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Construction of Even Length Binary Sequences With
Asymptotic Merit Factor 6

Tingyao Xiong and Jonathan I. Hall, Member, IEEE

Abstract—Starting with the family of Legendre sequences of length p,
Parker constructed a new family of binary sequences of length 2p with good
negacyclic correlation properties. Computer calculations indicated that the
asymptotic merit factor of his family is 6. In this correspondence a simple
version of Parker’s construction is given and further applied to Jacobi and
modified Jacobi sequences. It is then proven that each of the families con-
structed, including Parker’s, has asymptotic merit factor 6.

Index Terms—Aperiodic correlation, Jacobi sequence, Legendre se-
quence, merit factor.

I. INTRODUCTION

A binary sequence x of length n is a sequence z;, 0 < j < N —1,
with values 41 or —1. The aperiodic autocorrelation function of x is
defined to be

N—i—1

Z J}J'J}J'_;'_,‘, Z::l7

7=0

A1) = N -1 (1)

and the merit factor of the sequence x, introduced by Golay [1], is
defined as

B ij
23 Az()

Let X, be the set of all binary sequences of length n. We define
M, to be the optimal value of the merit factor for binary sequences of
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length n

M, := max (F,).
, rnel}\?i( )

One of the principal problems in the study of the merit factor is to deter-
mine the asymptotic behavior of M,,. Specifically [2] we are interested
in

M = limsup(M,,).

n—oco

Hgholdt, J. M. Jensen, and H. E. Jensen [3], [4] proved that the asymp-
totic merit factors for Legendre sequences and twin-prime sequences
under their optimal cyclic shifts are 6. Therefore M > 6. This is the
best lower bound on } that has been proven, although computer cal-
culations [S]-[7] strongly suggest that at least M/ > 6.34 (and in Sec-
tion VI below we exhibit calculations supporting /' > 6.17), so it
seems unlikely that the value of M is 6. (Indeed it remains possible
that M = +o0 [2].)

Starting from Legendre sequences of length p, Parker [8] constructed
anew family of binary sequences of length 2p and did computer calcu-
lations suggesting that the constructed sequences have merit factor 6.
The present correspondence was motivated by an effort to understand
Parker’s sequences.

Section II gives a general doubling construction for binary se-
quences of length 2N based upon a given binary sequence of length
N, and some fundamental properties of this construction are given.
In Section III, Legendre sequences are used as base sequences, and
the asymptotic merit factor of the resulting family is proven to be 6.
Section IV explains Parker’s construction and how it is included in the
present doubling construction. In Section V the doubling construction
is applied using certain Jacobi and modified Jacobi sequences as the
base sequences. Again it is proven that the asymptotic merit factor
of associated families is 6. In Section VI, sequences are constructed
through the concatenation of a segment of its negative to any of
Parker’s (or the present related) sequences. Computer calculations
suggest a family can be constructed in this way to have merit factor
greater than 6.17. Jedwab [2] reports that Parker has made similar
calculations.

II. CONSTRUCTION

Definition 2.1: Given two binary sequences « =
{apg,ar,...;,an—1} and ¢ = {eo,€1,...,en—1}, we define
the product sequence b = a* e by b; = «¢;, fore =0,1,..., N — 1.

Definition 2.2: A binary sequence o« = {ao,1,...,an—1} of
odd length is symmetric if a; = an—;,forl < i < N — 1, and
antisymmetric if o; = —an—_;,forl <¢ < N — 1.

Given a binary sequence o = {ag, a1,...,an—1}, we write —«

for {—ap, —a1,...,—an—1}.

Definition 2.3: For 6 = 0, 1, let the four sequences +¢® be given
by

ChLD)

e = (1) 3)
For instance
—e® = 1 1, 1,41, =1, =1, 1+
and
e =41,-1,-1,41,..., 41, -1, -1, +1,...
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Lemma 2.4: Let N be an odd number. If the binary sequence € of
length 2V is one of the four sequences +¢(®) of Definition 2.3 then for

(b—a)(b+at25—1)
0 < a,b < 2N we have €,¢;, = (—1) e .
Proof: When 0 < a,b < 2N, by definition

ney = (_1)<a;5>+(”§5>
_ ( 1)M+(a+b)6
_( 1) bz a— b—112+a+(u+b)5 2ab
.y 1)(!) a)(bta+26-1)
O

The periodic autocorrelation function of a binary sequence x of
length N is

N—1

Pu(i) =) wjyiwj,
7=0

where the sequence indices are taken mod V.

0<i<N @)

Lemma 2.5: Let « be an arbitrary binary sequence of length NV, and
let € of length 2.V be one of the four sequences +¢®) from Definition
2.3. Consider the new sequence b = {« | a} * €. For even ¢, we have

. (—=1)7?[Aa(i) + Pa(d)], if0O<i< N
44[)(7’) = /2 . - - -
(=1)/2A.(i — N), ifi > N
Proof: When0 < i < N

2N —i—1

(i) = Z bibjri + Z Dybigi + Z bibji

—II+I171 +Ir (5)

Here I; only contains the items from the first half of the sequence, I,
only contains the items from the second half, and I,,, consists of the
products of the terms from the first half and the terms from the second
half. As i is even, the quantity ¢ + 25 + 26 — 1 is always odd. Therefore
by Lemma 2.4 we have

N—i—1 N—i—1

D obibjri= Y et o
J=0

j=0

I =

N—i—1

i(i+2j+26—1)
= > (-1 > i
J=0
N—i—1

2
= l/ E QyQy+i =

(=1)724,(i). (6)

Similarly

2N —i—1 2N —i—1

Y bibjri = Y €N QN

j=N J=N

I,

N—i—1

= (=D > ajaup = (1) Au() @)

7=0

N—-1
D bibjsi=

J=N—i

and
N-1
E € €j+i 0 UjpimnN
J=N—i
N—1—(N—i)

= (—1)1‘/2 Z QOGP N~
j=0
= (=1)"/?A,(N = i). ®)

Combining (6), (7), and (8), we find
I+ I + I = (=1)"?[A. (i) + P, (i)].

For eveni > N, Lemma 2.4 gives

2N —i—1 2N —i—1

Ap(i)= > bibiri= Y €jepia aspion
=0 =0
2N —i—1 .
i(i42i4+26—1)
= Z (—1) 2 OOy N
7=0
N—(i=N)—1
= Z (—1)2/2%&j+(i7w)
7=0
= (=1)"/?4,(i — N). O

Lemma 2.6: Let o« = {ap, a1,...an—1} be a symmetric or anti-
symmetric binary sequence of odd length V, and letb = {« | a} € be
the corresponding sequence defined in Lemma 2.5. For odd ¢, we have

44[)(1) = { (_1)8+%a0(k’N7h

s i1
(-1) T i,

if0<i<N;
ifi > N.

Proof: When 0 < i < N, following (5) we write

2N —i—1

Ap(i)= > bibjri =D+ I+ 1.

7=0
First consider any term b;b;1; = €jej ;054 in I;. By Lemma 2.4

bjt N it N = €54 N it N OGO jged

(242N +i+26—1)
=(= 2 Qi
1(2]+1+26 1)
=—(-1) Gt

= —€j€jpiazojyi = —bibjy.

Thus b;b;; is canceled by b4 nbj4+;4n from I,.. Thatis, I; + I, = 0.
For any item b;b;1; = €€, 4505 54i—n in 1y, withi+j # N, we
have 0 < j < N andi + j > N.From Lemma 2.4

baN—jboN—j—i = €aN—;EIN—j—i ON—;ON —j—i
iW(2j4+i—26+1)
= (—1)fﬂlj%+iw’
7+z+75 1)
=—(- 1) Qi N

= —€j€j+ijajri-N = =b;bjti.

The second equality follows from the symmetry properties of the se-
quence. Therefore when i 4+ j # NV, the item b;b;4; is canceled by
ban—jbon—j—i. When ¢ + j = N, ban—_jban—j—; € I, so only
by _;bn remains in I,,,. From Lemma 2.4

(2N —i+26—1)
bn_ibny = en_ienan—_;op0 = (—1) 2

N4s4EL s+izL
=(-1) TS OOUN_—; = (—1) T3 QN —;.

QAN —; X0

Fori > N,if j > 0 then by Lemma 2.4, the symmetry properties
of a, and ¢ being odd

bibjri = €jejpiojagpin
i(2j4i+26—1)

= (-1 2 ON—jO2N—j—i
i(2j+i—2841)

=—(-1) 2 OUN—jOON—j—;
i(2j+i—264+1—4N)

=—(-1) 2 OUN—j 2N —j—i

—EIN—jE2N—j—iAN—jO2N—j—;

= —bon_jban_j_.
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Therefore every term b;b;.; is canceled by ban—jban—;—; except for

the term
its
bob; = ege;anpi— N = (—1)( 2 )Odoozi_N
i—1
= (1) T agay_y = (1)

2 O —N

where the last equality holds because ¢ is odd. O

Lemma 2.7: Letb = {«| a} * € be one of the sequences of Lemma
2.6. Then

2N—1

Z AZ(k) =N+ Z A2 (k)

N—-1
+2ZP k)4(k—|—ZP(k
e\enk e\enk
Proof:
2N —1 2N —1 2N —1
DAk =) ALk + > Ai(k)
k=1 k=1 =
odd & even k
N—-1
=N+ ) (Pa(k)
k=1
even k
N—1
T AL+ Y AL()
k=1
odd k
N—-1
=N+ ) ALk
k=1
N—-1 N—-1
+2 ) Pa(b)Aa(k) + Y Palk)’. O
even k even k

II. THE ASYMPTOTIC MERIT FACTOR OF SOME DOUBLED LEGENDRE
SEQUENCES

Recall that the Legendre sequence « of prime length p is given by
the Legendre symbols given by, for j = 0,...,p — 1,

w; = l = L
’ p _1')

The following properties of Legendre sequences are well known.

if j is a square modulo p ©)

otherwise.

Proposition 3.1:
. ap—, ifp=1(mod4)
a) ForO0<j <p,a; = { —ay;, ifp=3(mod4).

b) P.(i) = —1,if p = 3(mod 4).

¢) P.(i) =1lor—3,ifp = 1(mod 4).

In [3] it was proven that if F' is the asymptotic merit factor of cycli-
cally shifted Legendre sequences corresponding to the offset fraction
f (the number of positions shifted divided by the length), then

1/F =2/3—4|f[+8f, |fI<1/2. (10)
In particular for the Legendre sequences « of length p with no shifting
(f = 0) we have the following lemma.
Lemma 3.2:
2 P
lim — 2 = 3

P_’OOZZP 11—12 ) §

Now we are ready to prove the first theorem of this correspondence.

Theorem 3.3: For each odd prime number p, let « = a¥ be the
Legendre sequence of length p given in (9), and let € = €” be one of
the binary sequences of length 2p from Definition 2.3. For each p, we
further let b be the length 2p sequence {« | a} x €. Then the asymptotic
merit factor lim, .. (F}) is 6.

Proof: By Proposition 3.1 the Legendre sequence « is symmetric
for p = 1(mod 4) and antisymmetric for p = 3(mod 4). Therefore,
by Lemma 2.7, we have

2p—1 p—1 p—1 p—1
SN AR =p+ Y ALK +2 ) addb)+ D o
k=1 k=1 X k:lk

where ¢, = P, (k) = £1 or —3 from Proposition 3.1.
As ek <3

p—1

Cr =

k=1
cven k

O(p).

By Lemma 3.2, 3-2_1 A% (k) = O(p?); so by the Cauchy-Schwarz
inequality

—1 p—1
Y | | |S am
e\l:e:nlk even k
< VoW =0 (p%) .

‘We combine these results with Lemma 3.2 to find

2
lim (Fp) = lim %
AU = S e )
4p2
= lim ST a2 (%)
P DT AR ()
3
=4 - =
X 5 6
That is, lim, .o, F}, = 6. O

IV. THE ASYMPTOTIC MERIT FACTOR OF PARKER’S SEQUENCES

In [8] Parker gave a construction for sequences of length N = 2p,
with p prime, which motivated the present investigations. We restate his
results here. Let Dg be the set of squares in GF(p)\{0}, and let D
be the set of nonsquares. First, Parker constructed a sequence of length
4p by specifying a subset C' of Z,, then defining the characteristic

sequence s' (i) of C:
1
TN s
s (i) = {0, ifi ¢ C

LetC' = {{n} x Cr |C, CZ5,0<n<r}, F={Gx0|GC
Zy},and C = C" U F. Then Parker gave the concrete description of
C as follows:

If primep =4f + 1,

ifi e C

then let Cy = Dy, ClzDo, CQZDl, Cy =D, G:{LQ}
If primep = 4f + 3,
then let Cy = Do, C, = Do, Cy = Dl, C3=D,, G= {(),1}

Under this construction, the characteristic sequence s'(i) of C =
C’ U F is of the form s'(i) = s(i),for 0 < i < N, and s'(i) =
s(i—N)+1,for N < i < 2N, where s(i) is a {0, 1}-sequence of
length N. We convert s(#) into 1 binary form by putting

bi= (1", 0<i<N-1 (11)

Parker did computer calculations indicating that the aymptotic merit
factor of the sequences b given by (11) is 6.0. We will show that
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Parker’s sequence (11) is almost identical to the length 2p sequence b
of Theorem 3.3 coming from the choice € = —e0,
By the Chinese Remainder Theorem there exist n and m so that

n = 1(mod 4), n = 0(modp);
m = 0(mod4), m = 1(mod p).

Specifically, when p = 4f + 1,n = p,m = 3p + 1; when p =
4f +3,n = 3p,m = p+ 1. Thus the construction of C' = C" U F as
above becomes

(0,Co) = {mDg} = 0(mod 4)
(1,C1) = {n+mDo} = 1(mod 4)
(2,C2) = {2n+mD 1} = 2(mod 4)
(3,C3) = {3n+mD;} = 3(mod 4).

Now let 5 € (0,2p) with j # p.

1) Suppose j = O(mod 4). If j = m/j3 for some 3 € Dy, then
j €(0,Co)andb; = (—1)*¥) = —1. At the same time, 3 € Dy
implies that g = 1. Therefore b; = (—1)*") = —ay since
J = B(mod p). If j # mpj forany 3 € Do, then s(j) = 0 and
sob; = (=1)°W =1 = —q;. Thatis, if j = 0(mod 4) then
b; = —aj.

Similarly, if j = 1(mod 4) then b; = —a;.

Suppose j = 2(mod 4). If j = 2n + m/3 for some 3 € Dy,
then j € (2,C5) and b; = (—1)*) = —1. At the same time,
3 ¢ Do implies that g = —1. Therefore b; = ap since j = 3
(mod p).If j # 2n + mg forany 3 € Dy, then s(j) = 0 and
sobj = (=1)*Y) =1 = a,. Thatis, if j = 2(mod 4) then
b; = «j.

Similarly, if j = 3(mod 4) then b; = «;.

Finally, when p = 4f + 1, we have ' = {p,2p} under Parker’s
construction, so 5(0) = 0 and by = (=1)*®) = 1. Then s(p) = 1
gives b, = (—1)*® = —1. When p = 4f + 3, we have F = {0, 3p}
under Parker’s construction, so 5(0) = 1 and by = (=1)*(¥) = —1.
Now s(p) = 0 gives b, = (—1)*?) = 1. Therefore under Parker’s
construction the sequence b has the following form:

2

~

(-1)* % a0, ifi=0
—ay, ifi=0or1(mod4),
a;j, iféi =2 or3(mod4).

bi = i#0 (12)

Comparing (12) with the —¢(® form of b in Theorem 3.3, we realize
that the two sequences are exactly the same when p = 4f + 3. When
p = 4f+1 they are identical in every position except the first; Parker’s
sequence begins with ao, while the —® sequence from Theorem 3.3
starts with —ap. However, a change in one position of each sequence
will not influence the aymptotic merit factor of a family (for instance,
see [5, Corollary 6.3]). Therefore Parker’s sequences have asymptotic
merit factor 6 by Theorem 3.3.

V. THE ASYMPTOTIC MERIT FACTOR OF SOME DOUBLED JACOBI
AND MODIFIED JACOBI SEQUENCES

Jacobi symbols are generalizations of Legendre symbols. If N = pg,
for p and ¢ different primes, the Jacobi symbol [] is given by

5)=6)-6)

where the factors on the righthand side are the Legendre symbols of
(9). The Jacobi sequence z of length N = pq is defined by

- [2)

(13)

The corresponding modified Jacobi sequence m =
{mo,m1,...,mn_1} of length N = pq is given by

+1,  j=0,¢,2¢,...,(p—1)g
i=0.2p,3p,....(¢=1)p
ged(j,N) = 1.

(14)

mj =< —1,

In [4] it was proven that the asymptotic merit factor F’ of Jacobi or
modified Jacobi sequences of length N = pgq offset by the factor f is

1/F =2/3—4f|+8f* [f|<1/2 (15)
provided p and ¢ satisfy
N
o’ log"™N 0y s, (16)

N3

In particular for the sequence « (equal to z or m) with no shifting

(f =0):
Lemma 5.1: Under (16) we have
NZ 3

11111 — 7 - = =

PG

It is important to realize that under (16) both p and ¢ go to infinity
as N goes to infinity; see ([4, p. 625]).

Theorem 5.2: For each ‘pair p and ¢ of distinct primes with p =
q = 1(mod 4),leta = o™ be a Jacobi sequence or a modified Jacobi
sequence of length N = pq; and let € = € be one of the binary se-
quences of length 2N from Definition 2.3. For each such N, we further
let b be the length 2N sequence {« | a} * €. Then the asymptotic merit
factor limy —.o (F}) is 6 for N = pq subject to (16).
Proof: 1t was shown in [4] that a Jacobi or modified Jacobi se-
quence of length N = pq is symmetric when p = ¢ = 1(mod 4). By
Lemma 2.7, we thus have

2N —1
Z Af(k)=N + Z A2 (k
= N—1
+2 Z Po(k)Aa (k) + Z P.(k)?
k=1
P\FTII\ even k

We may assume throughout that ¢ > p.
For « a Jacobi sequence, the periodic correlation function P, (k) has
the following distribution ([4, Th. 4.2]):

P.(k) = p occurs (g — 1)/2 times
3p occurs (g — 1)/2 times
q occurs (p — 1)/2 times

(
(
(
3q occurs (
(
(
(

p—1)/2 times
1 occurs (p — 1)(q — 1)/4 times
3 occurs (p — 1)(¢g — 1)/2 times
9 occurs (p — 1)(¢ — 1)/4 times.
Therefore
N—1
> Pu(k)® = Olpg®).
even k
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By Lemma 5.1, when p and ¢ satisfy (16) we have ZQT 11 AZ (k) =
O(N?). Therefore by the Cauchy—Schwarz inequality

N-—1 N-1
Z Pou(B)Aa(R)| < | | D AZ(K)| Ope?)
even k e\)fe:ulk'

< Vo =0 (pie).

Combining these results with Lemma 5.1, we calculate (as in The-
orem 3.3) that, for p and ¢ subject to (16), the asymptotic merit factor
is

972
lim (F) = lim 2&#
N—so N—oo 2(Y 2N 1 42(1)
4]\7
= Jim W
N—oo ZZ A2(k)

4x - =6.

I\9| w

Similarly for o a modified Jacobi sequence, the periodic correlation
function P, (%) has the following distribution ([9, p. 246]):

Pu(k)=q-p—3

p—q+1

1 occurs (p —1)(¢ — 1)/2 times

occurs (g — 1) times

occurs (p — 1) times

—3 occurs (p — 1)(¢g — 1)/2 times.

Therefore

N—1

Y Pa(k)’ =O(pg) =

even k

O(N).

By Lemma 5.1 when p and ¢ satisfy (16) we have ZNfl AZ (k) =
O(N?). Hence by the Cauchy—Schwarz inequality

N—1 N—1
S PuiAn(b)| < || Az | o)
k=1 k=1
even k even k
< JON®) =0 (N%).

We again combine all the results above with Lemma 5.1 and find
that, when p and ¢ satisfy (16), the asymptotic merit factor is

N)?
lim (F3) = lim 2(37—1)
N—oco N—oco ‘)(Z 42(k))
4]\7
= lim —x——
N—oo 232 70 AZ (k)
Q
[ ]
=4 x 5= 6. O

VI. SOME MERIT FACTORS LARGER THAN 6.17

In this final section we present some numerical experimentation in-
spired by similar results in [S]-[7]. For the sequence b of Theorem 3.3,
we write (—b)y for the sequence (—bg, —b1, ..., —b|s,]—1) obtained
by truncating —b to the fraction f of its length. Computer calculation
then indicated that

lim sup F{b:(_b)f} > 6.17
p—oo

for 0.06 < f < 0.07. Fig. 1 shows the merit factor aymptote of

{b : (=b) ¢} for Parker’s sequences and the corresponding sequences

6.2 | [ ‘ TN
6 L .
S
8 55 |
s
3
=
5 L -
45} 1
6 7 8 9 10 11 12 13 14
LogzP
Fig. 1. Merit factor for Parker’s sequences with appending ratio 0.065.

of Theorem 3.3 when f = 0.065. Jedwab [2] reports that Parker has
done similar calculations.

Calculations done with Jacobi and modified Jacobi sequences were
not fruitful.

VII. CONCLUSION

It has been known for a while that families of sequences with asymp-
totic merit factor 6 can be obtained by cyclically shifting Legendre se-
quences, Jacobi sequences, or modified Jacobi sequences. In this cor-
respondence, which is inspired by Parker’s work [8] with Legendre se-
quences, a doubling method is introduced for constructing even length
binary sequences. The doubling construction is free of cyclic shifting;
but, when applied to Legendre sequences or to certain Jacobi or modi-
fied Jacobi sequences, it gives families of sequences that are proven to
have asymptotic merit factor 6.
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