
ON THE DEGREE OF THE COLORED JONES POLYNOMIAL

EFSTRATIA KALFAGIANNI AND CHRISTINE RUEY SHAN LEE

Abstract. We use the colored Jones link polynomials to extract an invariant
that detects semi-adequate links and discuss some applications.

1. Introduction

The Jones polynomial and the colored Jones polynomials of semi-adequate links
have been studied considerably in the literature [19, 18, 21] and [2, 1, 3, 7, 15, 14,
13] and they have been shown to capture deep information about incompressible
surfaces and geometric structures of link complements [8, 9, 10, 12, 11].

The extreme degrees of the colored Jones polynomial of any link are bounded
in terms of concrete data from any link diagram. It is known that these bounds
are sharp for semi-adequate diagrams. One of the goals of this paper is to show
the converse; if the bounds are sharp then the diagram is semi-adequate. As an
application we extract a link invariant, out of the colored Jones polynomial of a
link, that detects precisely when the link is semi-adequate. We discuss how this
invariant can be thought of as generalizing certain stable coefficients of the colored
Jones polynomials of semi-adequate links, studied by Armond [1], Dasbach and
Lin [7], and Garoufalidis and Le [13], to all links. We also discuss how, combined
with work of Futer, Kalfagianni and Purcell [10, 12], our invariant detects certain
incompressible surfaces in link complements and their geometric types.

2. Ribbon graphs and Jones polynomials

A ribbon graph is a multi-graph (i.e. loops and multiple edges are allowed)
equipped with a cyclic order on the edges at every vertex. Isomorphisms between
ribbon graphs are isomorphisms that preserve the given cyclic order of the edges.
A ribbon graph can be embedded on an orientable surface such that every region
in the complement of the graph is a disk [4]. We call the regions the faces of the
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2 E. KALFAGIANNI AND C. LEE

ribbon graph. For a ribbon graph G we define the following quantities:

e(G) = the number of edges of G
v(G) = the number of vertices of G
f(G) = the number of faces of G
k(G) = the number of connected components of G

g(G) =
2k(G)− v(G) + e(G)− f(G)

2
, the genus of G

A Kauffman state σ on a link diagram D is a choice of A–resolution or B–
resolution at each crossing of D. For each state σ of a link diagram a ribbon
graph is constructed as follows: The result of applying σ to D is a collection of
non-intersecting circles in the plane, together with embedded arcs that record the
crossing splice. See Figure 1. We orient these circles in the plane by orienting each
component clockwise or anti-clockwise according to whether the circle is inside
an odd or even number of circles, respectively. The vertices, of the ribbon graph
correspond to the collection of circles and the edges to the crossings. The orientation
of the circles defines the orientation of the edges around the vertices. We will denote
the ribbon graph associated to state σ by Gσ. For more details we refer the reader
to [5]. Of particular interest for us will be the ribbon graphs GA and GB coming
from the states with all-A splicings and all-B splicings.

B−resolutionA−resolution

Figure 1. From left to right: A– and B–resolutions of a crossing,
a link diagram, the ribbon graph GA and the surface SA. (Graphics
by Jessica S. Purcell.)

Definition 2.1. A spanning sub-graph H ⊂ G of a ribbon graph is obtained by
removing edges from G.

With this setting we recall the following spanning sub-graph expansion of the
Kauffman bracket proven by Dasbach, Futer, Kalfagianni, Lin and Stoltzfus [5].
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Theorem 2.2. [5] Let GA be the ribbon graph obtained from the all A-resolution
of a connected link diagram D(L). Then the Kauffman bracket of D is given by

〈D〉 =
∑

H⊂GA

Ae(GA)−2e(H)(−A2 − A−2)f(H)−1,

where H ⊂ GA ranges over all spanning sub-graphs of GA.

2.1. Semi-adequate links and ribbon graphs. Lickorish and Thistlethwaite
introduced the notion of A and B-adequate links and studied the properties of
their link polynomials [19, 18].

Definition 2.3. A link diagram D is called A–adequate if the ribbon graph GA

corresponding to the all–A state contains no 1–edge loops. Similarly, D is called
B–adequate if the all–B graph GB contains no 1–edge loops. A link is called semi-
adequate if it is A-adequate or B-adequate.

Definition 2.4. For a connected link diagram D and n > 1 let Dn denote the
diagram obtained from D by taking n parallel copies of D. Here the convention is
that D = D1. See Figure 2 for an example. Define

M(D) := e(GA) + 2v(GA)− 2, and m(D) := −e(GB)− 2v(GB) + 2.

Figure 2. A link diagram and its 2-parallel

With the notation of Definition 2.4, it is known that, for every diagram D, the
highest degree (resp. the lowest degree ) of 〈D〉 is bounded above by M(D) (resp.
m(D)). Moreover, if D is A-adequate (resp. B-adequate) then this bound is sharp.

For l ≥ 0, let aM−l(D
n) denote the l + 1-th coefficient 〈Dn〉, starting from the

maximum possible degree M(Dn). In this paper we are interested in the first two
coefficients aM(Dn) and aM−1(D

n). For A-adequate links we have aM(Dn) = ±1,
for all n > 0. On the other hand, Manchon [20] shows that all integers can be
realized as aM(D) for some link diagram. Thus for aM(D) 6= 0, 1,−1, Manchon’s
construction gives non A-adequate diagrams for which the upper bound on the
degree of the Kauffman bracket 〈D〉 is sharp. In contrast to this, we show the
following lemma which implies that the degree upper bound of 〈Dn〉 is sharp, for
some n > 1, if and only if D is A-adequate.
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Lemma 2.5. We have that aM(Dn) 6= 0, for some n > 1, if and only if D is A-
adequate. Equivalently, the diagram D is not A-adequate if and only if aM(Dn) = 0,
for all n > 1.

Proof. It is known that if D is A-adequate then aM(Dn) = ±1; hence one direction
of the lemma follows. We will show that if D is not A-adequate then aM(Dn) = 0,
for all n > 1. For n > 1 let GA

n denote the all-A ribbon graph corresponding to
Dn. By Theorem 2.2, the contribution of a spanning sub-graph H ⊂ GA

n to 〈Dn〉
is given by

(1) XH := Ae(GA
n)−2e(H)(−A2 − A−2)f(H)−1.

A typical monomial of XH is of the form Ae(GA
n)−2e(H)+2f(H)−2−4s, for 0 ≤ s ≤

f(H)− 1. For a monomial to contribute to aM(D) we must have

e(GA
n)− 2e(H) + 2f(H)− 2− 4s = e(GA

n) + 2v(GA
n)− 2,

or equivalently f(H) = v(GA
n) + e(H) + 2s. Now we have

2g(H) = 2k(H)− v(GA
n) + e(H)− f(H)

= 2k(H)− 2v(GA
n)− 2s,

or g(H) = k(H) − v(GA
n) − s ≥ 0. But since v(GA

n) ≥ k(H) (every component
must have a vertex) and s ≥ 0 we conclude that for a monomial of XH to contribute
to aM(D) we must have s = g(H) = 0 and v(GA

n) = k(H). Since f(H) = v(GA
n)+

e(H), the contribution of H to aM(D) is

(2) (−1)f(H)−1 = (−1)v(GA
n)+e(H)−1.

Figure 3. An example of ribbon graphs GA and GA
2.

Since D is not A-adequate, GA must contain some loop edges. Thus Dn also
contains loop edges. Note that a sub-graphs of GA all of whose edges are loops
may have positive genus. Nevertheless for n > 1 every sub-graph of GA

n with only
loop edges, must have genus zero as all the loop edges lie disjointly embedded on
the same side of the vertex they are attached to. See Figure 3 for an example:
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The graph GA in Figure 3 has genus one, since the two edges cannot be disjointly
embedded on one side of the vertex. On the other hand in the graph GA

2 all the
loop edges are embedded on one side of some loop; thus every subgraph with only
loop edges has genus zero. Thus, if we let Ln ⊂ GA

n denote the maximal spanning
sub-graph whose edges are all the loops of GA

n then the sub-graphs of GA
n that

contribute to aM(Dn) are in one to one correspondence with the sub-graphs of Ln.
Using equation 2, It follows that, for n > 1,

(3) aM(Dn) =
∑

H⊂Ln

(−1)e(H)+v(GA
n)−1 = (−1)v(GA

n)−1

e(Ln)∑
j=0

(
e(Ln)

j

)
(−1)j

 = 0.

�

Next we turn our attention to the second coefficient aM−1(D
n). We have the

following.

Lemma 2.6. Suppose that aM(D) 6= 0 and that D is not A-adequate. Then we
have aM−1(D

n) = 0, for all n > 2.

Proof. For n > 2 let GA
n denote the all-A ribbon graph corresponding to Dn.

As in [6], using Theorem 2.2, we see that a spanning sub-graph H ⊂ GA
n con-

tributes to the term aM−1(D
n) if and only if one of the following is true:

(1) v(H) = k(H) and g(H) = 1.
(2) v(H) = k(H) + 1 and g(H) = 0.
(3) v(H) = k(H) and g(H) = 0.

If v(H) = k(H) then all the edges of H are loops. Since n > 2, as in the proof
of Lemma 2.5, subgraphs with only loop edges have genus 0. Thus we cannot have
any H as in (1) above. Before we turn our attention to types (2) or (3) we need
the following:

Claim. Let H ⊂ GA
n be a spanning subgraph that contains edges only on two

vertices, say v, v′, and such that v(H) = k(H) + 1. Then, there is a spanning sub-
graph LH ⊂ GA

n all of whose edges are loops and none of the edges is attached to
the vertices v, v′. See Figure 4 for an example of sub-graphs H and LH.

Proof of Claim. Since D is not A-adequate, GA must contain some loop edges.
Thus Dn also contains loop edges. Since aM(D) 6= 0, GA contains a vertex, say v1,
that has loop edges attached to both sides; there are edges inside in v1 and some
loop edges outside of v1, otherwise aM(D) would be equal to 0 (compare left picture
of Figure 3). In GA

n, v1 will correspond to n state circles (resp. vertices) and two
of those state circles will have loops on them: one set of loops, originally coming
from inside of the state circle corresponding to v1 in D, will be on the innermost
state circle, while the loops coming from outside of v1 will be on the outermost
state circle (compare right picture of Figure 3). We will denote the two vertices
corresponding to these state circles by vI and vO, respectively. Since n > 2, in GA

n

we have at least one vertex v 6= vI , vO that also comes from cabling v1. Moreover,
there are no edges of GA

n with one end point on vI and the second on vO.
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Let H ⊂ GA
n be a spanning subgraph that contains edges only between two

vertices, say v, v′. By our discussion above, at least one of vI and vO, say vI , is
different from v, v′, and the claim follows.

Figure 4. An example a ribbon graphs GA
3: The edges of a span-

ning sub-graph H with v(H) = k(H) + 1 are drawn thicker. The
edges of the corresponding sub-graph LH are shown in red.

Now we show that the contribution of all sub-graphs satisfying (2) above to
aM−1(D

n) vanishes: The condition v(H) = k(H) + 1 means that there are exactly
two vertices in H with edges in H joining them. Consider the set H of sub-graphs
of GA

n with edges on exactly two vertices, where we must have edges joining these
two vertices, and possibly loops on one of the vertices. Given H ∈ H, let LH ⊂ GA

n

denote the maximal (i. e. the one with the most edges) sub-graph obtained from
the claim above. That is, all the edges of LH are loops that are attached to vertices
disjoint from the two vertices containing the edges of H. Hence adding any subset
of edges of LH to H also produces a subgraph of type (2) above. Moreover, all
the sub-graphs of type (2) are obtained from an element of H in this fashion. The
contribution of all type (2) subgraphs to aM−1(D

n) is

∑
H∈H

e(LH)∑
j=0

(
e(LH)

j

)
(−1)f(H)+j

 =
∑
H∈H

(−1)f(H)
(
(1 + (−1))e(LH)

)
= 0.

We now show that the contribution of type (3) sub-graphs to aM−1(D
n) is also

zero. As in the proof of Lemma 2.5, let Ln ⊂ GA
n denote the maximal spanning

sub-graph whose edges are all the loops of GA
n. The subgraphs of type (3) are in

one to one correspondence with the sub-graphs of Ln. The contribution of these
graphs is

(4) (−1)v(GA
n)−1

∑
H⊂GA

e(H)(−1)e(H),

where H ranges over all sub-graphs of GA
n. We have
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∑
H⊂GA

e(H)(−1)e(H) =

e(Ln)∑
j=0

(e(Ln)− j)
(
e(Ln)

j

)
(−1)e(Ln)−j

= e(Ln)

e(Ln)∑
j=0

(
e(Ln)

j

)
(−1)e(Ln)−j −

e(Ln)∑
j=1

j

(
e(Ln)

j

)
(−1)e(Ln)−j

= (−1)e(Ln)

e(Ln)

e(Ln)∑
j=0

(
e(Ln)

j

)
(−1)j +

e(Ln)∑
j=1

j

(
e(Ln)

j

)
(−1)j−1


= (−1)e(Ln) (e(Ln)f(−1) + f ′(−1)) = 0,

where f(x) := (1 + x)e(Ln) and f ′(x) = e(Ln)(1 + x)e(Ln)−1, the first derivative of
f(x). Thus the quantity in equation 4 is zero as desired.

�

3. Colored Jones polynomial relations

A good reference for the following discussion is Lickorish’s book [18]. The colored
Jones polynomials of a link K have a convenient expression in terms of Chebyshev
polynomials. For n ≥ 0, the polynomial Sn(x) is defined recursively as follows:

(5) Sn+1(x) = xSn(x)− Sn−1(x), S1(x) = x, S0(x) = 1.

Let D be a diagram of a link K. Recall that for an integer m > 0, Dm denotes
the diagram obtained from D by taking m parallel copies of K. This is the m–
cable of D using the blackboard framing; if m = 1 then D1 = D. Recall that 〈Dm〉
denotes the Kauffman bracket of Dm. Let c+ = c+(D) and c− = c−(D) denote the
number of positive and negative crossings of D and let w = w(D) = c+− c− denote
the writhe of D. Then we may define the function

(6) GD(n+ 1, A) :=
(

(−1)nAn
2+2n

)−w
(−1)n−1〈Sn(D)〉,

where Sn(D) is a linear combination of blackboard cabling of D, obtained via equa-
tion (5) and the bracket is extended linearly. For the results below, the important
corollary of the recursive formula for Sn(x) is that

(7) Sn(D) = Dn + (1− n)Dn−2 + lower degree cablings of D.

The reduced (n + 1)–colored Jones polynomial of K, denoted by JK(n + 1, q),

is obtained from
(

A4−A−4

A2n−A−2n

)
G(n + 1, A) by substituting q := A−4. The ordinary

Jones polynomial corresponds to n = 1.
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3.1. Bounds on the degree of colored Jones polynomials. Given a link di-
agram D(L), let vA(D) denote the number of components resulting from D by
applying the all-A Kauffman state. For n ∈ N let

hn(D) := 2c−(D)n2 + 2 (vA(D)− w(D))n− 2.

Let d(n) denote the maximum degree in A of GD(n+ 1, A) . It is know that, for
every n > 0, d(n) ≤ hn(D) and that if D is a A-adequate diagram then

(8) d(n) = hn(D) = 2c−(D)n2 + 2 (vA(D)− w(D))n− 2,

and the coefficient of this leading terms is known to be ±1. For n = 1 the equation
8 is not enough to characterize A-adequate diagrams: Manchon [20] shows that
all non-zero integers can be realized as leading coefficients of Jones polynomials of
knots with diagrams satisfying equation 8. Links realizing integers aM 6= −1, 1 will
necessarily be non A-adequate. It follows that there exist infinitely many links L
that admit diagrams D with d(1) = h1(D) but D or L is non-adequate. In contrast
to this, in this paper we have:

Theorem 3.1. Let D be a diagram of a link K and let hn(D), d(n) and GD(n+1, A)
be as above. Then, D is A-adequate if and only if we have d(n) = hn(D), for some
n ≥ 2.

Proof. By equations 6 and 7 the coefficient of Ahn(D) in GD(n+ 1, A) is the same,
in absolute value, as aM(Dn). Thus, the theorem follows immediately by Lemma
2.5. �

Remark 3.2. Theorem 3.1 should be compared with the main results of [22] where
Thistlethwaite shows that part of the 2-variable Kauffman polynomial where the
total degree is the number of crossings in a link diagram, is non-zero if and only if
the diagram is A-adequate.

The proof of Theorem 3.1 reveals the following:

Corollary 3.3. Let D be a diagram of a link K and let hn(D), d(n) and GD(n +
1, A) be as above. Then, D is A-adequate if and only if we have d(2) = h2(D).
Hence we have d(n) = hn(D), for every n ≥ 2, if and only if d(2) = h2(D).

3.2. Stable invariants. On the set of oriented link diagrams consider the com-
plexity

(c−(D), c(D), vA(D)− w(D)) ,

ordered lexicographically. For a link K define D(K) to be the set of diagrams
representing K and minimize this complexity. More specifically, we define D(K)
as follows: First consider the set of all diagrams of K that minimize the number
of negative crossings c−; call this minimum number c−(K). Then, within this set
restrict to the subset say XK of diagrams that have minimum crossing number: that
is D ∈ XK if and only if c(D) ≤ c(D′), for all diagrams of K with c−(D) = c−(K).
Since there are only finitely many diagrams of bounded crossing number, given a
link K, the set XK is finite. Thus we may define
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D(K) := {D ∈ XK | vA(D)− w(D) ≤ vA(D′)− w(D′), for all D′ ∈ XK}.

Lemma 3.4. Suppose that for a link K, there is D ∈ D(K) that is A-adequate.
Then, all the diagrams in D(K) are A-adequate.

Proof. Suppose that D ∈ D(K) is A-adequate and let D′ be another diagram in
D ∈ D(K). Since D,D′ ∈ D(K), we have c−(D) = c−(D′) and vA(D) − w(D) =
vA(D′) − w(D′). Thus hn(D) = hn(D′). Since D is A-adequate, we have d(n) =
hn(D) = hn(D′), for all n > 0. Thus, by Theorem 3.1, D′ is A-adequate. �

Definition 3.5. Given a link K and a link diagram D ∈ D(K) we define T(D,n)(q)
as follows: For n > 2, define

(9) α(D,n) := |aM(D)aM(Dn)| and β(D,n) := |aM(D)aM−1(D
n)|.

Now let T(D,n)(q) := α(D,n) + β(D,n)q.

Now we will show that the quantities defined in equation 9 are in fact independent
of n and of the diagram D.

Corollary 3.6. The quantities, α(D,n) and β(D,n) defined above are independent
of the diagram D ∈ D(K) and of n. Thus they are invariants of K denoted by αK
and βK.

Proof. Suppose that K is not A-adequate and let D ∈ D(K). Then by Theorem
3.1 we have aM(Dn) = 0 for every n > 1 and every D ∈ D(K). Thus by equation 9
we have α(D,n) = 0. If aM(D) = 0, then equation 9 implies β(D,n) = 0. Suppose
aM(D) 6= 0. Then by Lemma 3.2, aM−1(D

n) = 0, thus β(D,n) = 0. Thus, in this
case, the definition α(D,n) = β(D,n) = 0, for every n > 1 and D ∈ D(K).

Suppose now that K is A-adequate. By Lemma 3.2, for every D ∈ D(K), D is an
A-adequate diagram. Then, by [18] we have α(D,n) = 1, for all n > 0. Similarly
β(D,n) is the absolute value of the penultimate coefficient of JK(n+ 1, q) and thus
an invariant of K. By [7], β(D,n) is also independent of n. �

Define the linear polynomial in q, TK(q) := αK + βKq. This is an invariant
of K that detects exactly when K is A-adequate. More specifically we have the
following:

Corollary 3.7. TK(q) 6= 0 if and only K is A-adequate. Furthermore, if TK(q) = 1,
then K is fibered.

Proof. As already mentioned in the proof of Corollary 3.6, if K is not A-adequate,
then TK(q) = 0. On the other hand, if K is A-adequate then we know that αK = 1
and thus TK(q) 6= 0.

Suppose now that TK(q) = 1. Then, in particular, βK = 0. By Corollary 9.16,
of [10], K has to be fibered. �
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3.3. Stabilization properties of Jones polynomials. The coefficients of the
colored Jones polynomials of A-adequate links have stabilization properties that
have been studied by several authors in the recent years [7, 1, 13]. Dasbach and
Lin observed that the last three coefficients of JK(n + 1, q) stabilize. Armond [1]
and Garoufalidis and Le [13] generalized this phenomenon to show the following:
For every i > 0 the i-th to last coefficient of JK(n+1, q), stabilizes for i ≥ n. These
coefficients can be put together to form the tail of the colored Jones polynomial.
In the case of A-adequate links the invariants βK , αK defined above, are the last
couple of stable coefficients. In fact, Garoufalidis and Le have studied the “higher
order” stability properties of the colored Jones polynomials and they showed that
the stable coefficients of the polynomials JK(n + 1, q) give rise to infinitely many
q-series with interesting number theoretic and physics connections. On the other
hand, the work of Futer, Kalfagianni and Purcell [8, 9, 10, 12, 11] showed that
certain stable coefficients of JK(n+ 1, q) encode information about incompressible
surfaces in knot complements and their geometric types and have direct connections
to hyperbolic geometry. See also discussion below. Rozansky [17] showed that
the stability behavior also appears in the categorifications of the colored Jones
polynomials [17].

The structure of the colored Jones polynomials of non-semi-adequate links and
its geometric content are much less understood. In a forthcoming paper [16], C.
Lee generalizes Theorem 3.1 to show the following: If D is not A-adequate, then,
we have d(n) ≤ hn(D)− (n− 1), for every n ≥ 2. This implies that the first n− 1
coefficients of GD(n + 1, A), starting from the one for degree hn(D), are zero, for
every n ≥ 2. Given a link K and a link diagram D ∈ D(K) one can define a power
series J0 = J0(D) as follows: Define β1 = β1(D) to be the coefficient of Ah2(D) in
GD(3, A). For i > 1, define βi = βi(D) to be the coefficient of Ahi+1(D)−4(i−1). Now
let

J0
K(q) =

∞∑
i=1

βiq
i−1.

Lee shows that J0
K(q) 6= 0, if and only if K is A-adequate. This shows that the

coefficients of JK(n+1, q), at the level where the tail of semi-adequate links occurs,
also stabilize but the corresponding tail is trivial. This was conjectured by Rozansky
in [17] where he also conjectures that this behavior should persist in the setting of
categorification (Conjecture 2.13 of [17]).

3.4. Detecting incompressible surfaces and their geometric types. For ev-
ery D ∈ D(K) we obtain a surface SA, as follows. Each state circle of vA(D)
bounds a disk in S3. This collection of disks can be disjointly embedded in the
ball below the projection plane. At each crossing of D, we connect the pair of
neighboring disks by a half-twisted band to construct a surface SA ⊂ S3 whose
boundary is K. See Figure 1 for an example. By the work of the first author with
Futer and Purcell [10, 12], the invariant TK(q) detects the geometric types of the
surface SA(D) and contains a lot of information about the geometric structures of
of the complements S3\\SA(D) and S3rK. For example, combining Corollary 3.7
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with results of [10, 12] we have the following; for terminology and more details the
reader is referred to the original references.

Corollary 3.8. The invariant TK(q) has the following properties:

(1) For every D ∈ D(K), the surface SA(D) is essential (i.e. π1-injective) in
S3rK if and only if TK(q) 6= 0.

(2) For every D ∈ D(K), the surface SA(D) is a fiber in the complement SrK
if and only if TK(q) = 1.

(3) Suppose that K is hyperbolic. Then, for every D ∈ D(K), the surface SA(D)
quasifuschian S3rK if and only if TK(q) 6= 0, 1.

Proof. By Theorem 3.19 of [10] SA(D) is essential precisely when D is A-adequate.
Thus part (1) follows from Corollary 3.7. For part (2), first note that if TK(q) =
1 then, by Theorem 3.1, K is A-adequate. Thus, βK is, in absolute value, the
penultimate stable coefficient of the colored Jones polynomial in the sense of [7].
Now by [10], βK = 0 if and only if SA(D) is a fiber in the complement SrK .
Finally for (3) we note that TK(q) 6= 0, then again by Theorem 3.1, if and only if
K is A-adequate. Now TK(q) 6= 1, if and only βK 6= 0. Then, by Theorem 1.4 of
[12] βK 6= 0 if and only if the surface SA(D) is quasifuchsian for every A-adequate
diagram D. �
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