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1. Introduction

In [15,16], certain quasisymmetric functions, called “Eulerian quasisymmetric functions” are intro-
duced and shown to be in fact symmetric functions. These symmetric functions have been useful in
the study of the joint distribution of two permutation statistics, major index and excedance number.
There are various versions of the Eulerian quasisymmetric functions. They are defined by first asso-
ciating a fundamental quasisymmetric function with each permutation in the symmetric group S,
and then summing these fundamental quasisymmetric functions over permutations in certain subsets
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of S,. To obtain the most refined versions, the cycle-type Eulerian quasisymmetric functions Q; j,
one sums the fundamental quasisymmetric functions associated with the permutations having exactly
j excedances and cycle type A. By summing over all the permutations in S, having j excedances
and k fixed points, one obtains the less refined version Qj_ j. The precise definition of the Eulerian
quasisymmetric functions and other key terms can be found in Section 2.

Shareshian and Wachs [15,16] derive a formula for the generating function of Q; ;i which spe-
cializes to a (g, r)-analog of a classical formula for the exponential generating function of the Eulerian
polynomials. The (g, r)-analogue of the classical formula is given by

i " 1 —tq)exp,(rz
1+ > AP (gt = 1 —f9expg2) (1)
=1 [nlg!  exp,(ztq) — tqexpy(2)
where
Alrlnaj,exc,ﬁx(q’ t,r) = Z qmaj((r)texc(o)rﬁx((r)’
o€Sy
and

Zn
@)= 2 g

n=0

The cycle-type Eulerian quasisymmetric functions Q; ; remain somewhat mysterious, and one
might expect that better understanding of them will lead to further results on permutation statistics.
In this paper, we provide evidence that this expectation is reasonable. With Theorem 4.1, we prove a
conjecture from [16], describing the expansion of Q; j, for A = (n), in terms of the power sum basis
for the space of symmetric functions. Combining Theorem 4.1 with a technique of Désarménien [4],
we are able to evaluate, at all nth roots of unity, the cycle-type q-Eulerian numbers

0@ = ) qnITTe, (2)

O€ESy,j

where S, j is the set of all o € S, having exactly j excedances and cycle type A. This and an analysis
of the excedance statistic on the centralizers Cs,(t) of certain permutations T € S; enable us to
establish the relationship between the polynomials a; j(q) and the cyclic sieving phenomenon of
Reiner, Stanton and White [11] given in Theorem 1.2 below.

Notation 1.1. For a positive integer d, wy will denote throughout this paper an arbitrary complex
primitive dth root of 1.

Theorem 1.2. Let y, = (1,2,...,n) € S;; and let G, = (yn) < Sp. Then for all partitions A of n and j €
{0,1,...,n— 1}, the group G, acts on S, ; by conjugation and the triple (Gy, Sy, j, a,j(q)) exhibits the cyclic
sieving phenomenon. In other words, if T € G, has order d then

a;., j(wg) = |Cs, (1) N Sy j|. (3)

For A a partition of n, let S, be the set of all o € S, of cycle type A and define the cycle type
Eulerian polynomial associated with A as

A;Ilaj,exc(q, t) = Z qmaj(a)texc(a)_

o€eS)
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Then (3) can be rewritten as

A;naj,eXC(wd’ ta)d—l) — Z texc(a), (4)
0€Cs, (T)NSy,

which is clearly a refinement of

A;naj,exc,ﬁ)((wd, ta)d_l ’ S) — Z texc(o)sﬁx(a). (5)

0€Csy(T)

Theorem 6.1 below says that both sides of (5) are, in fact, equal to

d
- tld—1 n
ATaJ*eXC’ﬁX(l,t, M) [d)¢, (6)

d

[d]
which by setting s =1 yields
ARY T (wa, tog ') = An (0[]

for all divisors d of n. For cycle-type Eulerian polynomials and all divisors d of n, we obtain in Theo-
rem 6.3 the similar looking results,

Ay ™ (wa, tog") = (tAr 1 O [d]{) 4, (7)
and
A?ﬂf)xc(wd’ twg ') = tAs ©[dl{, (8)

where (f(t))q is defined in (18) for each polynomial f(t) and positive integer d.

The paper is organized as follows. In Section 2, we review definitions of various terms such as
cyclic sieving and Eulerian quasisymmetric functions. We also present some preliminary results on Eu-
lerian quasisymmetric functions from [16]. In Section 3 we describe a technique that uses symmetric
function theory to evaluate certain polynomials at roots of unity based on work of Désarménien [4].
Theorem 4.1 mentioned above is proved in Section 4 by means of results of [16] which enable one
to express the cycle-type Eulerian quasisymmetric functions in terms of the less refined version of
Eulerian quasisymmetric functions. The proof of Theorem 1.2 appears in Section 5. In Section 6, we
prove that both sides of (5) are equal to (6), that (7) and (8) hold, and that another triple exhibits the
cyclic sieving phenomenon, namely (Gp, Sp,j, Gn+1),j+1(q)), where S, j is the set of all permutations
in S, with j excedances.

2. Definitions, known facts and preliminary results
2.1. Cyclic sieving
Let G be a finite cyclic group acting on a set X, and let f(q) be a polynomial in g with nonnegative

integer coefficients. For g € G, let Fix(g) be the set of fixed points of g in X. The triple (G, X, f(q))
exhibits the cyclic sieving phenomenon of Reiner, Stanton and White [11] if for each g € G we have

f(wig) = [Fix(g)], (9)

where |g| is the order of g.
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Remark 2.1. Since all elements of order d in a cyclic group G generate the same subgroup, they have
the same set of fixed points in any action. Thus our formulation of the cyclic sieving phenomenon is
equivalent to the definition given in [11].

Note that if (G, X, f(q)) exhibits the cyclic sieving phenomenon then f(1) = |X], and interesting

examples arise where f(q) is the generating function for some natural statistic on X, that is, there
exists some useful function s: X — N such that

fa@=> ¢%.

xeX

See [11] and [6] for many examples. Recent work on this subject appears in [10,5,1,2,12,8,9].
2.2. Permutation statistics

Recall that for a permutation o € Sy acting from the right on [n] :={1, ..., n}, the excedance set of
o is

Exc(o) :={ie[n—1]: ioc > i}

and the descent set of o is

Des(0):={ie[n—1]: ioc > (i+ 1)o}.

The major index of o is

maj(o) := Z i,

ieDes(o0)

and the excedance and descent statistics of o are, respectively,

exc(o) = [Exc(0)],

and

des(0) := |Des(o)|.
Let Fix(o) denote the set of fixed points of o, that is
Fix(o) := {i € [n]: io =1}
and let
fix(o) := [Fix(0)|.

The excedance and descent statistics are equidistributed, and for positive integer n, the nth Eulerian
polynomial A,(t) can be defined as

Z texc(a) — An(t) — Z tdes(o)_

o€S, o€S,
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For convenience we set
|
Ag(t) =t~

The Eulerian polynomial is also the generating polynomial for the ascent statistic on S,, asc(o) :=
Hien—1]: ioc < (i+1)o}.
For permutation statistics sq, ..., Sy and a positive integer n, define the polynomial

ARt = Y OO gk ),

k
o€Sy

2.3. Partitions and symmetric functions

We use standard notation for partitions and symmetric functions. References for basic facts are [7,
18,13]. In particular, p, and h; will denote, respectively, the power sum and complete homogeneous
symmetric functions associated to a partition A. We use [(1) to denote the number of (nonzero) parts
of A and m;(1) to denote the number of parts of A equal to j. We write Par(n) for the set of all
partitions of n. For A € Par(n), define the number

n
2z = [i™Pm;00n.
j=1

We use two standard methods to describe a partition A € Par(n). The first is to write A =
(A, ..., M), listing the (nonzero) parts of A so that A; > A1 for all i. The second is to write
A =1m®)  pm® ysually suppressing those symbols ™™ such that m;(A) = 0 and writing i’
as simply i. In particular, if n = dk then d* represents the partition with k parts of size d and
no other parts. If A = (Aq1,...,Ax) € Par(n) and q € Q with gA; € P for all i € [k], we write gA for
qMr1, ..., q ) € Par(gn).

For each o € S, let A(0) denote the cycle type of o. Given A € Par(n), we write S, for the set
of all o € Sy having cycle type A. As in (2), we write S, ; for the set of those o € S, satisfying
exc(o) =].

For symmetric functions f, g with coefficients in Q[t], f[g] will denote the plethysm of g by f.
The same notation will be used for plethysm of symmetric power series with no bound on their
degree. One such power series is H:=} - hs. If we set

d
L= 32 D tog(1 +pa)

d>1

pn(d) — (=11,
=) ) P
a1 i>1

where j is the classical Mobius function, then H and L are plethystic inverses, that is,

L[HIf1] =H[LIf1] = f (10)
for all symmetric power series f. (This is due to Cadogan, see [3] or [18, Exercise 7.88e].) Note also

that for any power series h(t, x1, X2, ...) with coefficients in Q that is symmetric in x1, X3, ... and any
d € P, we have

palh]l =h(t?, x4, %3, ...). (11)

We shall use without further mention the facts (f + g)[h] = f[h]+ g[h] and (fg)[h]= f[hlg[h].
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2.4. q-Analogues

We use the standard notation for polynomial analogues of positive integers, that is, for a positive
integer n and a variable q, we define

n-1 1—q
g = ¢’ = =g

j=0

and
[nlg!:=[nlg[n —1]g---[1]q.

Also define

[Olg!:=1.
It is well known that for any sequence (ki,...,k») of nonnegative integers whose sum is n, the

g-multinomial coefficient

|: n :| L [n]q!
ki,...,km q'_ [kilg! - - [km]q!

is always a polynomial in N[q]. The following g-analogue of the multinomial version of the Pascal
recurrence relation is also well known (see [17, (17b)]):

m
n _ kit1+-+km n—1
[kl,...,km} =24 [kl,...,k,-—l,...,km ’ (12)
q i=1 q
where (kq,...,ky) is a sequence of positive integers whose sum is n. We will need the following

elementary fact, which also plays a role in the work of Reiner, Stanton and White [11].

Proposition 2.2. (See [11, Eq. (4.5)].) Let (k1, ..., km) be a sequence of nonnegative integers whose sum is n.

Ifd|n then
[ i ]
k],‘..,km q

2.5. The Eulerian quasisymmetric functions

_ (k_] akﬂ> ifdlk; Vi € [m],

q=wq 0

otherwise.

Given a permutation o € S;, we write o in one line notation,
O =01...0p,
where o; =io. Set
[A]:={i: i e [n]},

and let w(o) be the word in the alphabet A := [n] U [n1] obtained from o by replacing o; with &;
whenever i € Exc(o). Order A by
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l<---<n<l<---<n,

and for any word w := w1y ... w, from A, set

Des(w) :={ie[n—1]: w; > wis1}.

Now, for o € S;, define

Dex(0) := Des(w(0)).

For example, if 0 = 641532 then w(o) = 641532 and Dex(o) = {1, 3, 5.

Recall now that a quasisymmetric function is a power series (with rational coefficients) f of
bounded degree in variables x1, x, ... such that if j; <--- < jrand l; <--- <, then for all a4, ..., a
the coefficients in f of ]_[i-‘:1 x‘;: and ]_[f:1 xﬁ" are equal. The usual addition, multiplication and scalar
multiplication make the set Q of quasisymmetric functions a QQ-algebra that strictly contains the
algebra of symmetric functions. For ne€ P and S C [n — 1], set

n
Mongs := ijl.: jiz jiprforie[n—1]and j; > ji;1ifie S,
i=1

and define the fundamental quasisymmetric function associated with S to be

Fs = Z xe 0.

xeMong

Recall from above that we have defined S; ; to be the set of all permutations of cycle type A with j
excedances. The Eulerian quasisymmetric function associated to the pair (X, j) is

Q)L,j = Z Fpex(o) € Q.

OESyj

The Eulerian quasisymmetric functions were introduced in [16] as a tool for studying the (maj, exc)
g-analogue of the Eulerian polynomials. The connection between the Eulerian quasisymmetric func-
tions and the g-Eulerian numbers is given in the following proposition. The stable principal specializa-
tion ps is a homomorphism from the algebra of quasisymmetric functions Q to the algebra of formal
power series Q[[q]] defined by ps(x;) =q'~ .

Proposition 2.3. (See [16, Eq. (2.13)].)? For all partitions A of n and j € {0,1,...,n — 1}, let a,,j(q) be as
in (2). Then

a,j(q)

S )

3 Eq. (213) in [16] has an extra factor of g/ because a;,j(q) is defined there to be the maj enumerator of S, ; rather than
the maj-exc enumerator.
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In [16], it is also shown that in fact Q, ; is always a symmetric function. If one knows Q,j
for all n, j, then a fairly compact explicit formula for each Q, j can be obtained from Corollary 6.1
of [16], which says that for any A € Par(n),

n—1 n i—1
> 0= T T | 1)
j=0 i=1 1=0

As noted in [16], if we set

Qn,j = Z QA,j

rePar(n)

forn>1, and

Qo,0=0Q),0=1,

Eq. (13) implies

Z Qn,jtj :Zhn[ Z Q(i),jtj] ZH[ Z Q(i),jtji|a

n,j=0 n=0 i,j20 i,j20

which by (10) is equivalent to

Z Q(n),jtj =L|: Z Qi’jl’j]. (14)

n,j=0 i,j20

Proposition 6.6 of [16] gives an explicit formula for Qj ; in terms of the power sum symmetric func-
tion basis,

n—1 [(v)
Z Qu,jt! = Z z," Ay () H[Vi]tpv- (15)
j=0 i=1

vePar(n)

By combining (13), (14) and (15) we obtain a formula for each Q;,_j, which will be used in Section 4
to prove a conjecture from [16] giving the expansion of Q) ; in the power sum basis.

3. A symmetric function technique

We describe here a general technique for evaluating polynomials at roots of unity based on a
technique of Désarménien [4]. This technique provides a key step in our proof of Theorem 1.2. One
can also prove Theorem 1.1 using Springer’s theory of regular elements in place of the technique we
give here. A description of the relevance of Springer’s work to the cyclic sieving phenomenon appears
in [11].

Given a homogeneous symmetric function F of degree n and a partition v of n, let XUF be the
coefficient of z;lpv in the expansion of F in terms of the basis {z;lpv: v € Par(n)} for the space of
homogeneous symmetric functions of degree n. That is, XUF is uniquely determined by

F= Z lezljlpv-

vePar(n)
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Although we will not make use of this, we note that if F is the Frobenius characteristic of a class
function of S, then [ is the value of the class function on permutations of cycle type v. Recall that
ps denotes the stable principal specialization defined in Section 2.5.

The following result is implicit in [4].

Proposition 3.1. Suppose f(q) € Q[q] and there exists a homogeneous symmetric function F of degree n with
coefficients in Q such that

n
f@=[](1-q)psk.
i=1
Then for all d, k € P such that n € {dk, dk + 1},
flwa) = x,
where v = d¥ or v = 1d¥.
Proof. By expanding F in the power sum basis for the symmetric functions, we have,

F@o=]]0—-d) > xiz:' pstew)
i=1

pePar(n)

Z XF —1 1_[1 1(1_q) (-16)

nin ()
ePar(n) 1_[ (1 CI’u’)

It is shown in [4, Proposition 7.2] that for all u € Par(n),

[T, —gH

T =
n(q) l'['(‘” (1 — g

is a polynomial in g whose value at wy is given by

; k k
T. (W) = Z’u lfM:d Orl/(/:ld, 17
u(@d) { 0 otherwise. (17)

We include a proof for the sake of completeness. Since

I(w) pi—=1

_ n i
T,L(q)—{m’___’m(m] ]_[1:[(1 '),

we see that T, (q) is a polynomial and that if T, (wq) # 0 then w; <d for all i. Hence, in the case
that n = dk, it follows from Proposition 2.2 that T, (wq) # 0 only if u; =d for all i. By Proposition 2.2,

d—1 k
Tge(wq) =K! ( [10- a)g,)> = kid*.
j=1
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Similarly, in the case that n =dk + 1, we use (12) and Proposition 2.2 to show that T, (wy) equals
kid® if = 1d* and is 0 otherwise. Hence, in either case, (17) holds. Now by plugging (17) into (16)
we obtain the desired result. O

We will use Propostion 3.1 to evaluate the cycle-type Eulerian numbers a, j(q) at all the mth
roots of unity, where m € {n — 1,n}. We see from Proposition 2.3 that we already have the required
symmetric function, namely Q; ;. We thus obtain the first step in our proof of Theorem 1.2.

Proposition 3.2. Let A € Par(n) and let d, k € IP. If dk = n then

Q i
a)\,]'(a)d) = Xdk/\ ! ’
and if dk =n — 1 then

Qa.j
a)»,j(a)d) = X]dk ! .

In [16] a formula for the coefficients XS(”)’j is conjectured. This formula turns out to be just what

we need to prove Theorem 1.2. In the next section we present the conjecture and its proof.

Remark 3.3. In [16] it is conjectured that Q; ; is the Frobenius characteristic of some representation
of Sy. A proof of this conjecture was recently obtained in [14]. By Proposition 3.2 and Theorem 1.2,
the restriction of the representation in question to G, is isomorphic to the permutation representation
for the action of G, on S, ;.

4. The expansion of Q (), j

In this section we present a key result of our paper (Theorem 4.1), which was conjectured in [16].
For a power series f(t) = Zj>0 a;jt/ and an integer k, let f(t); be the power series obtained from

f(t) by erasing all terms ajtf such that gcd(j, k) #1, so

for=>_ ajt. (18)

gcd(j,k)=1

For example, if f(t) =t + 3t2 —5t3 + 7t* then f(t), =t — 5¢3.
For a partition v = (v, ..., V), set

Theorem 4.1. (See [16], Conjecture 6.5.) For v = (v, ..., V) € Par(n), set
k
Gu(t) == (tAk_l(o H[vi]t) :
i=1 gv)
Then

n—1
ZQm),jf]: Z z," Gy (0)py. (19)
j=0

vePar(n)
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Theorem 4.1 can be restated as follows. Since Q) j is a homogeneous symmetric function of de-
gree n, it can be expanded in the basis {z;lpk: A € Par(n)}. Thus, the theorem says that the expansion
coefficient of z;lpv is 0 if gcd(j, g(v)) # 1, while if gcd(j, g(v)) =1 then the expansion coefficient
equals the coefficient of t/ in tAjy—1(t) ]_[g.(:”%[vi]t.

In order to prove Theorem 4.1 we need two lemmas. As above, we write u for the classical Mébius
function on P, and recall that

1, n=1,
;M(d) o {0, otherwise. (20)
n

Lemma 4.2. For a partition v = (v1, ..., v}), we have
l ;i
Gy(t) = d)d1t4A_ (¢ 2. 21
WO =Y ud ”()Hatd (21)
dlg(v) i=1

Proof. It is known (and follows, for example, from [17, Theorem 4.5.14]) that for any positive integer
k we have

tAc_1(t
(1k—1t()k) Zlk 't (22)

It follows directly from the definition of f(t)q that for any power series g,h and any d € P we
have

(g(®h(t?)), = g®)gh(t?). (23)

We see now that

i=1

G (f)—<fA1 1<t>]_[ tl)
gWw)

|
N
g‘h-
N
-
.
N—
—~
[S—
|
-
=
N—

Jj: ged(g(v), j)=1 i=1

the third equality above following from (22) and (23).
Now

Do u@ Y @) =3 Y @

dlg(v) az0 j=0 dlged(j,g(v))

_ Z =16

Jj:ged(j,g(v))=1
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the second equality following from (20). We see now that

l
Gu(t) =( > u(d)Z(ad)’—lt“d) [10—¢")

d|g(v) a=0 i=1

t4A (¢
~( ¥ naa T 0 -

dig(v) i=1

1—¢v
Z /,L(d)dl 1tdAl_ (td)l_lm,

dig(v) i=1
the second equality following from (22). O

Lemma 4.3. We have

Zk Zl
1+3° A(D) ;= exp(ZtAl_1(t)ﬁ).

k>1 >1

547

(24)

Proof. We apply the exponential formula (see [18, Corollary 5.1.6]) to the Eulerian polynomials. For
any permutation ¢ in S, let w (o) be the partition of the set [n] whose blocks are the supports of
the cycles in the cycle decomposition of o. Let IT, be the set of all partitions of the set [n]. For any

partition 7t in IT, set

Ar(t) := Z £eXC(@)

o€eSy
w(o)=m
Then
An(t)= ) Az (D),
welly
and
k k
Ax)=]TAmy®O=]]Aus)H®.
i=1 i=1
where m = {B1, ..., Bi}. It therefore follows from the exponential formula that
Zk Zl
14 A = exp(ZAm(t)H).
k>1 >1

To complete the proof we observe that

Ag () =tAi—1 (D).

(25)

Indeed, if | =1 then both sides of the equation are equal to 1. For I > 1 and o € S, write o in
cycle notation (x1, x2, ..., X;) with x; =1. Now let v(0) = x1...x_1, a permutation in S;_; in one line
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notation. The excedance set of o is the union of {x,_1} and {x;: i is an ascent of v(0)}. Since v is a
bijection from S, to S;_q, Eq. (25) holds. O

Proof of Theorem 4.1. We have

n—1 B i—1
3 Q=L zzw}

n>1 j=0 [ i>1j=0

=L Z > Z_lAk(f)l—[[Uh]tpvhi|

L k>1v: 1(v)=k

zz“;d)z(_li)_ [Z > Z_lAk(t)l_[[Vh]tpvhi|

d>1 i>1 k>1v: l(v)=k

d _1)i-1 k i
- Z Mc(i ) Z ( 11‘) (Z Z 2, A () H[Vh]tdpdvh>
h=1

d>1 i1 k>1v: l(v)=k

_ZM() <1+Z Z z, VA () H[Vh]tdpdvh>» (26)

d>1 k>1v: l(v)=k

the first equality following from (14), the second from (15), the third from the definition of L and the
fourth from (11).

For any k € P, let M, be the set of all sequences a = (ay, az, ...) of nonnegative integers such that
> r>10r =k. Then

v my(v)
) [r]eaPdr
Z zv1 H[Vh]tdpdvh = Z l_[r>l my(v)! 1_[( ti : )

v: l(v)=k h=1 v: l(v)=k
“i0 X (o TI("P)
T
k.aeMk ai,daz, ... o1 r
k
1 [r]¢aPdr
= _ . 27
k!(z r 27
rz=1

We see now that

k
ZZQ(H)]t —Z’u( o <1+2Ak(t )<Z[r]t;pdr) )

n>1j=0 d>1 k>1 ) r>1
k
-y (d) 3 t? A1 (t%) 3 [r]eaPar \"
B d k! r
d>1 k>1 r>1

_Z“(d)z R (%) ]_[[vl]tdpav,

d>1 k>1v: I(v)=k
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k
=33 n@d A (¢4) >z []vilepay

k>1d>1 v: l(v)=k i=1
_ _ Vi
Y Y At ¥ ouad a4 ]
k>1v: 1(v)=k dlg(v) i=1 e

=Y Y. %'mGO.

k>1v: I(v)=k

Indeed, first equality is obtained by combining (26) and (27), the second equality is obtained from
(24), the third follows from (27), the fourth and fifth are obtained by straightforward manipulations,
and the last follows from (21). O

5. The proof of Theorem 1.2

Qy,j

5.1. The expansion coefficients x p

To compute the expansion coefficients x d%“ , we will need to obtain results like Theorem 4.1

with the partition (n) replaced by an arbitrary partition A, but in such results we will only need
the coefficients of power sum symmetric functions of the form p, . q4). We begin with a definition

generalizing that of f(t)4. For a power series f(t) = Zj ajtf and positive integers b, c, let f(t)p . be
the power series obtained from f by erasing all terms a;t' such that gecd(i, b) # c, so

fObe= Y at'.

ged(i,b)=c

For example, if f(t) =1+ 2t + 3t% 4 4t3 + 5t then f(t)g» = 3t + 5t*. For any power series g, h, we
have

(8®h(t")), . = g©)p.ch(t"). (28)
We will use the following result.

Lemma 5.1. Let k, b, c € IP and assume that c|b. Then

(tA 1 OIDT), o =T (e Ak () b/ - (29)

Proof. We have

tAk-1(t) N
tAk-1(D[b), . = <7 1—t )
( k—1 t)b, 1— t)k ( ) bc

tAk-1(t) b k
((1 — )k )b,c(l ?)

—(-e)f Y

J: ged(j.by=c

—(1- Y ok

i: ged(i,b/c)=1
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— k-1 (1- tb)k Z jk=14ic

i: ged(i,b/c)=1

= k-1 (] — tb)k(M>
(1 _ tC)k b.c

_ k=1{(c ¢ w)
=cC (t Ar_1 (t )(1 — tc)k b
= TNt Ak () Ib/clie )

Indeed, the second and seventh equalities follow from (28), the third and sixth follow from (22), and
the rest are straightforward. O

We begin our computation of x d%“ by considering first the case where all parts of A have the

same size. For A, v € Par(n) and j€{0,1,...,n— 1}, set
Aj Q
Xv ™~ = Xv *
and
n 1
Ty = _— (30)
Y (v1, ...,vl(v)> ]_['}=1 m;(v)!

Theorem 5.2. Letn,r,m, d, k € P withn =rm = dk. Set

Par(m;d,r) :={p = (U1, ..., i) € Par(m): wild|ru; for alli € [I(w)]}.

Then
n-1 ()
gl
ZX(;( Jgi > ”5u1_[(”\g 1O, (31)
j=0 pePar(m;d,r) i=1

Proof. Note that (13) implies that

n—1 r—1
Z Qrm,jt] = hm|:z Q(r),jl']:|. (32)
=0 =0

Now

hm{ZQmﬂJ} > pu[z Q(r)ﬂ]}

pePar(m)
()
=Z¢W42#wﬂ
jLePar(m) i=1 vePar(r)

()

— Z z;f]_[( Z Z;1Gy (t") pW>.

pePar(m) i=1 “vePar(r)
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Indeed, the first equality follows from the well-known expansion (see any of [7,13,18]) of hy, in the
power sum basis, the second from Theorem 4.1 and the third from (11).

On the other hand, it follows from the definition of X,f J that

n—1
Somiti= Y Y al et
j=0

vePar(n) j=0

We see now equating the coefficients of p g on both sides of (32) yields

n—1 ()
rmsj j —1 i
> Xg 't =24 DR | KN Z( 4 ywifd G Ayrui/d (t99). (33)
j=0 juePar(m;d,r) i=1 Hi
Now for all u € Par(m; d, r), we have
l

1
deZ 1_[2 d rp.,/d 1 ;
Gar) I 1m](u)'l_[,(’ﬁ)u«, (i) (L yrmfd

B k! Hl(u) Ml(rm/d)—l
- I
[Ty my () T (!

i/d -1
—rgu [T 2
i=1

and
G( d )r/L i/d (t ) (tA(r;,L,/d) ](t)[d/ul][ﬂl/d)d/u {l' tHi
= (¢4 Ay a1 () 10/ i) g (35)

We now have

Iy

n—1
Yoxpld= > M]‘[ul" (649 A (640) 1/ 1)
j=0

puePar(m;d,r)

I(w)
S SR § (LI PICC
pePar(m;d,r) i=1

the first equality being obtained by substituting (34) and (35) into (33), and the second following
from Lemma 5.1. O

We use Theorem 5.2 to handle general A.
Theorem 5.3. Say A € Par(n) and n = kd.

1. Ifthere is some r € [n] such that d does not divide rm, () then Xdk =0forall0<j<n—1.
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2. Ifd divides rm,()) for all r € [n] then

n—1 n n rmy(A)—1 G
A j d rmri) ti
Z Xdk t! (1m1(/\) Zmz(k nmn(k)> l_[ Z Xdrmr(wd :
_]=0 ceey d r_
Proof. It follows directly from (13) that
n—1 n rmy(A)—1
St =[] D Qumw it (36)
j:O r=1 j=0
Expressing both sides of (36) in terms of the power sum basis, we get
n—1 n rmy(A)—1 G
-1 Aodgj -1 RN Y
POREMD I LT | D DN IED DS (A (37)
mePar(n) j=0 r=1vePar(rm,(1)) j=0

Equating coefficients of py in (37) we see that if d does not divide every rm;(X) then X;k’j =0 for
all j, while if d divides every rm; (1) then

n—-1 n rmy(A)—1 o

A _ -1 RV Y|
Zxdk U=z szrmr(k)/d Z X grmroyjat
i=0 r=1 i=0

n rmy(A)—1

dV4(n/d)! mrmJ
T d™ @A rm, (1) /d)! 1_! Z Hamecoiat
- -1 =

n n rmy(A)—1 .
_ d g
<1m1(k) 2my (1) nmn(x)> 1_[ Z Xgmrooat' - O
d >~ d o d /=1 j=0

5.2. The permutation character 6*J of G,

Note that, upon considering cycle notation for elements of S, it is straightforward to show that
if 0 €S, j then y; loy, € Sy j. Thus the claim in Theorem 12 that G, acts on S; j is correct. Let
0*1 denote the permutation character of the action of G, on S,j- Hence, 0*I(t) is the number of

elements of S, ; centralized by 7 € Gy. For v € Par(n), let 93” =@*JI(1), where 7 is any permutation
of cycle type v. Since all T € G, have cycle type of the form d*, where dk =n, we need only concern
ourselves with v = d.

With Theorems 5.2 and 5.3 in hand, we now produce matching results for the permutation char-
acters 6% of G,. Again we begin with the case where A =r™ for some divisor r of n. Before doing
so, we derive, in the form most useful for our arguments, some known facts about centralizers in S,
of elements of G, along with straightforward consequences of these facts.

Fix positive integers n, k,d with n =kd. Set T = yn_" € Gp. Note that Cs, (1) = an(yn) For i € [n],
we have

o ik i >k,
|li—k+n, i<k.



B. Sagan et al. / Advances in Applied Mathematics 46 (2011) 536-562 553

Now 7 has cycle type d¥, and we can write 7 as the product of k d-cycles, T = 17 ... Ty, where 7; has
support

Xi:={jenl: j=imodk}.

It follows that if o € Cs,(7) then for each i € [k] there is some j € [k] such that X;o = X;. Thus
we have an action of Cs,(7) on {Xj,..., Xk}, which gives rise to a homomorphism

® :Cs,(T) = Sk.

Given p € Sy, define p € S, to be the element that, for r € [k] and q € {0,...,d — 1}, maps r + gk to
rp + qk. It is straightforward to check that p € Cs,(t) and @(p) = p. Moreover, if we set

R:={p: p € S},
then R < Cs,(7) and the restriction of @ to R is an isomorphism. It follows that if we set K =
kernel(®) then Cs,(7) is the semidirect product of K and R. Now

k
K ={o €Cs,(1): Xjo = X;forallie [k]} = HCSX,- (Ti).
i=1

Since every d-cycle in Sy generates its own centralizer in Sy, we have
k k
K:H(m = {Hriei: e1,...,e,€{0,...,d—1} ;.
i i=1
Now, given p € S; and eq,...,e, €{0,...,d — 1}, set
e, ~
o:=1"...7.°p €Cs,(1).

For r e [k] and q € {0, ...,d — 1}, we have (with o acting on the right)

rp + (q - el’)ka q 2 er, (38)

! =
(r+gkjo {r,o+(q—er)k—|—n, g <ey.

It follows that r + gk € Exc(o) if and only if either g < e, or e =0 and r < rp. We collect in the next
lemma some useful consequences of what we have just seen.

Lemma 5.4. Let n = dk and let T = yn_". Let o € Cs, (7). Then there exist unique p € Sk and eq, ..., e, €
{0, ...,d — 1} such that

e € A~
o=1"...7p,
and if we define Eq to be the number of r € [k] such that e, = 0 and r € Exc(p), then
k

exc(o) =dEg+ ) e;. (39)
i=1
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Note that the unique p € S, of Lemma 5.4 is equal to ¢ (o) defined above. For @ € Par(k) and any
divisor r of n, set

Cu:={o €Cs,(0): ®(0) €Sy}

and

CM’r = CI’L N Srn/r,
so Cy,r consists of those o € Cs,(7) such that o has cycle type ™" and @ (o) has cycle type .

Lemma 5.5. For any divisor r of n, we have

Z texc(a) _ (tAk—1(t) [d]if)d,%, ifkjr,
oeClo.r 0, otherwise.

Proof. We begin by showing that

Cu = L—_FJ Cy,r- (40)

kir|n

Certainly the union on the right side of (40) is contained in Cg,, so we prove that this union
contains C). Let o € Cyy. By Lemma 5.4, we have

_ +€ €k A
o=1" ... 70

for unique p € S and eq,...,ex €{0,...,d — 1}. It follows from (38) that for each j € [n] we have

k
jakzj—kZe,- mod n. (41)
i=1

Moreover, if jo! = j mod k then k|I. Hence each cycle length in the cycle decomposition of o is a
multiple of k.

We claim that all cycles in the cycle decomposition of o have length sk, where s is the order of
k Zf:] ej in Zjy. Indeed, it follows from (41) that for all j € [n],

k
josk=j— skZei = j mod n,
i=1

which implies that jok = j. Hence the order of o in S, divides sk. It follows that every cycle length

in the cycle decomposition of o divides sk. Now we need only show that sk divides the length of
each cycle. Suppose « is a cycle of length r and j is an element in the support of «. We have k|r
since k divides the length of every cycle. Again using (41) we have,

k
c_oer kT '
j=jo"=j(c*)" =] kk;e,modn,
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which implies that (r/k)k Zf:l e; = 0 mod n. Thus s, the order of k Zﬁ‘zl e;, divides r/k, which im-
plies that sk divides r. We have therefore shown that sk divides the length of every cycle, and since
we have already shown that every cycle length divides sk, we conclude that all cycles in the cycle
decomposition of o have the same length sk, that is, o € Cy, , for some r satisfying k|r|n, as claimed
in (40).

We have also shown that Cy,) , =@ if k does not divide r. Thus the claim of the lemma holds when
k does not divide r.

Next we show that if o € C() , then

ged(exc(o),d) = ; (42)

€k

As above, write o = 7:1‘?1 ...T,“p. Since d|n, it follows from (39) that

k
ged(exc(o),d) = gcd(Zei, d). (43)
i=1

Since k Z{-‘Zl e; has order r/k in (Zy, +), we have that

r n d

k gcd(n, k 21,-;1 e)) gcd(d, le~<:1 e;)

the first equality following from simple facts about modular arithmetic and the second from the fact
that n = dk. Now we have

£ kd
ged (d, Zen) =— (44)
i=1

and combining (44) with (43) gives (42).
Combining (40) and (42), we get

Z (exc(o) :( Z teXC(O)) (45)
d

O‘EC(k)’r UGC(k) ’?
for each divisor r of n.
For p € Sy and i € [k], set
. Jtld]e ifieExc(p),
fpi(®):= { [d]; otherwise.

Then

k
> O =[] a0 =Py,

oed1(p) i=1

the first equality following from Lemma 5.4. It follows now from (25) that
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>t =t A (DId)f (46)

UEC(k)
and combining (45) and (46) yields the lemma. O

Lemma 5.6. For divisors k, r of n and u € Par(k), we have

I(w)
exc(o exc(o
> = [] Y e,
oeCyr i=10€Cq,r

where 7, is defined as in (30).

Proof. Given o € C;, r, we write as usual o = tf‘ ...tke"ﬁ. Now p € Si has cycle type u, so we can

write p = p1... Py as a product of disjoint cycles whose lengths form the partition w. For i € [I(w)],
let B; be the support of p;. We may assume that |B;| = w; for all i. Set

IB(O—) = {B]7 sy Bl(/,L)}9

so B(o) is a partition of [k]. For i € [I(j0)], set

o= ( 1_[ ‘L’;j),@,‘ € Sy.

JjeB;
The supports of both p; and [] jeB; r;j are contained in
Bi ={j+qk: jeB;, 0<qg<d—1}.
It follows that p; and ITjcp, t;j commute for all i #h, so

1)
o = 1_[ Oj.
i=1
Moreover,
I(w)
exc(o) = Z exc(oj). (47)
i=1
For i € [I()], define f; to be the unique order preserving bijection from B; to [dju;], and set
oi:=f; oifi

Then, for each i € [I(14)], we have 6; € C;),r and

exc(oi) = exc(oi). (48)
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Let I1, be the set of partitions of [k] that have m;(u) blocks of size j for each j. For each partition
Xell,, set

Cx:={o €Cpu,: B(o) =X}.

The map from Cx to ]_[l.(z“l) C(up.r sending o to (G1,...,0)()) is a bijection. Given (47) and (48), we

1
see that

Z texc(o): Z Z texc(a)

oeCyur Xell, oeCx

()
:|17M|1_[ Z fexc(p)
i=1 peC(Hi),r

It is straightforward to see that /T, | =, so the lemma follows. O

Theorem 5.7. Let n,r,m, d, k € P with n =rm = dk. As in Theorem 5.2, let

Par(m;d,r) = {p = (U1, ..., ti) € Par(m): wild|rp; foralli e [I(w)]}.

Then
n—1 . 1) »
LA Y aMi
D= 3w [ Ay 01T, (49)
j=0 wePar(m;d,r) i=1

Proof. We have

n—1

m ; -
} :ng ’Jt] — § : texc(o)
j=0

0 €Cs, (VE)NS,m

— Z Z texc(o)

pePar(k) oeCy r

I(w)

— Z 7.[#1_[ Z texc(o)

pePar(k) i=1 aeC(ﬂi)’r

()

= > A1) g

mePar(k;r,d) i=1

Indeed, the first two equalities follow immediately from the definitions of 9(;:1,]' and C,, r, respectively,
while the third follows from Lemma 5.6 and the fourth from Lemma 5.5.

Now for w € Par(k;r,d), set v:=v(u) := %;L, so = gv. Now %’k =m and, since w;|r|dui, we
have v;|d|rv; for all i. Thus v € Par(m; d, r). From this we see that the map u — v(u) is a bijection
from Par(k; r,d) to Par(m;d,r). Thus we have
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n—1 I(v)
M, j qvi
Yoot = > wr, [[(An, oM,
j=0 vePar(m;d,r) i=1
as claimed. O

Theorem 5.8. Say A € Par(n) and n = kd.

(1) Ifthereis some r € [n] such that d does not divide rm, (1) then Gdk =0forall0<j<n—1.
(2) Ifd divides rm;(\) for all r € [n] then

n rmy(A)—1

n
A ] E mr()\) ,]
ZQ t)= (1m1(k) 2m, (A) nmn(,\)>| | Z ermrm/d
d ) d 9 0y r= 1 _

Proof. Let o € S,, so o can be written as a product of disjoint cycles in which there appear exactly
my(A) r-cycles for each r € [n]. For each such r, let o*r be the product of all these m,(A) r-cycles,
and let B, be the support of o;. If o € Cs, (¥, ky then y commutes with each o;. It follows that y,{‘
stabilizes each B, setwise. Therefore, for each r € [n], there is some Y, C [k] such that

where X; ={h €[n]: h=i mod k}. Since |X;| =d for all i, it follows that rm,(A) = |B;| =d|Y;|, so (1)
holds.

For each r € [n], let B, € Sp, act as yr{‘ does on B;. We have y,{‘ = ]_[?:1 Br, and B, commutes with
o, for all r. For each r € [n], let f; be the unique order preserving bijection from B; to [rm,(A)]. Direct
calculation shows that for each r, we have

_ r(1)/d
[ B fr =y, (50)
Also,
exc(a)_Zexc(cfr)_Zexc - orfr (51)
On the other hand suppose we are given an ordered n-tuple (Yq,...,Yy) of subsets of [k] such
that

(a) |Y;| =rm;(r)/d for each r € [n], and
b) [kl =i, Yr,

and we set B; = Wicy, X; for each r. Then each B; is y,z‘—invariant, and if we set g8, equal to the
restriction of y,{‘ to By, we can obtain o € an()/,f) N S, by choosing, for each r, any o; € Sg, of type
r™®) commuting with 8, and setting o = [17—; or. The number of n-tuples satisfying (a) and (b) is

n
d
( ImiA) 2mp(A) nmy (1) ) ’
d 4 o d

and the theorem now follows from (50) and (51). O
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Comparing Theorem 5.7 with Theorem 5.2 and then comparing Theorem 5.8 with Theorem 5.3, we
obtain

Qi.j A j
Xdk = Qdk

for all A € Par(n), j€{0,1,...,n— 1}, and d, k € IP such that dk =n. Theorem 1.2 now follows from
Proposition 3.2.

6. Some additional results

As mentioned in the introduction, Theorem 1.2 is a refinement of (5). In this section we show
that the less refined result can also be obtained as a consequence of [16, Corollary 4.3], which states
that

15]

m
maj, exc, fix n [
AT Q=) ) [ko,...,km] s [ Teqtki — 1lsg. (52)
m=0  ko>0 q i=1
k] ..... km>2
> ki=n

Although the alternative proof does not directly involve the Eulerian quasisymmetric functions, the
proof of (52) given in [16] does. Hence the Eulerian quasisymmetric functions play an indirect role.
In this section we also prove the identities (7) and (8) mentioned in the introduction and as a conse-
quence of (8) obtain another cyclic sieving result.

Theorem 6.1. Let dk = n. Then the following expressions are all equal.
(i) AP ™ (g, tw7l,s),
. ﬁ

(ii) ZaeCsn o rexc(o) gfix(a)

fix . ste[d—1
(iii) AZC™(, %)[d]’ﬁ

Proof. Let us prove first that (ii)=(iii). For p € S} and i € [k] set

tld]; ifi € Exc(p),
fo.i(t,s):={ st 4t[d —1]; ifieFix(p),
[d]; otherwise.

It follows from Lemma 5.4 that

k
Z texc(a)sﬁx(a) — 1_[ fp i(t,s)

oced~1(p) i=1

_ texc(p) [d]/;—ﬁx(p) (Sd +t[d — 1]t)ﬁX(,0)'

By summing over all p € Sy, we obtain the equality of the expressions in (ii) and (iii).
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Now we prove that (i)=(iii). By setting g =1 in (1) we obtain

d (sd-+t[d—1];)z
tld—1 1—t
1+§mmm’iiL_i[h _(d=0pe

[d]l’ k‘ et[d]tz — te[d]tl

k>1
B (1 —t)es”
= @l —d—1107 _ ge(dli—td—11)z
d
1—1t)es?
_(d-be” (53)
etz — te?

It follows from (52) and Proposition 2.2 that

A;r;{aj,exc,ﬁ)(( ta)d ’ Z Z <IO’ | .k. | ) dlo Hl’[dl —1];.

m>0 [p=>0 i=1
Ih,..., In>1

> li=k
Hence, by straightforward manipulation of formal power series we have,
k

k m
maj excﬁx -1 % _2 :2 : 2 : k dl | | , z
1+ E A C(),tCl)d ,S)k—'— (lo,,,,’lm>s Oi:1t[dll_1]tk_’

k>1 T k>0m>=0 [p>=0

Lyl 21
ZliZR
s'z k mtdl 1 z
=e* > 2 (g ) [ Tadi=1
mk>0 Y li=k i=1
Lol >1

[\ m
=2} (Zt[dl _ 1]{7—!)

m>0 =1

Further manipulation yields,

m
Z(Zt[d!—utf—:) = 1 _
m>0 \ I>1 ‘ 1= Qs tldl = 11 7)
B 1—t
-t Yt - D
1—t
T 1—t4ef7_1_ter—1)

1-t

2 _tez’

et
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Hence
1 Amaj,exc,fix o z a- t)esdz
k>1
The result now follows from (53). O
Corollary 6.2. Let dk =n. Then
AP (g, tw7 1) = Ar©1dIF.

Similar results hold for cycle-type g-Eulerian polynomials.

Theorem 6.3. Let dk = n. Then

APD (g, twg ) = (tA-1 () [d1F), (54)
and
AP (wa, tog ") = tAK®) [dIF. (55)

Proof. To prove (54), we apply the first equation of Proposition 3.2 which tells us that for all j, the
coefficient of t/ in Aﬁsj’exc(wd, tw; ") is equal to x d%(”)‘j. By Theorem 4.1, d%(”)’j equals the coefficient
of t/in (tAk_1(OdI)d, as Gge () = (A1 (O)[d])q-

To prove (55), we apply the second equation of Proposition 3.2 which tells us that for all j, the

coefficient of t/ in Aﬁﬂ’f)xc(wd, tw;') is equal to Xﬁlf("“. By Theorem 4.1, X&fj’“ equals the coefficient

of t/ in tAk(D[dIF, as G g (t) = tAL(D[dIS. O

Corollary 6.4. Let S, j be the set of permutations in S, with j excedances. Then the triple (Gp, Sp,j,
am+1), j+1(q)) exhibits the cyclic sieving phenomenon forall j € {0,1,...,n—1}.

Proof. That the triple exhibits the cyclic sieving phenomenon is equivalent to the equation

exc(o) __ aMmaj,exc -1
£yt = AT (wa, twg ),
0€Cs,(8)

for all divisors d of n and g € G, of order d. This equation is a consequence of Theorems 6.1 and 6.3,

which respectively say that the left side and the right side of the equation both equal tAk(t)[d]ta .0
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