q}.

There is an s with 0 < s < r, and

r—1
)= D Viavlstspa - (42)
j=1
Case 2.1 (i, N) =d and u = z.
In 1998, W. Zhang [16] proved that for any integer ¢,
r—1
> (=1 < log? (43)
r)('rL:—&-t

where 7, is as in Definition 3.1.

More generally, for any integers ¢, t; and t5 with ¢ > 0, H.
Liu proved [17]

| Z (_1)7Tr+(n+t)rlg\/; loggr.

tl<n<t2
rtn,n+t

(44)

In the following proof, to simplify the notations, we use
notation j instead of j,.

When N = 3 (mod 4), from (43),

r—1
_ T T
i) = E VidV(s+5)d
j=1

r—1

Y (1P < Lot



When N =1 (mod 4), suppose s < (r — 1)/2. Then from
Lemma 3.2 and expression (44),

r—1
|Poe (i) = | D 0favfssgpa |
j=1

5 S 5 r—1—s r—1
=1+ >+ + 22 ) Yafepa
=1 j=rl o1 j=rzl4n JEres
r—1 r—1
7 _ 2 o
= ( 1)j+s+] Z (_1)j+s+j
j=1 ]:%1—8—1-1
r—1—s . r—1 o
+ (=1)7+s+i — Z (=1)7+s+7 |
J:r;1+1 j=r—s
r—1 r—1
T_S -, T 2 - T
< | Z (=1)7+5H7| + | Z (—1)7+s+7]
j=1 j:%l—s—&-l
r—1—s o r—1 o
+ | Z (=1)7F5H| 4 | Z (=1)7+5H]
j:r;1+1 j=r—s
< 4y/r log®r .
Case 2.2 (i,N) =d and u = y.

If d =1 (mod 4), then from Lemma 4.1, expression (42)
is
r—1 r—1
)= D vhitlenya = 2 XDl +5) = -
Jj=1 j=1

If d =3 (mod 4), then expression (42) becomes

r—1
i) = Z V¥ (sl
=1

-1
S=—s

<Y e @)xe(s + )+ | Xr(3)xr (s +7)]

>

j=l1 j="Ft—s+1
r—1—s r—1

HOD D x5+ DT DS xel)xe(s + )]
j:T§1+1 j=r—s

<727 logr,

The last inequality follows from equation (38) by taking
the degree m = 2.

Case 2.3 (i, N) =d and u = 2.

Equation (42) becomes

r—1
Py (i) = |Z”gz'd”(zs+j)d|
j=1

where 0 < (s+ 7). <r—1,and (s+j), =s+j (mod r).

Now we study the values of ¢; = (xa(—1))’*(*7)r. From

Definition 3.7, we have
) ¢=1ifd=1 (mod4).
2) ¢ = (~1)/*C+)r if d =3 (mod 4).

If d=1 (mod 4),

IZxr

“xr(s+7) =1, since dfs.

If d = 3 (mod 4), let j; be the number such that s+j; < 7,
but s 4+ j1 +1 > r. Then

P =1 0 xe(s +5) = S xwli)xe(s +3)]
=1 J=g1+1
J1 r—1
<Y @+ DI+ D2 xe()xe(s + )]
=1 PR
< 36+/r logr .

Again, the last inequality comes from equation (38) by
putting the degree m = 2. 0O

Now we are ready to prove that .~ ' P2(i) = o(N?):

Lemma 4.4: Suppose N = pq, where p < ¢ are distinct
odd primes. Then when ¢ < p?, and both p and ¢ are large
enough, we have

<cNg,

ZPQ

where uv may be any one of binary sequences z, y and z
of length N as defined in Definition 3.7 and c is a constant
independent of N.

Proof. Again, using the notation of Lemma 4.3, we write
u = V + v, where v may be any one of sequences v®, v¥,
or v*. Then we can separate the summation ZN ! P2( ) as



following:

=z
L

N—-1 N—

H

Uj uJ-H

i
v

i=1 3:0

=z
L
=z
L

[ (Vi +0)(Vigi +vj44) 12

J

I
i

7
Il
=)

[ Py (i) + Py, (i) + Pov (i) + Py(i) |
N—-1
P2 Z i) +2 Z Py (i) Py (i)

[ 2P\/(i)PV7v (Z) + 2P\/(i)Pvﬁv(i) ]

Il I
Ry

_|_
i

=z
L

+ _ [ 2pu(i)PV,v(i) + 2R1(i)R),V(i) }

Z
Tl
_

+ [ 2Py, (i) Py,

v (i) + P@,v(i) + Pf,v(i) ]

<.
—_

A+B+C+D+E+F

(45)

In expression (45), we have separated the summands into
six_groups. For instance A = Y.N.'P2(i), and F =
i [ 2Py (i)Pov (i) + P, (1) + P2,(i) ] In the fol-
lowing, each of the sums X € {A,B,C,D,E,F} will be
bounded above by cx - N - ¢ for appropriate constants cx. To
simplify the notation, it should be understood that all of the
following statements are valid when p and g are large enough.

For group A, from equation (37),

N-1
> PE)
i=1
N-1 N-1 N-1
= PR+ ) PRG)+ Py (i)
(i,N)=1 (i,N)=p (i,N)=q

< 9p(N)+qx (1+p)*+px(1+q)?*<3Ng. (46)

For group B, using Lemma 4.3, we have

N—-1
S P = Y P+ Y P+ S P2
i=1 (4,N)=1 (4,N)=p (4,N)=q
< 4¢(N) 4 16¢*log® ¢ + 16p*log® p < Ng¢ .
Also from Lemma 4.3,
N—-1
C| <2Z | Py (4) P (1)
=2 Z [Py ()P (D] +2 D [Pr(i)Pu(i)
(i, N)=1 (i, N)=p
+2 ) [Py (i)Py(i
(i,N)=q
< 12¢(N) + 9NpZ log® p + IN¢= log® ¢

< 19Nq% log® ¢ < Ngq .

For group D, by equations (37) and (40), the absolute value
of the first item is

N—-1 N-—1 N—-1
1> Pu(i)Pra(i) = | > Pv(i) (Z vmvm_i> |
=1 =1 m=0
N—-1

< Z\PV

N—-1 N-1
D loml <2¢x D> [Py (i)
m=0 i=1

Similarly, we can show that any other item in group D is
bounded above by 2¢q X Zf\:ll | Py (2)]. Again from (37), we
have

N-1
|D| <8g x Y|Py (i)|
i1
N-1 N-1

SSgx [ D P+ Y IPv()] ]

=1
(i,N)=1

<8¢ x [3¢(N

=1
(i,N)>1

)+ 3N] < 48Ngq .

Now for group E. Again, consider the absolute value of item

N-1 N-1 N—-1
Y Pov@P.@) =1 Po(i)(D v;Vigi)l
i=1 i=1 =0
N—-1 N—-1
< D IR |v;]
i=1 =0
N-1
<2g Y |Pu()]

Similarly any other item in group E has absolute value
bounded above by 2¢ Zfi_ll |P,(i)|. Thus using Lemma 4.3
and expression (40),

N—-1
|E| <8¢ ) [P.(i)
i=1
<8gx[ Y P+ D RGO+ Y [P)]

(i,N)=1 (&,N)=p (i,N)=q

< 8¢ % [20(N) + 4p? log® p + 447 log® g]
<17Ngq,

where the last inequality follows from the assumption that
q <p*.

Finally, we consider the first item in group F.



N-1 N-1N-1N-1
| Z Py (i) Po,v (i)| = | Vjvj4i0m Vinil
i=1 i=1 j=0 m=0
N—-1N—-1N-1
= | v Um‘/j—zvm—i-z'
i=1 j=0 m=0
N—-1N-1 N-1
= |XN(*1) 'U]vm(z ‘/1 ]Vm—i-l)‘
7=0 m=0 i=1
N—-1N-1
= vjvm Py (m + j)]
j=0 m=0
N—-1N-1
= | Z v_;vs—; Py ()] where s =m + j
s=0 j=0
N-1
=12 Pu(s)Py(s)]
s=0

Similarly, we can prove that any other item in group F has
the same absolute value | Zivz_ol P,(s)Py(s)]. So

N—-1
[F| <4] > Py(s)Py(s)
s=0

<o (jmon

From equation (40),

‘+|ZPU PV >

P, (0)Py(0) < 2Ng; 47
From the estimate for group C, we know that
|ZR, )Py (s)] < 19Ng3 log®q < Ng;  (48)

Now (47) and (48) imply that
|F| < 12Ngq .

Combining all of the inequalities above, we obtain the
desired result. 0

Lemma 4.4 shows that when condition (36) is satisfied,
SN P2(i) = O(Ng) = o(N?), where u may be any one
of the binary sequences z, y and z as defined in Definition
3.7. Therefore, as remarked at the end of the previous section,
we are now ready to prove Theorem 3.11.

V. PROOF OF THEOREM 3.11

The following is Lemma 2.7 of [13], page 933.

Lemma 5.1: Suppose o = ( g, @1,....an—1 ) is a sym-
metric or antisymmetric binary sequence of odd length N.
Let the sequence e of length 2N be one of the four sequences
+¢(® from the Definition 3.10. Put b = (o, ) * e, then

2N -1 N—-1
=N+ > A(k)
k=1

> ARk
k=1
N—-1
> Pik)

even k

N—-1
+2 ) Palk)Aa(k) +

even k

O

Proof of Theorem 3.11.

For each odd N = pygn with py < gn, Lemma 3.8 shows
that each of the three sequences x, y and z is symmetric or
antisymmetric. Let

bN:(uN,uN)*e,

where uV = 2,y or z as defined in Definition 3.7. In the

following, without confusion, we use b and u instead of by

and u”. Then Lemma 5.1 gives
2N—1 N-1
> ANR) =N+ > Ax(k)
k=1 k=1
N-1 N-1
+2 > Pu(k)Au(k)+ > P2(k)
even k even k
When condition (36) holds, Theorem 1.3 shows that
N-1
2> A%(k) (49)
k=1

If the condition (36) holds, Lemma 4.4 shows that
N-1
> Pl Z

even k
Then given condition (36), by the Cauchy-Schwarz inequal-
ity

O(Nq) .

N—-1

> Pu(k)Au(k Z A2 (k
k=1

~N2q? = o(N?).

x O(Ngq)

Therefore, for p and ¢ subject to (36), the asymptotic merit
factor of the sequence {by} is

2
lim (Fp,) = lim 21\([2]1\])
~ lim 4N2
N—0oo 9 EN 1 A2 (k)
3
4 x 5= 6
This finishes the proof of Theorem 3.11. 0O

VI. CONCLUSION

For a character sequence of length N = pgq, the number
of positions j with (j, N) > 1 is larger than v/N, so those
“modified” positions are large enough to make a difference in
the merit factor. However, Theorem 1.3 shows that subject to
condition (14), any modification on these positions will give
the same asymptotic merit factor values as the character se-
quences. The authors were informed recently that Jedwab and
Schmidt have obtained the same result independently under
an improved condition ([19]). In [13], the doubling technique
shown in Lemma 5.1 was only applied to some of the Jacobi



or modified Jacobi sequences with additional restriction to
the values of p,q (mod 4). Here we have constructed new
sequences considerably different from the canonical Jacobi
or modified Jacobi sequences and with no restrictions on the
values of p,q (mod 4), yet achieving the same asymptotic
merit factor, as seen in Theorem 3.11.
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