ON THE PERMUTATION MODULES FOR ORTHOGONAL
GROUPS 0% (3) ACTING ON NONSINGULAR POINTS
OF THEIR STANDARD MODULES

JONATHAN I. HALL AND HUNG NGOC NGUYEN

ABSTRACT. We describe the structure, including composition factors and sub-
module lattices, of cross-characteristic permutation modules for the natural
actions of the orthogonal groups O$(3) with m > 6 on nonsingular points of
their standard modules. These actions together with those studied in [2] are all
examples of primitive rank 3 actions of finite classical groups on nonsingular
points.

1. INTRODUCTION

Given a group G acting on a set € and a field F, the problem of determining the
structure of the permutation FG-module F(2 has been studied extensively for many
years. In particular, permutation modules as well as permutation representations
for finite classical groups have received significant attention. We are interested in
the action of a finite classical group G on points (i.e. 1-dimensional subspaces) of
the standard module associated with G.

The permutation module for the natural action of G on singular points has been
studied in great depth, especially in the cross-characteristic case where F and the
underlying field of G have different characteristics (for instance, see [8,[9, 10, 11]). In
defining characteristic, the study of these permutation modules seems very hard due
to the fact that the number of composition factors of FG depends not only on the
type of G but also on its dimension. This article will focus on cross-characteristic,
including characteristic zero, permutation modules for finite classical groups acting
on nonsingular points. We note that in the linear and symplectic groups, all points
are singular.

Problem 1.1. Let G be a finite orthogonal or unitary group and F an algebraically
closed field of cross-characteristic. Describe the submodule structure of the per-
mutation FG-module for G acting naturally on the set of nonsingular points of its
standard module.

Let PY and P be the sets of singular and nonsingular points, respectively, of the
standard module associated with G. It is well known that the action of G on PP is
always transitive and rank 3. On the other hand, the transitivity of the action of
G on P and the ranks of that action on orbits depend closely on q. We do not have
an exact formula for the ranks but they are “more or less” an increasing function
of ¢. In particular, the structure of FP becomes more complicated when q is large.
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In [2], the authors studied the problem for orthogonal groups over a field of two
elements and unitary groups over a field of four elements. These are the cases (and
only cases!) where the action of G on P is transitive and rank 3.

In this article, we study the cross-characteristic permutation modules FP for the
orthogonal groups OZ (3) acting on P. It is not difficult to see that O (3) has two
orbits on P and the action on each orbit is rank 3. These actions together with
those studied in [2] are all examples of primitive rank 3 actions of finite classical
groups on nonsingular points, as pointed out in an important paper by Kantor and
Liebler (see [7]).

Drawing upon the methods introduced in [2], as well as in [9] and [11], we prove
the following:

Theorem 1.2. Let F be an algebraically closed field of characteristic £ # 3. Let G
be OL(3) (m = 2n or 2n+ 1) with m > 6 and P be the set of nonsingular points
of the standard module associated with G. Then the permutation FG-module FP
of G acting naturally on P has the submodule structure as described in Tables 1,2,
and 3. In these tables, 6, ; =1 ifi| j and 0 otherwise.

TABLE 1. Submodule structure of FO3, (3)-module FP.

Conditions on £ and n Structure of FP
L#2,3;01(3"—1) FoXaoZPpFaoYaZz
£#£2,3;0| (3" —1) F F
| |
X © zZz & Y @& Z
| |
F F
£ = 2;n even F X F Y
7 |
w Yy @ w X
| S |
F X F Y
¢ =2;n odd X Y
VRN VRN
F & Y w @ F & X w
N S NS
X Y

n n—1 aQ2n
Here, dim X = dimY = G"=DE"" 20 qiy 7 = 82229 _ 5, 4,

and dim W = G=DG"14) g gy

Let V be a vector space of dimension m > 6 over the field of 3 elements F3 =
{0,1,—1}. Let @ be a non-degenerate quadratic form on V', and let (-, -) be the non-
degenerate symmetric bilinear form on V' associated with @ so that Q(au + bv) =
a?Q(u) + b2Q(v) + ab(u,v) for any a,b € F3,u,v € V. Then G = O (3) is the full
orthogonal group consisting of all linear transformations of V' preserving Q.

For k = +1, we denote

Pt = P(Q) :={{v) € P Q(v) = r}.
These Pt! and P! are often called the sets of plus points and minus points,
respectively. We obtain the following isomorphism of FG-modules:

FP>FPH o FP~ L
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TABLE 2. Submodule structure of FO,,,(3)-module FP.

Conditions on £ and n Structure of FP
L#2,3;01(3"+1) FoXoZPFaoYaZ
L#£2,3;0| (3™ —1)

£ =2;n even X Y
N N
/ F F
| |
F & W Y @ F & W X
| |
\ F F
Ve 7
X Y
£ =2;n odd X F Y

X F Y

n an—1 n
Here, dim X = dim Y = E"HDE"HD 5, dim 7 = 37229 _ 5, 40y,

n n—1
and dim W = %2_3) —1+d2.n.

Since @ is a non-degenerate quadratic form on V, —@Q is also a non-degenerate
quadratic form on V. The two isometry groups O(V, Q) and O(V, —Q) are canon-
ically isomorphic, but the corresponding sets of nonsingular points are switched:
P~HQ) = P*1(—-Q) and PT}(Q) = P~1(—Q). When m is even the forms @ and
—(@ have the same discriminant but when m is odd they do not. Therefore in
Theorem [[.2] and its associated tables we see that for m even there are two distinct
isometry groups G, but for each the modules FP*! and FP~! are the same up
to a diagonal automorphism of G, whereas for m odd there is only one isometry
group to consider, but the modules FPT! and FP~! are fundamentally different
and indeed have different dimensions.

Remark 1.3. The three tables present the structure of each module FP = FP+! @
FP~! but also indicate the individual structures for FP*! and FP~! through sep-
arating them by a big direct sum symbol.

When m is odd, one can easily obtain the structures of FP*! and FP~! from
the proofs in section [7] and Table [3] once @ is given. For instance, if m = 2n + 1
and coordinates have be chosen so that ) has the shape

2
T1Tp41 T T2Tpt2 + - + TpTan — Ty,

then the structures of FP*T! and FP~! will be, respectively, before and after the
big direct sum symbol in Table

When m is even, we may still say that the structures of FP*! and FP~!, respec-
tively, are before and after the big direct sum symbol in Tables [I] and [2} This now
involves our convention that, of the two modules X and Y of the same dimension,
the module named X is the one that appears more often as a composition factor
of FPT!. This is not as satisfying as the odd case, since it is an implicit definition
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TABLE 3. Submodule structure of FOq,,41(3)-module FP.

Conditions on £ and n Structure of FP
0#£2,301(3"-1),0t(3"+1) FoXoZPFaoYoaZ
£#£2,3;0]| (3" —1)

F
\
X ® zZz & F & Y @ Z
\
F

C£2,3,0] (37 +1) F
\
F @ X ® Z D Y ® Z
\
F
{=2;n even F X3 p¢1
AN
Ve /
|
Z i & F & Xi Z
|
N\ \
e
F X1 Yy
¢ =2;n odd X1 F T
VRN IR
F & Z Yy Z1 X
NS |
Xl F Y1

Here, dim X = W —6p3n_1,dimY = W —0g3ny1, dimZ = 32"T—17

an an n Py 2n
dim X = GT2NET28) qiy; = BUHEDETES) ) and dimzy = C572D 6y,

of X. If the chosen form @ is swapped with the form —@, then the group stays
the same but the module names X and Y are swapped since FP*! and FP~! are.
To improve upon this, we would need explicit definitions that distinguish these two
modules for the group. Then for a fixed choice of the form @, one could decide
which of the two occurs more often in FP*! than in FP~!. This is not done here.

The paper is organized as follows. In the next section, we will outline the proof of
the main theorem. Sections [3| and [4] are some preparations. Each family of groups
03.,(3), 05,,(3), and Oa,,41(3) is treated respectively in sections |§|, and

2. NOTATION AND OUTLINE OF THE PROOF

2.1. Preliminaries. If the action of G on a set ) is rank 3 then the FG-module
FQ has two special submodules, the so-called graph submodules. The following
description of these graph submodules is due to Liebeck (see [9]).

Let G, be the stabilizer of o € 2. Then GG, acts on  with 3 orbits: one of them
is {a} and the other two are denoted by A(a) and ®(«). Define the parameters:
o = [A@)], b= [®(a)], 7 = |A(a) N AB)], and 5 = [A{a) N A(y)] for § € Afa)
and v € ®(«). For any subset A of Q, we denote by [A] the element Ys5cad of
FQ. For ¢ € F, let U, be the FG-submodule of F2 generated by all elements
Ve,o = ca + [A(a)],a € Q and U, be the FG-submodule of U, generated by all
elements ve o — ve,g = c(a — B) + [A(a)] — [A(B)], o, B € Q. The graph submodules
of the permutation FG-module F() are defined to be U/, and U/, where ¢; and c;
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are the roots of the quadratic equation:
(2.1) 2+ (r—s)x+s—a=0.

Setting S(FQ) = {>_ cqaww | aw € F, Y a, = 0} and T(FQ) = {c[Q] | c € F}.
S(FQ) and T(FQ) are FG-submodules of FQ of dimensions || — 1, 1, respectively.
Moreover, T'(FQ?) is isomorphic to the one-dimensional trivial module.

Suppose that two graph submodules are different, i.e., ¢; # cz. Since v, o —
Vey,a = (€1 — c2)a for any a € 2, we have

(2.2) Ul & U, = S(FQ).

The modules U/, and U/, are the eigenspaces of the linear transformation 7 :
FQ — FQ defined by T(a) = [A(w)],a € Q corresponding to eigenvalues —c
and —cy, respectively (see [2]). As T has trace 0 with T'(FQ) an eigenspace for
the eigenvalue a, we can compute the dimensions of graph submodules from the
following equations:

: ’ : ro_ _
(2.3) { dim U/, +dim U/, = [Q] -1,

codim U/, +¢; dim U/, = a.

We note that FQ has a nonsingular and G-invariant inner product defined by
(Y en tww, Yo pen buw) = D cq Gwbe. If U is a submodule of FQ), we denote by
U+ the submodule of F() consisting of all elements orthogonal to U. We need the
following result, which is due to Liebeck and is stated as Lemma 2.1 in [2].

Lemma 2.1 ([9]). If ¢ is not a root of equation then U, = S(FSY). Moreover,
if c1 and cg are roots of this equation then (Ve, ,Ve,,8) = s for any o, € Q.
Consequently, (U, ,Ue.,) = (U.,,Ue,) = 0. O

c2) Y C1

2.2. Outline of the proof. We first compute the roots of equation and then
determine the graph submodules of FP*! and FP~! by analyzing the geometry
of P. As in the study of rank 3 permutation modules in cross-characteristic for
finite classical groups acting on singular points in [9, [10], the graph submodules are
“minimal” in an appropriate sense (see Proposition .

The problem now is divided in two cases. In the easy case when the graph
submodules are different, we have seen from that their direct sum is S(FP*)
(k = £1), a submodule of FP* of codimension 1. Therefore the full structure of
FP =FP*t! @ FP~! can be determined without significant effort.

The difficult case is when the graph submodules are the same (i.e. ¢; = cg). We
will see later that the graph submodules of FP*! are equal if and only if those of
FP~! as well as FP? are equal and this happens when ¢ = char(F) = 2. We handle
this case by constructing some relations between FP?, FP*! and FP~! in

2.3. Further notation. Given a finite group G, Irr(G) and IBry(G) will be the sets
of irreducible complex characters and irreducible ¢-Brauer characters, respectively,
of G. For x € Irr(G), by X we mean its restriction to the ¢-regular elements of
G. Following [I1], we denote by S(M) the Brauer character of G afforded by an
FG-module M. Furthermore, if 8(M) € IBry(G) is a constituent of an ¢-Brauer
character ¢, we say that M is a constituent of ¢. Finally, if H is a subgroup of G,
we denote by M|y the restriction of M to H.
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3. MINIMALITY OF THE GRAPH SUBMODULES OF FPt! aAnp FP~!

First we fix a basis B of V. If @ is a quadratic form of type + on V with
dimension 2n, we consider B = {ei,...,en, f1,..., fu} so that (e;, f;) = d;; and
(eirej) = (fi, f;) =0fori,j =1,...,n. If Q is of type — on V with dimension 2n,
then B = {e1,...,en, f1,-.., fn} where (e;, f;) = §;; and (e;,e,) = (fi, frn) = 0 for
i,7=1,...,n—1, (e, fn) = 0,and (en, en) = (fn, frn) = 1. Finally, if dim V' = 2n+1,
then B = {ela"'aenafla"'afnvg} where (eiafj) = 5ij7 (eiaej) - (fuf]) - (eiag) =
(fi,g9) =0, and (g,9) =1fori,j=1,..,n.

Going back to the action of G on P" k = 41, we assume from now on that
A(a) C P®\ « consists of points orthogonal to o and ®(«) C P* \ « consists of
points not orthogonal to a. Also, we use the notation U and U.* for U, and U,
respectively. The graph submodules of FP" now are U;f and U, ;g where ¢; and ¢
are roots of the equation . At this point we understand that ¢; and ¢y depend
on x but actually they do not, as we will see later on.

As in the study of rank 3 permutation modules in cross-characteristic for finite
classical groups acting on singular points in [9, [I0], the graph submodules are
“minimal” in the following sense:

Proposition 3.1. Suppose that char(F) # 3. Then every nonzero FG-submodule
of FP"(k = £1) either is T(FP") or contains a graph submodule.

Proof. We only give here the proof for the case G = OF (3) and k = +1. Other
cases are similar. We partly follow some ideas and notation from [2] 9] [10].

Let ¢y := (e2 + f2), ¢2 := (e1 +e2 + f2), and ¢3 := (—e1 + ez + fo). Let A; :=
{(Cisi(aie; + bifi)) € P by = 1,00 + by = 0}, Ap = {(307 (ase; + bifi)) €
ptl | by = 1, a0 + by = —1}, Ag = {<Z?=1(ai€i +b2f1)> e pt! | by =as+by = 1},
A:=A;UAyUA;3, and ® := PTH\ A. Tt is clear that, for i,j = 1,2,3,

(3.1) [A(¢:)] = [A(g))] = [A] = [Ag].

Consider a subgroup H < G consisting of orthogonal transformations sending ele-
ments of the basis {e1, f1, €2, f2, ..., €n, fn} to those of basis {e1, fi + >\, aie; +
S, bifis ea—boer, fo—aser, ..., e, —bper, fr, —aner} respectively, where a;, b; € Fs
and —a; = Y. ,a;b;. In other words, H is subgroup of isometries fixing (e1)
and acting trivially on each factor of the series 0 < (e1) < {(ey)t < V. Let
K be the subgroup of H consisting of transformations fixing ¢;. Let P;" ! be
the set of plus points in Vi = (ea, fa, ..., en, fn). For each (w) € P;', define
By = {{w), {e1 + w), (—e1 +w)}. As in Propositions 2.1 and 2.2 of [9] and Lem-
mas 3.2 and 3.3 of [2], we have
(i) |H| = 32072, |K| =323 |A] =372 and |As] = [Aof = |Ag| = 32777
i) H acts regularly on A and K has 3 orbits Ay, Az, Az on A;
(111) = U(w)eP;rl B<w>;
(iv) K fixes By, point-wise and is transitive on B, for every ¢; # (w) € P;t;
(v) H acts transitively on By, for every (w) € P;.

Suppose that U is a nonzero submodule of FPT!. Assume U # T(FP*!), so
that U contains an element of the form

u=a{@)+bly)+ > asp,
dePTI\{(z),(v)}
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where a,b,as € F and a # b. If (z,y) = 0, we choose an element (z) € P! so
that (x, z) and (y, z) are nonzero. Since a # b, the coefficient of (z) in w is different
from either a or b. Therefore, with no loss, we may assume (x,y) # 0. Since
(e2 + fa,e1 + €2+ f2) # 0, there exists ¢’ € G such that (x)g’ = ¢1 and (y)g’ = ¢s.
Therefore, we can assume that © = a¢; + bos + 26€P+1\{¢1’¢2} aso.

Let g € G such that e;g = €3 and (ea + f2)g = —(e1 + e2 + f2). Then ¢19 = ¢o,
P29 = ¢1, P39 = ¢3, and therefore

u—ug = (a—Db)(¢1 — ¢2) + > bsd € UN S(FPTY),
SEPHI\{p1,02,¢3}

where bs € F. Note that u — ug € S(FPT!). Therefore, if ¢s = bs/(a — b), we get

ur == (u—ug)/(a—"b)=¢1 — g2+ Z cs6 € UNSEPT).
0EPTI\{¢1,42,43}

Hence we have ug := Y, urk € U N S(FP*!). Moreover,

up =31 — o)+ Y dsS+ D Byl

seA (w) P (w)#¢1

where dj, d,,y € F. Therefore ug := Y, o5y ush € UNSEFPT) with

ug = (Y ds)[A]+3°"72 Y dpy Byl

6€A (wyePH (w)#1
It follows that

Uy = 32%—2,“2 —ug = 347L—5(¢1 — ¢2) + Z f56 S U N ‘S'(IFP—"&)7
[ J<PAN

where fs = 32""2d; — > sena ds. Hence

us = Z usk = 3°"7%(¢1 — do) + fIAL] + f'[As] + f'[A3] € U N S(FPTY),
kEK

where f, f/, f” € F. In particular, f + f’ + f” = 0. There are two cases as follow:

Case 1: f + f/ = —f” = 0. Then Us = 36n—8(¢1 — (bg) + f[Al] + f/[AQ] =
398(61 — ) + F([A1] — [Aa]) = 37 (61 — d) + [([A(61)] - [A(d2)]) € U
by (B.1). Assume that f = 0. Then us = 3" ~%(¢y — ¢o) € U. It follows that
#1 — ¢2 € U. Hence a — 3 € U for every o, 3 € PT! and therefore U O S(FPT!),
which implies that U contains a graph submodule.

It remains to consider f # 0. Then we have (3°"78/f)(¢1 — ¢2) + [A(¢1)] —
[A(¢2)] € U. Tt follows that (3°"=8/f)(a—B)+[A(a)]—[A(B)] € U for every o, 8 €
P*! and hence U D Uéfm,s e which implies that U contains a graph submodule

by Lemma [2:1}

Case 2: f+ f' # 0. Define an element g € G which sends elements of the basis

{ela fla €2, f27 ) fn} to those of basis {61; f17f27 —éz—e€q, 7f23 €3, f37 ) fn}
respectively. It is easy to check that ¢19 = @2, ¢og = @1, and ¢39 = ¢3. Also,
A1g = Ay, Aog = Ay, and Azg = Asz. So we have

ug = us — usg =237 (¢1 — d2) + (f + f)([A1] — [As]) € U.
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As above, we obtain U D Ué_SM,S/(Hf,), which again implies that U contains a
graph submodule, as desired. ]

We will see later for ¢ = 2 that ¢; = ¢y and hence FP* has a unique graph
submodule. In this case we set U" := Uf and U .= U;’f The following lemma
is an important property of the graph submodule and is useful in determining the
modulo 2 structure of the permutation module.

Lemma 3.2. For{ =2 and k = *+1,
(i) Us = T(FP*) @ U'*. In particular, by Proposition U's is simple and
U* is the socle of FP";
(ii) U* and U'* are self-dual. Furthermore, U's appears at least twice as a
composition factor of FP".

Proof. (i) If G = O5,,(3) and k = —1, let S C P* be the set of points of the form
(en +v) where v € (e, ...,e,—1). In all other cases, let S C P* be the set of points
of the form (e, + kf,, + v) where v € {e1,...,€,-1). We then have

S o=+ A@) =S a+3® S g-(p,

acs acS a€cs BePr\S
where i(8) =n — 2 or n — 1. Hence [P"] € U” or equivalently T(FP*) C U". As
|S|=3""t£0inF, T(FP~) ¢ U'". Since U'* is a submodule of U* of codimension
at most 1, U* = T(FP*) @ U'*. This and Proposition [3.1|show that U'* is simple
and U" is the socle of FP*.

(ii) Recall that the submodule U" consists of F-linear combinations of v, , where

a € P* and ¢ = ¢; = cp. Define a bilinear form [-,-] on U" by [veq,Ve8] =
(Ve,ar B). It is clear that this form is symmetric, non-singular, and G-invariant.
Hence, U* is self-dual. It then follows that U'* is also self-dual by (i). Therefore
FP~ /U "L = Homp(U' "+, F) = U'"-. Combining this with the inclusion U'* C
U'st (by Lemma 7 we have that U'* appears at least twice as a composition
factor of FP*. O

4. RELATIONS BETWEEN FPY, FP+! axp FP~!

In this section, we establish some relations between the structures of FP?, FP+!
and FP~!. This helps us to understand FP*! and FP~! from the known results
of FPY in [10, [T1].

For i,j € {0,+1,—1}, define
Qi,j : ]Fpi — FPJ

a = [{BePl|BLal

It is obvious that Q;; is an FG-homomorphism. Also, Q; ;(S(FPY)) C S(FP7).
The following lemma is easy to check.

(4.1)

Lemma 4.1. Im(Q; ;) and Im(Q; j|swpi)) are nonzero and different from T(FP7).
Also, FP?/ Ker(Q; ;) = Im(Q;;) and S(FP?)/Ker(Qi ;| sxpi)) = Im(Qs;

Let p°, p™!, and p~! be the complex permutation characters of G afforded by
permutation modules CPY, CP*!, and CP~!, respectively. Recall that G acts with
rank 3 on each P? with ¢ = 0,41, —1. Hence p® has 3 constituents, all of multiplicity
1 and exactly one of them is the trivial character.

sEpiy)- U
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Lemma 4.2. Fori,j € {0,+1,—1}, p* and p’ have a common nontrivial con-
stituent.

Proof. This is an immediate consequence of Lemma [£.1] O

5. THE ORTHOGONAL GROUPS O3 (3)

In this section, we always assume G = O (3). For k = 41, we have P" =
{<Z?:1(ai6¢ + b1f1)> ‘ a;,b; € F?)’Z?:l a;b; = H} and |PH| = 3n—1(3n — 1)/2. The
parameters of the action of G on P* are:

3n—1(3n—1 _ 1) on_2 3n—2(3n—1 + 1) 3n—1(3n—2 _ 1)
:f,b:i% —1,r= 3 ,§ = 5 .
The equation (2.1 now has two roots 3”2 and —3"~!. Therefore, FP* has graph
submodules U K 2 and u's ot
We note that if £ = char(F) # 2,3 then 3"~2 # —3"~! and therefore two graph
submodules are different.

Lemma 5.1. If ¢ = char(F) # 2,3, then
_@Br-nEt -
8
Proof. The dimensions of U3n , and U's anoa follow from . Using results about
the permutation module for G acting on P? in [I0], we see that FP° has two
graph submodules of dimensions (3" — 1)(3"~! 4 3)/8 and (32" — 9)/8, which we

temporarily denote by U, and U}, respectively. By Theorem 2.1 of [10], U, and
U/, are minimal in the same sense as in Proposition Applying Lemma and

Proposition we deduce that U ‘gi , =2 U and U 3n . = U} and the lemma
follows. O

Proposition 5.2. Theorem holds when G = O3, (3),n >3 and { # 2,3.

Proof. First, consider £t (3™ — 1). Then [P*] ¢ S(FP") and we have
FP FPH g FP~! = (FPH) o S(FPH) o T(IFP* ) B S(IFP*l)
B3 rEpYHYeu,eUt  eTEPHeU,LeU S,
FaXaY 27,

where X := Uy, Y = Uyl and Z = U +3}L . 2 UL, (Lemmalsd). The
modules X, Y, and Z are simple by Proposition

Next we consider ¢ | (3" — 1). It is easy to see that T(FP") is contained in
U %n_1 but not in U:;Z,z. We then have FP* = Uéﬁ,g ® U, 1, where U ko, s
simple and U",,_, is uniserial (by Proposition with composition series

32n79 B
)d U3n1— 8 dU—;ile3}11

dim Ugn 2 =

1R 1R

0CT(FPF) C Uy CU g .
Putting X := UL, Y := U, and Z := U, _, /T(FP"), we get
FP=XaY @2F - Z —F),
as described in Table[dl O

For the rest of this section, we consider the case ¢ = char(F) = 2, where the
two graph submodules are the same. We write U” := Uy = UJ,_, = U%,,_, and

’ ’ ’
UH::UIK:U3g72_U%n 1-
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Proposition 5.3. Theorem holds when G = O, (3),n >3 and { = 2.

Proof. Recall that, for i = 0,41, p’ is the permutation character of G afforded
by CP?. Since G acts with rank 3 on each P’ we have p' = 1 + ¢’ + 9, where
@'t € Trr(G) and the 9%s have the same degree (32" —9)/3 by Lemmaand the
proof of Lemma[5.1] We set ¢ := ¢* = ¢! = ¢y~1. Note that ¢! (1) = (1) =
(3" —1)(3"~! — 1)/8 from Lemma Since the smallest degree of a nonlinear
irreducible 2-Brauer characters of G is (3" —1)(3"~1 —1)/8 (see Theorem 1 of [4]),
@t and =1 must be irreducible.

First we give the proof for n odd. From the study of p0 in Corollary 6.5 of [11], we
have ¢ = B(W)+B(X)+B(Y), where W, X, and Y are simple G-modules of dimen-
sions (3" —1)(3""143)/8—1, (3" —1)(3""1—1)/8, and (3" —1)(3""1 —1)/8, respec-
tively. Furthermore, X and Y are not isomorphic. Now using Proposition (ii)
together with the conclusion of the previous paragraph, we deduce that U * is
isomorphic to either X or Y and @oF = S(U'").

Let U'+! 2 X. We wish to show that U'~! 2 Y. Assuming the contrary, we

then have U1 = U'~1 2 X and therefore o*! = 1. Now we temporarily add

subscript n to the standard notations. Then <pﬁ1 = n I and hence p?; I = Pn L
Since FP? = 5FP" | @ 2FP, " @ 2FP°_, @ 2F as FG,,_1-modules, it follows that
p:il = p;il- By downward induction, we get <p§f1 = @3 ! which is a contradiction
by checking the complex and 2-Brauer character tables of Of (3) (see [I, [6]).

We have shown that U'T! 2 X and U ~' 22 Y. Notice that, for k = #1, |[P*| # 0
(in F) and hence FP* = T(FP*) @ S(FP*) and the composition factors of S(FP*)
are X (twice), Y, and W. By Proposition and the self-duality of S(FP*), the
socle series of S(FP*!) and S(FP~ 1) are X —(YoW)-X and Y — (X W) -Y,
respectively, as described in Table

Now we consider n even. In this case, 1) = 1+ B(W)+3(X)+3(Y), where W, X,
and Y are simple G-modules of dimensions (3" —1)(3""1+43)/8 -2, (3" —1)(3" ! -
1)/8, and (3" — 1)(3"~1 — 1)/8, respectively. Repeating the above arguments, we
see that U1 > X and U'~! > Y.

Notice that T(FP*+1) ¢ S(FP*1), T(FP*1)L = S(FP*1), and S(FP+!)/T(FP*)
is self-dual and has composition factors: X (twice), ¥, and W. Again, Proposi-
tion gives the socle series of S(FP™!)/T(FP™): X — (W @ Y) — X. The
submodule structure of FPT! will be completely determined if we know that of
U+ /Ut Note that U+ /U1 has composition factors: F (twice), W, and
Y. Using Lemma and inspecting the structure of FPY, we see that Y must be a
submodule of U+ /U1 but W is not. Therefore, the structure of U T+ /U +1
isY@(F—-W-—F).

Similarly, the structure of S(FP~1)/T(FP~1)is Y — (W @ X) — Y and that of
U~ /U'~1is X @ (F— W —F). Now FP is determined completely as described
in Table [Tl O

Propositions [5.2] and complete the proof of Theorem for the type “+”
orthogonal groups in even dimension.

6. THE ORTHOGONAL GROUPS O, (3)

In this section, we always assume G = O5,,(3). For x = %1, we have P* =
(00 (aies + by fi)) | 0 aibs — a2 — 02 = k,a;,b; € F3} and |[P*| = 3"71(3" +

i=1
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1)/2. The parameters of the action of G on P" are:

n—1/qn—1 n—2/qn—1 __ n—1/qn—2
3 (32 1) g2, 3 (32 H,_3 (32 +1)

The equation (2.1) now has two roots —3"~2 and 3"~!. Therefore, FP* has graph
submodules U/_’fr,)n,2 and Ul;ﬁ,l.

Lemma 6.1. If ¢ = char(F) # 2,3, then

34+ 1)(3 41 / 32n _9 / ,
+ >(8 + )7dlm 3':71 = T and U3}L71 = 3:,11.

Proof. As in the proof of Lemma [5.1] O

dlm U/_H3n72 = (

Proposition 6.2. Theorem holds when G = O3,(3),n > 3 and £ # 2,3.

Proof. First we consider £ { (3" +1). Asin §3, FP 2 2F® X & Y @ 2Z, where
X =U%,, Y =U3 ., Z = U/ = U7\ and X,Y,Z are simple by
Proposition |3.1 ) )
Second we consider £ | (3" +1). We have FP* =U ", _, ® UJ,_,, where U %, _,
is simple and U},_, is uniserial with composition series 0 C T'(FP*) C Ué*;:,l -
Ug, .. Putting X := U %L,V :=U 3l ,, and Z := U5, /T(FP®), we obtain
FP=2XaY ®2(F — Z—TF), as stated. O

For the rest of this section, we consider the case £ = 2. As in we have
pl = 1+¢ '+ for i = 0, £1, where ¢, € Irr(GQ), ¥(1) = (32" —9)/3, and 11 (1) =
e (1) = (3" +1)(3""! + 1)/8. From Corollary 8.10 of [I1], ¥ = 1+ (W) +
B(X) + B(Y) when n is even and ¢ = 1+ 1+ B(W) + B(X) + B(Y) when n is odd.
Here, X, Y, and W are simple FG-modules of dimensions (3" +1)(3"~*+1)/8 -1,
(3"+1)(3""14+1)/8—1, and (3" +1)(3" "1 —3) /8 — 1 +Ja ,, respectively. Moreover,
X 2Y and W has smallest dimension among simple FG-modules of dimensions
greater than 1.

Lemma 6.3. With the above notation,
(i) For k = %1, U'" is isomorphic to either X orY and oF =1+ ﬁ(U/").
(ii) If we let Ut = X, then U ~' 2 Y.

Proof. (i) We only give here the proof for n even and k = 1. Other cases are similar.

Assume the contrary: U "1 is not isomorphic to both X and Y. Lemma
then implies that U 1 = W and B(W) is a constituent of ¢TI, Hence all other
constituents of o1 have degrees at most ¢t (1) —dim W = (3" +1)/2, which imply
that they are linear since (3" +1)(3"~! — 3)/8 — 1 + dy,,, is the smallest dimension
of nonlinear irreducible 2-Brauer characters of G.

Let PP, Pfr 1 and P ! be the sets of singular points, plus points, and minus
points, respectively, in V; := (e, f1,...,en—1, fn_1). Note that V; equipped with Q
is an orthogonal space of type +. Let G := OF, ,(3) < G. Then we obtain an
FG1-isomorphism:

(6.1) FP™ ~2F @ FPH @ 4FP; ! @ 4FPY.

Inspecting the structures of FP{ in Figure 5 of [I1] and of FP;™ as well as FP;*
in Table[1] we see that FP*!, when considered as FG1-module, has 15 composition
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factors (counting multiplicities) of dimension 1 (actually all of them are isomorphic
to F). This contradicts the conclusion of the previous paragraph.

We have shown that U'+! is isomorphic to either X or Y. Notice from Lemma
that U+ appears at least twice as a composition factor of FP*!. The second
statement of (i) now follows by comparing the degrees and using .

(i) Assuming the contrary that U'~! 2 Y, then U1 = U'~! = X. Tt follows
that o1 = o~1 and hence pt! = p—L. Therefore, the isomorphism together
with FP~! = 2F @ FP; ! @ 4FP;"' @ 4FP? imply that the modulo 2 permutation
characters afforded by FP;™ and FP; ' are the same. This is a contradiction as
seen in the proof of Proposition [5.3 (]

Since we will use an induction argument to determine the structure of FP, we
temporarily add the subscript n to our standard notations. Notice that Go = O (3)
acts with rank 3 on both P;r ! and Py ! Everything we have proved for n > 3 works
exactly the same in the case n = 2 except that Wy = 0.

Lemma 6.4. The structures of ]F‘P;'1 and IFP{l are given as follows:

FP;t X2 FP; ! Ya
\ \
F F
\ \
F & Y F & X
\ \
F F
\ \
X2 Y2

Proof. By Lemmathe module U’* is simple and self-dual. The module FPJ has
dimension 15 = 3271(3%41) /2, and by Lemmal6.3]its submodule U’* has dimension
4 = (32+1)(3°"! +1)/8 — 1. Therefore by Lemmas and the module U’"
appears twice as a composition factor of FP5 and once as a composition factor of
FPy ™.

As 15 is odd, FPY = T(FP5) @& S(FPy). Here U'" is the unique minimal sub-
module of the dimension 14 module S(FP¥), and M = (U"®)+ N S(FPY) its unique
maximal submodule. The submodule M has dimension 10 and quotient S(FPy)/M
isomorphic to U’®. The quotient Q@ = M/U’" is thus self-dual of dimension 6, pos-
sessing two trivial composition factors in addition to the factor U'~". There are
only three possibilities:

Q=F-U""-F or Q=FaU "a&F or Q=F-F)aU "

The first gives the lemma, so we must eliminate the second and third.

The usual dot product on the natural Fs-permutation module for Sym(6) is
an invariant bilinear form with radical spanned by the vector of 1’s. The action
of Sym(6) on the unique nontrivial composition factor thus gives an injection of
Sym(6) into Of (3). More specifically, Oy (3) = 2 x Sym(6). With this in mind,
we can choose notation so that the module FP5 is the usual permutation module
M*2) for Sym(6) acting on the 15 unordered pairs from a set of size six.

As the representation theory of symmetric groups is highly developed (see, for
instance, the elegant treatment in James’s book [5]), the lemma is presumably well
known. Indeed the needed calculations can be done easily, following Example 5.2
of [5]. We give a short proof, using only some of the elementary theory.
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By an easy calculation and [5, Cor. 8.5] the Specht submodule S = S*2) of
FPy = M™*2) has dimension 9, so it must have codimension 1 in M with S/U"™
of dimension 5 in (. Assume (for a contradiction) that @ = F o U " & F or
Q= (F—-F)®U'~"*. Then S/U'™ must have shape F @& U’~". In particular, the
Specht module S has two maximal submodules, one of codimension 1 and the other
of codimension 4. But by [5, Theorem 4.9], Specht modules have unique maximal
submodules. This contradiction proves the lemma. (]

Lemma 6.5. For any n > 2, FP! does not have any submodule of structure
X, —Y,. Similarly, FP, 1 does not have any submodule of structure Y,, — X,,.

Proof. Case n = 2 is clear from Lemma So we assume that n > 3. Let @
be the parabolic subgroup of G, fixing (e1). Then @ = O.L where O = O3(Q),
the maximal normal 3-subgroup of @ and L = G,,_1 X Zs, a Levi subgroup of G,,.
Set V1 := (ea, ..., en, f2,..., fn). Let P; be the set of plus points in V of the form
(re; +u) and Py the set of plus points in V' of the form (f; + ze; + u) with x € Fg
and u € V;. Then P} is the disjoint union of Py and P.

It is clear that |P| = |O| = 3272 and the stabilizer of (f; + e1) in O is trivial.
Therefore O acts transitively on P,. This O-orbit is fixed under the action of G,,_1
on the set of O-orbits on P!, For any plus point (u) in Vi, the O-orbit of (u)
consists of three points: (u), (v + e1), and (v — e1). Hence the action of G,,_1 on
the set of O-orbits in P; is equivalent to that on the set of plus points in V;. We
have proved the following CG,,_1-isomorphism:

(6.2) Cept1(0) = CPH @ C,
where C¢. p+1(0) is the centralizer of O in CP,f L. If  is the character of G,, afforded

by a module M, we denote by C,(O) the character of G,,_; afforded by Cy(O).
The isomorphism (6.2]) then implies

(6.3) C,:1(0)+Cy, (0) =}l + 91 +1g, -
From Frobenius reciprocity,
(Wnlo 10)o = (Wn 16" a, = (n, p0)ac, > 0.

Hence, 1¢ is a constituent of ¢, |g. It follows that 1, , is a constituent of Cy, (O).

Now we will show that 1,1 is also a constituent of Cy, (O). Assume not. Then
1p—1 would be a constituent of C’(p# (O) by 1D It follows that 1,1 is contained
in CF(O)' As o' is always contained in 1),, we find that 2i),_; is contained

in CE(O) + C5-(0). The formula 1) then implies that 1,_; is contained in

@t 41, a contradiction.

We have shown that both 1¢, _, and ¢,,—; are constituents of Cy,, (O). Therefore
C,+1(0) = et . Tt follows by Lemma that Cx, (0O) = X,_;. Similarly,
C’Yn (O) = Yn—l-

Now we prove the lemma by induction. Assuming that the lemma is true for
n— 1 and supposing the contrary that FP;}! has a submodule of structure X,, —Y,,.
Proposition and the previous paragraph then show that C(x, vy, )(0) = X,_1 —
Y,.—1 is a submodule of C’ijl (O) = IFP;’}l @ F. We deduce that X,,_1 —Y,,_1is a
submodule of FP! | contradicting the induction hypothesis. (|

n—1

Proposition 6.6. Theorem holds when G = 05, (3),n > 3 and { = 2.
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Proof. Using Proposition [3.I] and Lemma we see that the structure of FP" will
be determined if we know that of U'#L/U"". We study U +1+/U"+1 first.

Consider the case n even. Then, for k = %1, |P®| # 0 and therefore FP* =
T(FP*) @ S(FP*).

From the constituents of ¢+ and 1), the composition factors of U/Jr“-/U/Jrl
are: F (3 times), Y, and W. Since FP® = T(FP*) @ S(FP"), we know that
U+ /U'*! has a direct summand F. Furthermore, X = U'*! is the socle of
S(FP*!) by Proposition Lemma now implies that Im(Qo 41|s@Epo)) =
S(FPY)/ Ker(Qo,+1|swpo)) also has socle X. Inspecting the structure of FP? given
in Figure 8 of [11], we see that the only quotient of S(FP°) having X as the socle is
X —W. This means that S(FP*!) has submodule of structure X —W and therefore
W is a submodule of U 1+ JU 1 By self-duality, W must be a direct summand
of UL /u'+1,

By Lemma Y is not a submodule of U'+14 /U1 Combining this with the
previous paragraph, we conclude that the structure of U 1L JU TLisFeW @ (F—
Y —F).

Now we consider the case n odd. By Lemma Im(Qo,+1) is nonzero and
different from T(FP*!). Hence it has the socle either X or F & X by Proposition
Notice that Im(Qo,+1) = FP?/Ker(Qo, +1). Inspecting the structure of FP°
again, we learn that the structure of Im(Qo 4+1) must be X —F — W —F. It follows
that U T1+ /U’ *1 has a submodule of structure F — W —F. Recall that U T1+ /U +1
has composition factors: F (4 times), Y, and W and Y is not its submodule by
Lemma By self-duality, the structure of U +14 /U1 is (F—Y —F)& (F—W —F).

Arguing similarly for x = —1, the structure of U' =+ /U "1 is FGW & (F— X —F)
when n even and (F — X —F) @ (F — W — F) when n odd. O

Propositions [6.2] and [6.6] complete the proof of Theorem [I.2] for the type “ —”
orthogonal groups in even dimension.

7. THE ORTHOGONAL GROUPS Og,11(3)

In this section, we assume G = O2,4+1(3). Recall that we fix a basis B =
{617"'76’naf17’“7fn7g} of V' where (ezafj) = 5ij7 (ei7ej) = (f’mfj) = (eiag> =
(fivg) = 0, and (g,9) = 1 for ¢,5 = 1,....,n. For k = £1, we have P* = {{cg +
Z?:l (aiei + blfl)> | a;,b; € Fg, Z?:l a;b; — = /4,} and |PK| = 3”(3” — K)/Q The
parameters of the action of G on P* are:

B 3n—1(3n +:"€) 3n—1(3n—1 +K/)
a= — —
Equation now has ‘/cwo roots —i,’)"_l and 3"~!. Therefore, for k = +1, FP"®
has graph submodules U_"”"?)n_1 and U3ﬁ_1.

Lemma 7.1. If ¢ = char(F) # 2,3, then

b=B"+r)B" k), r=5=

UL =0 dim U = dimp o, = S !
,371—1 - 3n—1a ,371—1 3n—1 4 )
: 3" —1)(3" +3 ' 3" +1)(3" -3
dimU 5., = B"-1E"+3) )4( + ), and dim U}, = B+ 13" - 3) {4( ).

Proof. This is similar to the proof of Lemma [5.1] We remark in this case that
U:g}z,l and Ugff,ll are isomorphic to graph submodules of FPY. (I
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Proposition 7.2. Theorem holds when G = O2,41(3),n > 3 and £ # 2, 3.

Proof. Case 1: £1 (3" —1),£1 (3" +1). In this case, FP 2 2F® X @Y ©2Z, where
X =U, Y :=U3 ., and Z:= UL, 2 U.,Y,. By Proposition[3.1] X,V
and Z are simple.

Case 2: £ | (3™ — 1). We have
FP'=TEFP HeUS 00U, ~2FaY o7,

’_ ’ r_
where YV := Uﬁs}t,l, Z = U713n71 = U?,n,l1 and

FPH =Ufl, Ut =2Ufl @7,

where U3't11_1 is uniserial with composition series 0 C T(IE‘P“) C U:;j_ll C U;;l_l.
Setting X := U;IEI/T(]FPH), we get
FP2Fa(F-X-F)oY ®2Z7.

Case 3: £| (3" +1). As in Case 2,
FP2Fao X®(F-Y —F)d27,
where X := U2, Y :=U 5L, /T(FP™), and Z :=U L, = UL, O

Now we consider the case £ = 2. Following Lemma we assume that p" =
1+ ¢" 4+ ¢ for kK = £1, where p*, ¢ € Irr(G), ¢*(1) = (3" + £)(3" — K)/4, and
(1) = (32" —1)/4. Then p° =1+ ¢ + ¢~ 1. From Corollary 7.5 of [I1], we have
o1 = x+B(X1) and o1 = 14 x4+ (Y1), where y is a 2-Brauer character of G and
X1,Y; are simple G-modules of dimensions (3" —1)(3"—3)/8, (3" +1)(3"+3)/8—1,
respectively. Furthermore, x = 5(Z;) if n is odd and x = 1+ §(Z;) if n is even,
where Z; is a simple module of dimension (32" —9)/8 — d5,,,. The following lemma
gives the decomposition of v into irreducible 2-Brauer characters of G.

Lemma 7.3. With the above notation, Ul> X, and U 2 ;. Consequently,
v = B(X1) +BM).

Proof. By Proposition and Lemma the submodule Im(Qq 1) of FP*! has
U+ as a composition factor. Tt follows that U +1 € {X,, Y7, Z; } since Im(Qq, 1) =
FPY/Ker(Qo +1) and the composition factors of FP? are: F (twice or four times),
X1, Y1, and Z; (twice) (see Figure 6 of [I1]).

Set Gy := 03,(3) < G. Let P;™! and P ' be the sets of plus points and minus
points in (e, ..., €n, f1, ..., fn). Since Pt = P U{(v+g) | (v) € P YU{(v—g) |
(v) € P}, we have FPT|g, 2 FPH @ 2F P . Moreover, if Py +g:= {{(v+g) |
(v)y € Py 'Y and Pyt —g:={{v—g) | (v) € P!} then we get an FG;-isomorphism:

Uta, = (via @€ P& (10 |a € Pl + )@ (via |a€ P —g),
where all summands are clearly nonzero and nontrivial FG;-modules. These sum-
mands are submodules of IFPfr le 2F P L 1t follows that, by Proposition each
of them contains a graph submodule of FP;™ or FP; . Notice that the dimensions
of the graph submodules of FP! as well as FP; ! are (3" — 1)(3"~' —1)/8.

We have shown that U*!|g, has 3 composition factors (counting multiplicities)
of degree (3" —1)(3"~! —1)/8. If UT!|g, has another nonlinear composition factor,
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dim U would be at least 4(3™ — 1)(3"~! — 1)/8 + 1 since the smallest degree of
nonlinear irreducible 2-Brauer character of Gy is (3" —1)(3"~! — 1)/8 (see Table 1
of []). This contradicts the fact that U't' € {X;,Y;,Z;}, whence Ut!|g, has
exactly 3 nonlinear composition factors, all of degree (3" —1)(3"~! —1)/8.

Recall that U*!|¢, is a submodule of FP;™ @ 2FP; L. Tt follows that Ugll has at
most 6 composition factors of dimension 1 (see Table . Combining this with the
conclusion of the previous paragraph, we obtain dim U+ < 3(3"—1)(3""1—1)/8+6.
This forces dimUT! = dim X; + 1 and therefore U ! = X; again by U ! €
(X1,Y1, 7).

The arguments for U =1 >~y are similar. Since U'* appears at least twice as a
composition factor of FP* (see Lemma , both U' ! and U’ ~! are constituents
of 1. Therefore ) = 3(X1) + B(Y1) by comparing degrees. a

Proposition 7.4. Theorem holds when G = O2,41(3),n > 3 and £ = 2.

Proof. Case 4: n even. We know from Lemma that U1 =~ X;. The self
duality of U'*! from Lemma then implies that U +1+/U'*! has composition
factors: F (twice), Z1, and Y;. Using Lemma and inspecting the structure of
FPY (see Figure 6 of [I1]), we see that ¥; must be a submodule of U+ /U"+1 but
Z is not. Therefore, the structure of U+ /U'+1 is Y} @ (F — Z; — F) and hence
that of FP! is determined.

Now we determine the structure of FP~1. Since [P~!] ¢ S(FP7!), FP~! =
T(FP~') @ S(FP~'). Also, U'~' = Y] is the socle of S(FP~'). Since S(FP~1) is
self-dual, its head is also (isomorphic to) Y;. Hence S(FP~1)/ Ker(Q_1,0[s@p-1)) =
Im(Q_1,0lsrp-1)) has Y7 as head. From the submodule structure of FP°, we find
that Im(Q_1,0/s(rp-1)) is uniserial with socle series F — Z; —F —Y1. So S(FP~!)
has a quotient F — Z; — F — Y;. Again by its self-duality, it has a submodule
Y; — F — Z; — F, which implies that U =1+ /U'~! has a submodule F — Z; — F.
Notice that U =1L /U'~! is self-dual and has composition factors: F (twice), X1,
and Z;. Tts structure must be F & X; & (F — Z; — ), as described in Table

Case 5: n odd. First we find the structure of FPT!. Composition factors of
U+ U+ are F, Y1, and Z;. Therefore, the structure of U T1+/U 1 is simply
F &Y, & Z; by its self-duality.

Now we turn to FP~!. By Proposition the socle of Im(Qo,—1) is either Y3
(U Y orFaY; (2 U'). Notice that Im(Qo,_1) = FP°/Ker Qo,_; and FP°
has only one quotient having such socle, which is Y7 — (F @ Z;) (see the structure
of FP? in Figure 6 of [11]). We deduce that FP~! has a submodule of structure
Y1 —(F& Z1). We temporarily set Fy := T(FP~!) and Fy := FP~!/S(FP~!). Then
the submodule of FP~! of structure Y; — (F@® Z;) must be Y; — (Fo @ Z;). It follows
that U'~'+/U'~! has a submodule Fy & Z;. Recall that U~ /U~ is self-dual
and has composition factors: Fq, Fy, Z1, and X7, we conclude that its structure is
Fi®F: & Z1 & X;. U

Propositions [7.2] and [7-4] complete the proof of Theorem [I.2] for the orthogonal
groups in odd dimension.
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